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Introduction 


It is well known that supersymmetric theories may have Bogomol’nyi—Prasad— 
Sommerfield (BPS) sectors in which some data can be computed at strong coupling 
even when the full theory is not solvable. Historically, this is how the first exact 
results on particle spectra were obtained [1]. Seiberg—Witten’s breakthrough results 
[2, 3] in the mid 1990s gave an additional motivation to the studies of the BPS 
sectors. 

BPS solitons can emerge in those supersymmetric theories in which superalge- 
bras are centrally extended. In many instances the corresponding central charges 
are seen at the classical level. In some interesting models central charges appear as 
quantum anomalies. 

First studies of BPS solitons (sometimes referred to as critical solitons) in 
supersymmetric theories at weak coupling date back to the 1970s. De Vega and 
Schaposnik were the first to point out [4] that a model in which classical equations 
of motion can be reduced to first-order Bogomol’nyi—Prasad—Sommerfeld (BPS) 
equations [5, 6] is, in fact, a bosonic reduction of a supersymmetric theory. Already 
in 1977 critical soliton solutions were obtained in the superfield form in some two- 
dimensional models [7]. In the same year miraculous cancellations occurring in 
calculations of quantum corrections to soliton masses were noted in [8] (see also 
[9]). It was observed that for BPS solitons the boson and fermion modes are degen- 
erate and their number is balanced. It was believed (incorrectly, we hasten to add) 
that the soliton masses receive no quantum corrections. The modern — correct — 
version of this statement is as follows: if a soliton is BPS-saturated at the classical 
level and belongs to a shortened supermultiplet, it stays BPS-saturated after quan- 
tum corrections, and its mass exactly coincides with the central charge it saturates. 
The latter may or may not be renormalized. Often — but not always — central charges 
that do not vanish at the classical level and have quantum anomalies are renormal- 
ized. Those that emerge as anomalies and have no classical part typically receive no 
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renormalizations. In many instances holomorphy protects central charges against 
renormalizations. 

Critical solitons play a special role in gauge field theories. Numerous paral- 
lels between such solitonic objects and basic elements of string theory have been 
revealed in recent years. At first, the relation between string theory and supersym- 
metric gauge theories was mostly a “one-way street” — from strings to field theory. 
Now it is becoming exceedingly more evident that field-theoretic methods and 
results, in their turn, provide insights in string theory. 

String theory, which emerged from dual hadronic models in the late 1960s and 
70s, elevated to the “theory of everything” in the 1980s and 90s when it expe- 
rienced an unprecedented expansion, has seemingly entered a “return-to-roots” 
stage. The task of finding solutions to “down-to-earth” problems of QCD and other 
gauge theories by using results and techniques of string/D-brane theory is currently 
recognized by many as one of the most important and exciting goals of the commu- 
nity. In this area the internal logic of development of string theory is fertilized by 
insights and hints obtained from field theory. In fact, this is a very healthy process 
of cross-fertilization. 

If supersymmetric gauge theories are, in a sense, dual to string/ D-brane theory — 
as is generally believed to be the case — they must support domain walls (of the 
D-brane type) [10], and we know, they do [11, 12]. A D-brane is defined as a 
hypersurface on which a string may end. In field theory both the brane and the 
string arise as BPS solitons, the brane as a domain wall and the string as a flux tube. 
If their properties reflect those inherent to string theory, at least to an extent, the 
flux tube must end on the wall. Moreover, the wall must house gauge fields living 
on its world volume, under which the end of the string is charged. 

The purpose of this review is to summarize developments in critical solitons in 
two, three and four dimensions, with emphasis on four dimensions and on most 
recent results. A large variety of BPS-saturated solitons exist in four-dimensional 
field theories: domain walls, flux tubes (strings), monopoles and dyons, and various 
junctions of the above objects. A list of recent discoveries includes localization of 
gauge fields on domain walls, non-Abelian strings that can end on domain walls, 
developed boojums, confined monopoles attached to strings, and other remarkable 
findings. The BPS nature of these objects allows one to obtain a number of exact 
results. In many instances nontrivial dynamics of the bulk theories we will consider 
lead to effective low-energy theories in the world volumes of domain walls and 
strings (they are related to zero modes) exhibiting novel dynamical features that 
are interesting by themselves. 

We do not try to review the vast literature accumulated since the mid 1990s in 
its entirety. A comparison with a huge country the exploration of which is not yet 
completed is in order here. Instead, we suggest what may be called “travel diaries” 
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of the participants of the exploratory expedition. Recent publications [13, 14, 15, 
16, 17] facilitate our task since they present the current developments in this field 
from a complementary point of view. 

The “diaries” are organized in two parts. The first part (entitled “Short excur- 
sion”) is a bird’s eye view of the territory. It gives a brief and largely nontechnical 
introduction to basic ideas lying behind supersymmetric solitons and particular 
applications. It is designed in such a way as to present a general perspective that 
would be understandable to anyone with an elementary knowledge in classical and 
quantum fields, and supersymmetry. 

Here we present some historic remarks, catalog relevant centrally extended super- 
algebras and review basic building blocks we consistently deal with — domain walls, 
flux tubes, and monopoles — in their classic form. The word “classic” is used here 
not in the meaning “before quantization” but, rather, in the meaning “recognized 
and cherished in the community for years.” 

The second part (entitled “Long journey”) is built on other principles. It is 
intended for those who would like to delve in this subject thoroughly, with its 
specific methods and technical devices. We put special emphasis on recent devel- 
opments having direct relevance to QCD and gauge theories at large, such as 
non-Abelian flux tubes (strings), non-Abelian monopoles confined on these strings, 
gauge field localization on domain walls, etc. We start from presenting our bench- 
mark model, which has extended M = 2 supersymmetry. Here we go well beyond 
conceptual foundations, investing efforts in detailed discussions of particular prob- 
lems and aspects of our choosing. Naturally, we choose those problems and aspects 
which are instrumental in the novel phenomena mentioned above. In addition to 
walls, strings and monopoles, we also dwell on the string-wall junctions which play 
a special role in the context of dualization. 

Our subsequent logic is from M = 2 to N = 1 and further on. Indeed, in certain 
instances we are able to descend to non-supersymmetric gauge theories which are 
very close relatives of QCD. In particular, we present a fully controllable weakly 
coupled model of the Meissner effect which exhibits quite nontrivial (strongly 
coupled) dynamics on the string world sheet. One can draw direct parallels between 
this consideration and the issue of k-strings in QCD. 


Part I 


Short excursion 


2 


Central charges in superalgebras 


In this Section we will briefly review general issues related to central charges (CC) 
in superalgebras. 


2.1 History 


The first superalgebra in four-dimensional field theory was derived by Golfand and 
Likhtman [18] in the form 


(Q4 Qp} = 2P, (0”) g> {QaQp} = {Qa Qp} = 0, (2.1.1) 


i.e. with no central charges. Possible occurrence of CC (elements of superalgebra 
commuting with all other operators) was first mentioned in an unpublished paper of 
Lopuszanski and Sohnius [19] where the last two anticommutators were modified as 


(QO, 07) = 213. (2.1.2) 


The superscripts 7, G mark extended supersymmetry. A more complete description 
of superalgebras with CC in quantum field theory was worked out in [20]. The 
only central charges analyzed in this paper were Lorentz scalars (in four dimen- 
sions), Zag ~ Egg. Thus, by construction, they could be relevant only to extended 
supersymmetries. 

A few years later, Witten and Olive [1] showed that in supersymmetric theories 
with solitons, central extension of superalgebras is typical; topological quantum 
numbers play the role of central charges. 

It was generally understood that superalgebras with (Lorentz-scalar) central 
charges can be obtained from superalgebras without central charges in higher- 
dimensional space-time by interpreting some of the extra components of the 
momentum as CC’s (see e.g. [21]). When one compactifies extra dimensions one 
obtains an extended supersymmetry; the extra components of the momentum act 
as scalar central charges. 
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Algebraic analysis extending that of [20] carried out in the early 1980s (see 
e.g. [22]) indicated that the super-Poincaré algebra admits CC’s of a more general 
form, but the dynamical role of additional tensorial charges was not recognized 
until much later. Now it is common knowledge that central charges that originate 
from operators other than the energy-momentum operator in higher dimensions can 
play a crucial role. These tensorial central charges take non-vanishing values on 
extended objects such as strings and membranes. 

Central charges that are antisymmetric tensors in various dimensions were intro- 
duced (in the supergravity context, in the presence of p-branes) in Ref. [23] (see 
also [24, 25]). These CC’s are relevant to extended objects of the domain wall type 
(membranes). Their occurrence in four-dimensional super- Yang—Mills theory (as a 
quantum anomaly) was first observed in [11]. A general theory of central extensions 
of superalgebras in three and four dimensions was discussed in Ref. [26]. It is worth 
noting that those central charges that have the Lorentz structure of Lorentz vectors 
were not considered in [26]. The gap was closed in [27]. 


2.2 Minimal supersymmetry 


The minimal number of supercharges vg in various dimensions is given in Table 2.1. 
Two-dimensional theories with a single supercharge, although algebraically possi- 
ble, are quite exotic. In “conventional” models in D = 2 with local interactions the 
minimal number of supercharges is two. 

The minimal number of supercharges in Table 2.1 is given for a real represen- 
tation. Then, it is clear that, generally speaking, the maximal possible number of 
CC’s is determined by the dimension of the symmetric matrix {Q; Q j} of the size 
Vo X Vg, namely, 


= vovo +1) 


vec 
2 


(2.2.1) 


In fact, D anticommutators have the Lorentz structure of the energy-momentum 
operator P,,. Therefore, up to D central charges could be absorbed in P,,, gener- 
ally speaking. In particular situations this number can be smaller, since although 
algebraically the corresponding CC’s have the same structure as P,, they are 
dynamically distinguishable. The point is that P,, is uniquely defined through the 
conserved and symmetric energy-momentum tensor of the theory. 

Additional dynamical and symmetry constraints can further diminish the number 
of independent central charges, see e.g. Section 2.2.1. 

The total set of CC’s can be arranged by classifying CC’s with respect to their 
Lorentz structure. Below we will present this classification for D = 2,3 and 4, with 
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Table 2.1. The minimal number of supercharges, the complex dimension of the 
spinorial representation and the number of additional conditions (i.e. the Majorana 
and/or Weyl conditions). 


D 2 3 4 5 6 7 8 9 10 
vo G92) 2 4 8 8 38 16 16 16 
Dim(y)c 2 2 4 4 8 8 16 16 32 
# cond. 2 1 1 0 1 1 1 1 2 


special emphasis on the four-dimensional case. In Section 2.3 we will deal with 
N = 2 superalgebras. 


2.2.1 D=2 


Consider two-dimensional non-chiral theories with two supercharges. From the 
discussion above, on purely algebraic grounds, three CC’s are possible: one Lorentz- 
scalar and a two-component vector, 


lOa, Op} = 2y yap(Pu + Zu) +i Yo) apZ - (2.2.2) 


We refer to Appendix A for our conventions regarding gamma matrices. Z“ #0 
would require existence of a vector order parameter taking distinct values in dif- 
ferent vacua. Indeed, if this central charge existed, its current would have the 
form 


CS Evo ar AF, Zs | ae 


where A” is the above-mentioned order parameter. However, (A“) 4 0 will break 
Lorentz invariance and supersymmetry of the vacuum state. This option will not be 
considered. Limiting ourselves to supersymmetric vacua we conclude that a single 
(real) Lorentz-scalar central charge Z is possible in M = 1 theories. This central 
charge is saturated by kinks. 


2.2.2 D=3 


The central charge allowed in this case is a Lorentz-vector Z,,, i.e. 


{Qu, Op} = 2(y" yap (Pu + Zp). (2.2.3) 
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One should arrange Z,, to be orthogonal to P,,. In fact, this is the scalar central 
charge of Section 2.2.1 elevated by one dimension. Its topological current can be 
written as 


Cit = En 0° Ay. Ze J dx tuo. (2.2.4) 


By an appropriate choice of the reference frame Z,, can always be reduced to a real 
number times (0, 0, 1). This central charge is associated with a domain line oriented 
along the second axis. 

Although from the general relation (2.2.3) it is pretty clear why BPS vortices 
cannot appear in theories with two supercharges, it is instructive to discuss this 
question from a slightly different standpoint. Vortices in three-dimensional theories 
are localized objects, particles (BPS vortices in 2 + 1 dimensions were previously 
considered in [28]; see also references therein). The number of broken translational 
generators is d, where d is the soliton’s co-dimension, d = 2 in the case at hand. 
Then at least d supercharges are broken. Since we have only two supercharges in 
the problem at hand, both must be broken. This simple argument tells us that for a 
1/2-BPS vortex the minimal matching between bosonic and fermionic zero modes 
in the (super) translational sector is one-to-one. 

Consider now a putative BPS vortex in a theory with minimal M = 1 super- 
symmetry (SUSY) in 2+ 1D. Such a configuration would require a world volume 
description with two bosonic zero modes, but only one fermionic mode. This is 
not permitted by the argument above, and indeed no configurations of this type 
are known. Vortices always exhibit at least two fermionic zero modes and can be 
BPS-saturated only in M = 2 theories. 


2.2.3 D=4 


Maximally one can have 10 CC’s which are decomposed into Lorentz representa- 
tions as (0, 1) + (1,0) + (1/2, 1/2): 


{Qas Qa} = 207" ae (Pu + Zp), (2.2.5) 
{Qa, Qs} = (oop Ziv]: (2.2.6) 
{Oa, 3} = (2"")ap Zu: (2.2.7) 
where (X/")yg = (O aa ES is a chiral version of 0” (see e.g. [29]). The 


antisymmetric tensors Zjuy] and ZīņuĘv] are associated with domain walls, and reduce 
to a complex number and a spatial vector orthogonal to the domain wall. The (1/2, 
1/2) CC Z, is a Lorentz vector orthogonal to P,,. It is associated with strings (flux 
tubes), and reduces to one real number and a three-dimensional unit spatial vector 
parallel to the string. 
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2.3 Extended SUSY 


In four dimensions one can extend superalgebra up to VV = 4, which corresponds 
to sixteen supercharges. Reducing this to lower dimensions we get a rich variety 
of extended superalgebras in D = 3 and 2. In fact, in two dimensions the Lorentz 
invariance provides a much weaker constraint than in higher dimensions, and one 
can consider a wider set of (p,q) superalgebras comprising p + q = 4, 8, or 16 
supercharges. We will not pursue a general solution; instead, we will limit our task 
to (i) analysis of central charges in M = 2 in four dimensions; (ii) reduction of 
the minimal SUSY algebra in D = 4 to D = 2 and 3, namely the V = 2 SUSY 
algebra in those dimensions. Thus, in two dimensions we will consider only the 
non-chiral M = (2,2) case. As should be clear from the discussion above, in the 
dimensional reduction the maximal number of CC’s stays intact. What changes is 
the decomposition in Lorentz and R-symmetry irreducible representations. 


2.3.1N=2inD=2 


Let us focus on the non-chiral M = (2,2) case corresponding to dimensional 
reduction of the M = 1, D = 4 algebra. The tensorial decomposition is as follows: 


(OL, Of} = 20" Yap | (Pu + Zyl + ZIP] + 2i Yap ZU 
+ 252,26, TF, 2, (2.3.1) 


Here ZH] is antisymmetric in J, J; Z'!/} is symmetric while Z?” is symmetric 
and traceless. We can discard all vectorial central charges Z// for the same reasons 
as in Section 2.2.1. Then we are left with two Lorentz singlets Z“/), which represent 
the reduction of the domain wall charges in D = 4 and two Lorentz singlets TrZ“? 
and Z!//1, arising from P, and the vortex charge in D = 3 (see Section 2.3.2). These 
central charges are saturated by kinks. 

Summarizing, the (2,2) superalgebra in D = 2 is 


{01,03} = 2" yap Pu 8? + 2107? y Yop ZOO + 2i yie ZP”. (2.3.2) 


It is instructive to rewrite Eq. (2.3.2) in terms of complex supercharges Qg and Q; 
corresponding to four-dimensional Qw, Qg, see Section 2.2.3. Then 


Ley. +1+7y5 
(2a, Op) =2| Part z =z =r] ! (2.3.3) 
ay 


{Qa, Q8} py = -22' (ys)ay» {0}; Op} py = 22" (Ys)ay- 
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The algebra contains two complex central charges, Z and Z’. In terms of components 
Qa = (QR, QL) the nonvanishing anticommutators are 


{O1,0;}=2H+P), {Qr Op} =2(H — P), 
{O1, Op} = 2iZ, (Qr, Q} = -2i2Z", (2.3.4) 
(QL, Or} =2iZ', (oh 01} = -212", 


It exhibits the automorphism Or <> Oh, Z <> Z' associated [30] with the transi- 
tion to a mirror representation [31]. The complex central charges Z and Z’ can be 
readily expressed in terms of real Z7” and ZY], 


. {12} {21} {11} _ 7{22} 
z = za +5 (2 $ EN gA u age - Z 35) 


Typically, in a given model either Z or Z’ vanish. A practically important example 
to which we will repeatedly turn below (e.g. Sections 3.5 and 4.5.3) is provided by 
the so-called twisted-mass-deformed CP(N — 1) model [32]. The central charge 
Z emerges in this model at the classical level. At the quantum level it acquires 
additional anomalous terms [33, 34]. Both Z Æ 0 and Z’ Æ 0 simultaneously in a 
contrived model [33] in which the Lorentz symmetry and a part of supersymmetry 
are spontaneously broken. 


2.3.2 N=2inD =3 


The superalgebra can be decomposed into Lorentz and R-symmetry tensorial 
structures as follows: 


(QL, OF} = 27" Yapl(Pu + Zu)8!? + ZEP] +23 yZ, (2.3.6) 


where all central charges above are real. The maximal set of 10 CC’s enter as a 
triplet of spacetime vectors Z is and a singlet Z!//!, The singlet CC is associated 
with vortices (or lumps), and corresponds to the reduction of the (1/2,1/2) charge 
or the 4th component of the momentum vector in D = 4. The triplet Z a is decom- 
posed into an R-symmetry singlet Z,,, algebraically indistinguishable from the 
momentum, and a traceless symmetric combination Z we: The former is equiva- 
lent to the vectorial charge in the VV = 1 algebra, while Z ee can be reduced to a 
complex number and vectors specifying the orientation. We see that these are the 
direct reduction of the (0,1) and (1,0) wall charges in D = 4. They are saturated 
by domain lines. 
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2.3.3 On extended supersymmetry (eight supercharges) in D = 4 


Complete algebraic analysis of all tensorial central charges in this problem is anal- 
ogous to the previous cases and is rather straightforward. With eight supercharges 
the maximal number of CC’s is 36. Dynamical aspect is less developed — only a 
modest fraction of the above 36 CC’s are known to be non-trivially realized in 
models studied in the literature. We will limit ourselves to a few remarks regarding 
the well-established CC’s. We will use a complex (holomorphic) representation of 
the supercharges. Then the supercharges are labeled as follows 


OF, Oc, a&=1,2, F,G=1,2. (2.3.7) 


Qa? 


On general grounds one can write 


(OF, Qaa} = 266 Pow + 2(Z baw 
FG 
(OF, ON=O7 2e 7, 


{Ou F, Qia) =2 (Ziray) ay + 2&4 4 EFG Z. (2.3.8) 


Here (Z E Jai are four vectorial central charges (1/2, 1/2), (16 components alto- 


gether) while Z oe and the complex conjugate are (1,0) and (0,1) central charges. 


Since the matrix 2a) is symmetric with respect to F, G, there are three fla- 
vor components, while the total number of components residing in (1,0) and (0,1) 
central charges is 18. Finally, there are two scalar central charges, Z and Z. 

Dynamically the above central charges can be described as follows. The scalar 
CC’s Z and Z are saturated by monopoles/dyons. One vectorial central charge Z u 
(with the additional condition P“ Z,, = 0) is saturated [35] by Abrikosov—Nielsen— 
Olesen string (ANO for short) [36]. A (1,0) central charge with F = G is saturated 
by domain walls [37]. 

Let us briefly discuss the Lorentz-scalar central charges in Eq. (2.3.8) that are sat- 
urated by monopoles/dyons. They will be referred to as monopole central charges. 
A rather dramatic story is associated with them. Historically they were the first to 
be introduced within the framework of an extended 4D superalgebra [19, 20]. On 
the dynamical side, they appeared as the first example of the “topological charge <> 
central charge” relation revealed by Witten and Olive in their pioneering paper [1]. 
Twenty years later, the M = 2 model where these central charges first appeared, 
was solved by Seiberg and Witten [2, 3], and the exact masses of the BPS-saturated 
monopoles/dyons found. No direct comparison with the operator expression for 
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the central charges was carried out, however. In Ref. [38] it was noted that for 
the Seiberg—Witten formula to be valid, a boson-term anomaly should exist in the 
monopole central charges. Even before [38] a fermion-term anomaly was identi- 
fied [37], which plays a crucial role [39] for the monopoles in the Higgs regime 


(confined monopoles). 


3 
The main building blocks 


3.1 Domain walls 


3.1.1 Preliminaries 


In four dimensions domain walls are two-dimensional extended objects. In three 
dimensions they become domain lines, while in two dimensions they reduce to 
kinks which can be considered as particles since they are localized. Embeddings of 
bosonic models supporting kinks in. M = 1 supersymmetric models in two dimen- 
sions were first discussed in [1, 7]. Occasional remarks on kinks in models with 
four supercharges of the type of the Wess—Zumino models [40] can be found in the 
literature in the 1980s but they went unnoticed. The only issue which caused much 
interest and debate in the 1980s was the issue of quantum corrections to the BPS 
kink mass in 2D models with M = 1 supersymmetry. 

The mass of the BPS saturated kinks in two dimensions must be equal to the 
central charge Z in Eq. (2.2.2). The simplest two-dimensional model with two super- 
charges, admitting solitons, was considered in [41]. In components the Lagrangian 
takes the form 


l 1 : 
£= (apot hipy) AWOR- WOP BLD 


where ¢ is a real field, w is a two-component Majorana spinor in two dimensions, 
and W (ẹ¢) is a real “superpotential” which in the simplest case takes the form 


m2 


À 3 
W@) = ak es . (3.1.2) 


Moreover, the auxiliary field F can be eliminated by virtue of the classical equa- 
tion of motion, F = —W’. This is a real reduction (two supercharges) of the 
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Wess—Zumino model (Section 3.1.2). The kink (antikink) BPS equation is 


dW 
0.6 = ae: (3.1.3) 
with the boundary condition that ¢ (z) tends to two distinct vacua, yac = —m/A 
atz — too. It can be readily integrated. 

The story of kinks in this model is long and dramatic. In the very beginning 
it was argued [41] that, due to a residual supersymmetry, the mass of the soliton 
calculated at the classical level remains intact at the one-loop level. A few years 
later it was noted [42] that the non-renormalization theorem [41] cannot possi- 
bly be correct, since the classical soliton mass is proportional to m?/A7 (where 
m and à are the bare mass parameter and coupling constant, respectively), and 
the physical mass of the scalar field gets a logarithmically infinite renormaliza- 
tion. Since the soliton mass is an observable physical parameter, it must stay finite 
in the limit Muy — oe, where Myy is the ultraviolet cut off. This implies, in 
turn, that the quantum corrections cannot vanish — they “dress” m in the classical 
expression, converting the bare mass parameter into the renormalized one. The 
one-loop renormalization of the soliton mass was first calculated in [42]. Techni- 
cally the emergence of the one-loop correction was attributed to a “difference in 
the density of states in continuum in the boson and fermion operators in the soli- 
ton background field.” The subsequent work [43] dealt with the renormalization 
of the central charge, with the conclusion that the central charge is renormalized 
in just the same way as the kink mass, so that the saturation condition is not 
violated. 

Then many authors repeated one-loop calculations for the kink mass and/or cen- 
tral charge [44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54]. The results reported and the 
conclusion of saturation/non-saturation oscillated with time, with little sign of con- 
vergence. Needless to say, all authors agreed that the logarithmically divergent term 
in Z matched the renormalization of m. However, the finite (non-logarithmic) term 
varied from work to work, sometimes even in the successive works of the same 
authors. Polemics continued unabated through the 1990s. For instance, Nastase 
et al. [53], presenting a perfectly valid calculation of the kink mass, concluded 
that the BPS saturation was violated at one loop. This assertion reversed the ear- 
lier trend [42, 49, 50], according to which the kink mass and the corresponding 
central charge are renormalized in a concerted way. A somewhat later publication 
[54] again changed the scene, advocating BPS saturation. However, a dimension- 
ally regularized kink mass determined in [54] was not consistent with that found 
in [53]. 

The story culminated in 1998 with the discovery of a quantum anomaly in the 
central charge [55]. Classically, the kink central charge Z is equal to the difference 
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between the values of the superpotential W at spatial infinities, 
Z = WI6(z = 00)] — WI (z = —00)]. (3.1.4) 


This is known from the pioneering paper [1]. Due to the anomaly, the central charge 
gets modified in the following way 
77 
W — Wa, (3.1.5) 
4r 
where the term proportional to W” is anomalous [55]. The right-hand side of 
Eq. (3.1.5) must be substituted in the expression for the central charge (3.1.4) 
instead of W. Inclusion of the additional anomalous term restores the equal- 
ity between the kink mass and its central charge. The BPS nature is preserved, 
which is correlated with the fact that the kink supermultiplet is short in the 
case at hand [56]. All subsequent investigations confirmed this conclusion (see 
e.g. the review paper [57] and original papers [58] by van Nieuwenhuizen and 
collaborators). 

Critical domain walls in M = 1 four-dimensional theories (four supercharges) 
started attracting attention in the 1990s. What is the domain wall? It is a two- 
dimensional object of co-dimension one. It is a field configuration interpolating 
between vacuum i and vacuum f with some transition domain in the middle. Say, 
to the left you have vacuum i, to the right you have vacuum f, in the middle you 
have a transition domain which, for obvious reasons, is referred to as the wall 
(Fig. 3.1). The most popular model of this time supporting such domain walls was 
the generalized Wess—Zumino model with the Lagrangian 


L= J d*0 d*6 K (Èa, Pa) + ( J dO W (®) + iie) (3.1.6) 


where K is the Kähler potential and ®, stands for a set of the chiral superfields. The 
number of the chiral superfields can be arbitrary, but the superpotential VV must 
have at least two critical points, two vacua. 

(This model can be considered, upon dimensional reduction, in two dimensions 
as well.) A popular choice was a trivial Kahler potential, 


K= bD DaDa. 
a 


BPS walls in this system satisfy the first-order differential equations [59, 24, 60, 
61, 62] 


gab 0,” = e'" AGW, (3.1.7) 
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where the Kahler metric is given by 

ə? K 
abé apt 
and ņ is the phase of the (1,0) central charge Z as defined in (2.2.6). The phase 


n depends on the choice of the vacua between which the given domain wall 
interpolates, 


gāb = = JaK, (3.1.8) 


Z = 2 (Wsact = Wyae; ) . (3.1.9) 
A useful consequence of the BPS equations is that 
a-W =e!” |g WII, (3.1.10) 


and thus the domain wall describes a straight line in the W-plane connecting 
the two vacua. Needless to say, the first-order BPS equation (3.1.7) guarantees 
the validity of the second-order equation of motion. The opposite is not true, 
generally speaking. However, if one deals with a single chiral field ®, one can 
prove [63] that the BPS equation does follow from the second-order equation of 
motion. 

Construction and analysis of BPS saturated domain walls in four dimensions 
crucially depends on the realization of the fact that the central charges relevant to 
critical domain walls are not Lorentz scalars; rather they transform as (1,0) + (0,1) 
under the Lorentz transformations. It was a textbook statement ascending to the pio- 
neering paper [20] that M = 1 superalgebras in four dimensions leave place to no 
central charges. This statement is correct only with respect to Lorentz-scalar central 
charges. Townsend was the first to note [64] that “supersymmetric branes,” being 
BPS saturated, require the existence of tensorial central charges antisymmetric in the 
vectorial Lorentz indices. That the anticommutator {Q,, Qg} in four-dimensional 
Wess—Zumino model contains the (1,0) central charge is obvious. This anti- 
commutator vanishes, however, in super-Yang—Mills theory at the classical level 
(Section 3.1.3). 


3.1.2 Domain wall in the minimal Wess—Zumino model 


The Wess—Zumino model describes interactions of an arbitrary number of the chi- 
ral superfields. We will consider the minimal Wess—Zumino model [65] which 
describes one chiral superfield, 


(xz, 0) = p (xL) + V20% Wa (xt) + 07°F (XL), (3.1.11) 
Cr ng = Xag F 2i babi, (3.1.12) 
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with the canonic kinetic term K = ®®. In components the Lagrangian has the form 
= om _ 1 
L = (8 p) OLP) + Wi daa p” + FF + [r w' ($) — W" Oy? + He ; 
(3.1.13) 


From Eq. (3.1.13) it is obvious that F can be eliminated by virtue of the classical 
equation of motion, 


- 0 
F=- we) (3.1.14) 
dp 
so that the scalar potential describing self-interaction of the field @ is 
- _ awo]? 
V$.) = | ap (3.1.15) 


In what follows we will often denote the chiral superfield and its lowest (bosonic) 
component by one and the same letter, making no distinction between capital and 
small ø. Usually it is clear from the context what is meant in each particular case. 

If one limits oneself to renormalizable theories, the superpotential W must be 
a polynomial function of ® of power not higher than three. In the model at hand, 
with one chiral superfield, the generic superpotential can be always reduced to the 
following “standard” form: 


m? A 3 


The quadratic term can be always eliminated by a redefinition of the field ®. More- 
over, by using symmetries of the model one can always choose the phases of the 
constants m and at will. 

The superpotential (3.1.16) implies two degenerate classical vacua, 


m 
Pvac = ae (3.1.17) 


Both vacua are physically equivalent. This equivalence could be explained by the 
spontaneous breaking of Z2 symmetry, P —> —9, present in the action. 

Field configurations interpolating between two degenerate vacua are the domain 
walls. They have the following properties: (i) the corresponding solutions are static 
and depend only on one spatial coordinate; (ii) they are topologically stable and 
indestructible — once a wall is created it cannot disappear. Assume for definiteness 
that the wall lies in the xy plane. This is the geometry we will always keep in mind. 
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Then the wall solution øw will depend only on z. Since the wall extends indefinitely 
in the xy plane, its energy Ew is infinite. However, the wall tension Tw (the energy 
per unit area Twy = Ew/A) is finite, in principle measurable, and has a clear-cut 
physical meaning. 

The wall solution of the classical equations of motion superficially looks very 
similar to that of the two-dimensional kink, 


m 
dw = 5, tanh (m2). (3.1.18) 


Note, however, that the parameters m and à are not necessarily assumed to be real; 
the field @ is complex in the Wess—Zumino model. A remarkable feature of this 
solution is that it preserves 1/2 of supersymmetry, much in the same way as the 
kink of Section 3.1.1. The difference is that 1/2 BPS in the two-dimensional model 
meant one supercharge, now it means two supercharges. 

The SUSY transformations generate the following transformation of the fields: 


86 =V2ew, Sy = V2 [err + i ðo (0% A (8.1.19) 


The domain wall we consider is purely bosonic, y = 0. Moreover, the BPS 
equation is 


F Igage = —e™™" zpw (2), (3.1.20) 
where 
no 
n = arg 72’ (3.1.21) 


and F = —3W/ð¢. This is a first-order differential equation. The solution quoted 
above satisfies this condition. The reason for the occurrence of the phase factor 
exp(—in) on the right-hand side of Eq. (3.1.20) will become clear shortly. Note 
that no analog of this phase factor exists in the two-dimensional V = 1 problem on 
which we dwelled in Section 3.1.1. There was only a sign ambiguity: two possible 
choices of signs corresponded to kink versus antikink. 

If the BPS equation is satisfied, then the second supertransformation in 
Eq. (3.1.19) reduces to 


Sa X Eg + i e” (0% )yg E2. (3.1.22) 
The right-hand side vanishes provided that 


£a = —i ei” (02 ag EŻ. (3.1.23) 
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This picks up two supertransformations (out of four) which do not act on the 
domain wall (alternatively people often say that they act trivially). Quod erat 
demonstrandum. 

Now, let us calculate the wall tension. To this end we rewrite the expression for 
the energy functional as 


+00 
g= J dz |3zġ 0.6 + FF] 


= [~ dz {[e" dW +H. | + 


—OoO 


A 2 
0.6 + e" F | | = WIA 


where ¢ is assumed to depend only on z. In the literature this procedure is called the 
Bogomol ’nyi completion. The second term on the right-hand side is non-negative — 
its minimal value is zero. The first term, being full derivative, depends only on the 
boundary conditions on @ at z = +00. 

Equation (3.1.24) implies that E€ > 2 Re (e~ 4 AW). The Bogomol’nyi com- 
pletion can be performed with any 7. However, the strongest bound is achieved 
provided e~'” AW is real. This explains the emergence of the phase factor in the 
BPS equations. In the model at hand, to make e!” AW real, we have to choose 
n according to Eq. (3.1.21). 

When the energy functional is written in the form (3.1.24), it is perfectly obvious 
that the absolute minimum is achieved provided the BPS equation (3.1.20) is sat- 
isfied. In fact, the Bogomol’nyi completion provides us with an alternative way of 
derivation of the BPS equations. Then, for the minimum of the energy functional — 
the wall tension Tw — we get 


Ty = |Z|. (3.1.25) 
Here Z is the topological charge defined as 


8 3 
Z =2 {W$ = œ)) — Wz = -%))} = (3.1.26) 


In the problem at hand, the central extension of the superalgebra is tensorial, 
with the Lorentz structure (1,0)+(0,1), 


IOa, Op} = —4 Log Z, { Oa, Oo = 4354 Z. (3.1.27) 


Here 
>») = ae dx; ,dx (o") GADY. (3 1.28) 
ap 2 [uPA v] ad B ote 


is the wall area tensor. 
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The expressions for two supercharges Qy that do annihilate the wall are 


5 ; Di oa =å 
Og = ei? Qu — + es nË oO, (3.1.29) 
where 
Pow 
Nog = oa (3.1.30) 
WwW 


is the unit vector proportional to the wall four-momentum Pyy; it has only the 
time component in the rest frame. The subalgebra of these “residual” (unbroken) 
supercharges in the rest frame is 


[õu Op} =8) {Tw —|ZI}. (3.1.31) 
ap 


The existence of the subalgebra (3.1.31) immediately proves that the wall tension 
Ty is equal to the central charge Z. Indeed, O|wall) = Oimplies that Tw- |Z| = 0. 
This equality is valid both to any order in perturbation theory and nonperturbatively. 

From the non-renormalization theorem for the superpotential [65, 66] we 
additionally infer that the central charge Z is not renormalized. This is in con- 
tradistinction with the situation in the two-dimensional model of Section 3.1.1. The 
fact that in four dimensions there are more conserved supercharges than in two 
turns out crucial. As a consequence, the result 


m? 


a2 


8 
Ty = = 


; (3.1.32) 


for the wall tension is exact [62]. 

The wall tension Ty is a physical parameter and, as such, should be expressible in 
terms of the physical (renormalized) parameters myey and Aren. One can easily verify 
that this is compatible with the statement of non-renormalization of T,,. Indeed, 


m= Z Men, A= Z l ene 


where Z is the Z factor coming from the kinetic term. Consequently, 


Thus, the absence of the quantum corrections to Eq. (3.1.32), the renormalizability 
of the theory, and the non-renormalization theorem for superpotentials — all these 
three elements are intertwined with each other. In fact, every two elements taken 
separately imply the third one. 


3.1 Domain walls 23 


What lessons have we drawn from the example of the domain walls? In the 
centrally extended SUSY algebras the exact relation Eyac = O is replaced by 
the exact relation Ty — |Z| = 0. Although this statement is valid both pertur- 
batively and nonperturbatively, it is very instructive to visualize it as an explicit 
cancellation between bosonic and fermionic modes in perturbation theory. The 
non-renormalization of Z is a specific feature of four dimensions. We have seen 
previously that it does not take place in minimally supersymmetric models in two 
dimensions. 


Finding the solution to the BPS equation 


In two-dimensional theory integration of the first-order BPS equation (3.1.3) was 
trivial. Now the BPS equation (3.1.20) presents in fact two equations — one for the 
real part and one for the imaginary. Nevertheless finding the solution is still trivial. 
This is due to the existence of an “integral of motion,” 


0 ; 

— (mew) =0. (3.1.33) 
Z 

The proof is straightforward and is valid in the generic Wess—Zumino model with 

arbitrary number of fields. Indeed, differentiating W and using the BPS equations 


we get 
D fon N 
z w) = 2 (3.1.34) 
which immediately entails Eq. (3.1.33). The constraint 
Ime~!"W = const (3.1.35) 


can be interpreted as follows: in the complex W plane the domain wall trajectory 
is a straight line (see Section 3.1.1). 


Living on a wall 


What is the fate of two broken supercharges? As we already know, two out of 
four supercharges annihilate the wall — these supersymmetries are preserved in 
the given wall background. Two other supercharges are broken: being applied to 
the wall solution they create two fermion zero modes. These zero modes corre- 
spond to (2+1)-dimensional Majorana (massless) spinor field w(t, x, y) localized 
on the wall. 

To elucidate the above assertion it is convenient to turn first to the fate of another 
symmetry of the original theory which is spontaneously broken for each given wall, 
namely, translational invariance in the z direction. 
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Indeed, each wall solution, e.g. Eq. (3.1.18), breaks this invariance. This means 
that in fact we must deal with a family of solutions: if (z) is a solution, so is 
(z — zo). The parameter zg is a collective coordinate — the wall center. People 
also refer to it as a modulus (in plural, moduli). For the static wall zg is a fixed 
constant. 

Assume, however, that the wall is slightly bent. The bending should be negligible 
compared to the wall thickness (which is of the order of m~!). The bending can be 
described as an adiabatically slow dependence of the wall center zo on t, x, and y. 
We will write this slightly bent wall field configuration as 


b(t, x,y,z) = bw(z — E(t, x, y)). (3.1.36) 


Substituting this field in the original action we arrive at the following effective 
(2+1)-dimensional action for the field f(t, x, y): 


= ~ [as (d"t) (Ong), m=0,1,2. (3.1.37) 
It is clear that ¢ (t, x, y) can be viewed as a massless scalar field (called the trans- 
lational modulus) which lives on the wall. It is nothing but a Goldstone field 
corresponding to the spontaneous breaking of the translational invariance. 
Returning to two broken supercharges, they generate a Majorana (2+1)- 
dimensional Goldstino field W(t, x, y), (a = 1,2) localized on the wall. The total 


(2+1)-dimensional effective action on the wall world volume takes the form 


To - 
B= [as (8t) (Ono) + Vany” Ww} (3.1.38) 


where y” are three-dimensional gamma matrices (in the Majorana representation, 
see Appendix A, Section A.1). 

The effective theory of the moduli fields on the wall worldvolume is supersym- 
metric, with two conserved supercharges. This is the minimal supersymmetry in 
2+1 dimensions. It corresponds to the fact that two out of four supercharges are 
conserved. 


3.1.3 D-branes in gauge field theory 


In 1996 Dvali and Shifman found in supersymmetric gluodynamics [11] an anoma- 
lous (1, 0) central charge in superalgebra, not seen at the classical level. They argued 
that this central charge is saturated by domain walls interpolating between vacua 
with distinct values of the order parameter, the gluino condensate (AA), labeling 
N distinct vacua of super- Yang—Mills theory with the gauge group SU(N). 
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Figure 3.1. A field configuration interpolating between two distinct degenerate 
vacua. 
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Figure 3.2. N vacua for SU(N). The vacua are labeled by the vacuum expectation 
value (AA) = —6 N A? exp(27 i k/N) where k = 0,1,..., N — 1. Elementary 
walls interpolate between two neighboring vacua. 


Supersymmetric gluodynamics (it is often referred to as pure super- Yang—Mills 
theory) is defined by the Lagrangian 


1 1 
L fes Tr W? + He. = — 


1 mae 
=D 2 {- 788 pow q ineen gieh, (3.1.39) 


4 P 


where A“ is the Weyl spinor in the adjoint representation of SU(N). 

The domain wall is a field configuration interpolating between two distinct degen- 
erate vacua (see Fig. 3.1). There is a large variety of walls in supersymmetric 
gluodynamics. Minimal, or elementary, walls interpolate between vacuan andn+1, 
while k-walls interpolate between n and n + k, see Fig. 3.2. In [11] a mechanism 
was suggested for localizing gauge fields on the wall through bulk confinement. 
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Later this mechanism was implemented in models at weak coupling, as we will 
see below. 

Shortly afterwards, Witten interpreted the BPS walls in supersymmetric gluody- 
namics as analogs of D-branes [12]. This is because their tension scales as N ~ 1/8, 
rather than 1/ ge typical of solitonic objects (here g, is the string constant). Many 
promising consequences ensued. One of them was the Acharya—Vafa derivation of 
the wall worldvolume theory [67]. Using a wrapped D-brane picture and certain 
dualities they identified the k-wall worldvolume theory as 1+2 dimensional U(k) 
gauge theory with the field content of M = 2 and the Chern—Simons term at level 
N breaking N = 2 down to N = 1. 

In NV = 1 gauge theories with arbitrary matter content and superpotential the 
general relation (2.2.5) takes the form 


{Qu, Og} = —4 Log Z, (3.1.40) 


where 
1 
Yep = —> | axtpdxyy (o Jag l(0” y (3.1.41) 
is the wall area tensor, and [62, 68] 
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(3.1.42) 


In this expression A implies taking the difference at two spatial infinities in the 
direction perpendicular to the surface of the wall. The first term in the second 
line presents the gauge anomaly in the central charge. The second term in the 
second line is a total superderivative. Therefore, it vanishes after averaging over 
any supersymmetric vacuum state. Hence, it can be safely omitted. The first line 
presents the classical result, cf. Eq. (3.1.9). At the classical level Q ¢(dW/0Q f) is 
a total superderivative too which can be seen from the Konishi anomaly [69], 


aw pAn 
dOr 272 


If we discard this total superderivative for a short while (forgetting about quantum 
effects), we return to Z = 2A(W), the formula obtained in the Wess—Zumino 


D? (O pe” OSSO D Tr W°. (3.1.43) 
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model. At the quantum level Q ¢(0VWV/0Q f) ceases to be a total superderivative 
because of the Konishi anomaly. It is still convenient to eliminate Q ¢(dW//0Q f) 
in favor of TrW? by virtue of the Konishi relation (3.1.43). In this way one arrives at 


N-P; T(Rf) 


T Trw*} . (3.1.44) 


0=0 
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We see that the superpotential W is amended by the anomaly; in the operator form 


N-¥,T(Rp) 
1672 


Of course, in pure Yang—Mills theory only the anomaly term survives. 

Beginning from 2002 we developed a benchmark M = 2 model, weakly coupled 
in the bulk (and, thus, fully controllable), which supports both BPS walls and BPS 
flux tubes. We demonstrated that a gauge field is indeed localized on the wall; for 
the minimal wall this is a U(1) field while for non-minimal walls the localized 
gauge field is non-Abelian. We also found a BPS wall-string junction related to the 
gauge field localization, see Chapter 8. The field-theory string does end on the BPS 
wall, after all! The end-point of the string on the wall, after Polyakov’s dualization, 
becomes a source of the electric field localized on the wall. In 2005 Norisuke Sakai 
and David Tong analyzed generic wall-string configurations. Following condensed 
matter physicists they called them boojums.! 

Equation (3.1.42) implies that in pure gluodynamics (super- Yang—Mills theory 
without matter) the domain wall tension is 


W — W- Tr W°. (3.1.45) 


N 2 2 

T= G2 (Tra) vac £ — (TtA~) vac i (3.1.46) 
where vaci f stands for the initial (final) vacuum between which the given wall inter- 
polates. Furthermore, the gluino condensate (TrA*)yac was calculated — exactly — 
long ago [70], using the very same methods which were later advanced and per- 
fected by Seiberg and Seiberg and Witten in their quest for dualities in M = 1 
super-Yang—Mills theories [71] and the dual Meissner effect in VV = 2 (see [2, 3]). 
Namely, 


Prik 
2 (Tra2) = (A442) = —6N A3 exp ( af 


i k=0,1,...,.N—1. (3.1.47) 


1 “Boojum” comes from L. Carroll’s children’s book The Hunting of the Snark. Apparently, it is fun to hunt a 
snark, but if the snark turns out to be a boojum, you are in trouble! Condensed matter physicists adopted the name 
to describe solitonic objects of the wall-string junction type in helium-3. Also: The boojum tree (Mexico) is the 
strangest plant imaginable. For most of the year it is leafless and looks like a giant upturned turnip. G. Sykes, 
found it in 1922 and said, referring to Carroll, “It must be a boojum!” The common Spanish name for this tree 
is Cirio, referring to its candle-like appearance. 
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Here k labels the N distinct vacua of the theory, see Fig. 3.2, and A is a dynamical 
scale, defined in the standard manner (i.e. in accordance with Ref. [72]) in terms 
of the ultraviolet parameters, Muy (the ultraviolet regulator mass), and 84 (the bare 


coupling constant), 
2 8207 87? 
AB = < M3, (5 exp (-5 (3.1.48) 
3 Ng Ngô 


In each given vacuum the gluino condensate scales with the number of colors 
as N. However, the difference of the values of the gluino condensates in two vacua 
which lie not too far away from each other scales as N°. Taking into account 
Eq. (3.1.46) we conclude that the wall tension in supersymmetric gluodynamics 


T~N. 


(This statement just rephrases Witten’s argument why the above walls should be 
considered as analogs of D-branes.) 

The volume energy density in both vacua, to the left and to the right of the 
wall, vanish due to supersymmetry. Inside the transition domain, where the order 
parameter changes its value gradually, the volume energy density is expected to be 
proportional to N7, just because there are N? excited degrees of freedom. Therefore, 
T ~ N implies that the wall thickness in supersymmetric gluodynamics must scale 
as N~!. This is very unusual, because normally we would say: the glueball mass 
is O(N®), hence, everything built of regular glueballs should have thickness of 
order O(N°). 

If the wall thickness is indeed O (N~!) the question “what consequences ensue?” 
immediately comes to one’s mind. This issue is far from complete understanding, 
for relevant discussions see [73, 74, 75]. 

As was mentioned, there is a large variety of walls in supersymmetric 
gluodynamics as they can interpolate between vacua with arbitrary values of k. 
Even if kf = ki + 1, i.e. the wall is elementary, in fact we deal with several walls, 
all having one and the same tension — let us call them degenerate walls. The first 
indication on the wall degeneracy was obtained in Ref. [76], where two degenerate 
walls were observed in SU(2) theory. Later, Acharya and Vafa calculated the k-wall 
multiplicity [67] within the framework of D-brane/string formalism, 


i N! 


N= N-D! (3.1.49) 


vg = C 
For N = 2 only elementary walls exist, and v = 2. In the field-theoretic setting 
Eq. (3.1.49) was derived in [77]. The derivation is based on the fact that the index 
v is topologically stable — continuous deformations of the theory do not change v. 
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Thus, one can add an appropriate set of matter fields sufficient for complete Higgsing 
of supersymmetric gluodynamics. The domain wall multiplicity in the effective low- 
energy theory obtained in this way is the same as in supersymmetric gluodynamics 
albeit the effective low-energy theory, a Wess—Zumino type model, is much simpler. 


3.1.4 Domain wall junctions 


Two degenerate domain walls can coexist in one plane — a new phenomenon 
which, to the best of our knowledge, was first discussed in [78]. It is illustrated 
in Fig. 3.3. Two distinct degenerate domain walls lie on the plane; the transition 
domain between wall 1 and wall 2 is the domain wall junction (domain line). 

Each individual domain wall is 1/2 BPS-saturated. The wall configuration with 
the junction line (Fig. 3.3) is 1/4 BPS-saturated. We start from M = 1 four- 
dimensional bulk theory (four supercharges). Naively, the effective theory on the 
plane must preserve two supercharges, while the domain line must preserve one 
supercharge. In fact, they have four and two conserved supercharges, respectively. 
This is another new phenomenon — supersymmetry enhancement — discovered in 
[78]. One can excite the junction line endowing it with momentum in the direc- 
tion of the line, without altering its BPS status. A domain line with a plane wave 
propagating on it (Fig. 3.3) preserves the property of the BPS saturation, see [78]. 

Let us pass now to more conventional wall junctions. Assume that the theory 
under consideration has a spontaneously broken Zy symmetry, with N > 3, and, 
correspondingly, N vacua. Then one can have N distinct walls connected in the 
asterisk-like pattern, see Fig. 3.4. This field configuration possesses an obvious 
axial symmetry: the vacua are located cyclically. 


wall 2 


wall 1 


junction (P3 = 0) 


Me 


Figure 3.3. Two distinct degenerate domain walls separated by the wall junction. 
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Figure 3.4. The cross section of the wall junction. 


This configuration is absolutely topologically stable, as stable as the wall itself. 
Moreover, it can be 1/4 BPS-saturated for any value of N. It was noted [24] that 
theories with either U(1) or Zy global symmetries may contain 1/4-BPS objects 
with axial geometry. They saturate two central charges simultaneously, (1,0) + 
(0,1) (the walls) and (1/2, 1/2) (the junction line). 

The corresponding Bogomol nyi equations were derived in [62] and shortly after 
rediscovered in [79]. Further advances in the issue of the domain wall junctions of 
the hub-and-spokes type were presented in [80, 81, 82, 83], see also later works 
[84, 85, 86, 87, 88]. We would like to single out Ref. [81] where the first analytic 
solution for a BPS wall junction was found in a specific generalized Wess—Zumino 
model. Among stimulating findings in this work is the fact that the junction ten- 
sion turned out to be negative in this model. The model has Z3 symmetry. It is 
derived from a SU(2) Yang-Mills theory with extended supersymmetry (VV = 2) 
and one matter flavor perturbed by an adjoint scalar mass. The original model 
contains three pairs of chiral superfields and, in addition, one extra chiral super- 
field. In fact, the model of [81] can be simplified and adjusted to cover the case 
of arbitrary N, which was done in [83]. The latter work demonstrates that the 
tension of the wall junctions is generically negative although exceptional mod- 
els with the positive tension are possible too. Note that the negative sign of the 
wall junction tension does not lead to instability since the wall junctions do not 
exist in isolation. They are always attached to walls which stabilize this field 
configuration. 

Returning to SU(N) supersymmetric gluodynamics (N > 3) one expects to get 
in this theory the 1/4 BPS junctions of the type depicted in Fig. 3.4. Of course, 
this theory is strongly coupled; therefore, the classical Bogomol’ nyi equations are 
irrelevant. However, assuming that such wall junctions do exist, one can find their 
tension at large N even without solving the theory. To this end one uses [74, 83] the 
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expression for the (1/2,1/2) central charge? in terms of the contour integral over the 
axial current [27]. At large N the latter integral is determined by two things: the 
absolute value of the gluino condensate and the overall change of the phase of 
the condensate when one makes the 27 rotation around the hub. In this way one 
arrives at the prediction 


Twall junction ~ N’. (3.1.50) 


The coefficient in front of the N? factor is model dependent. 

Can one interpret this N? dependence of the hub of the junction? Assume that 
each wall has thickness 1/N and there are N of them. Then it is natural to expect 
the radius of the intermediate domain where all walls join together to be of the 
order (1/N) x N ~ N°. This implies, in turn, that the area of the hub is O(N°). 
If the volume energy density inside the junction is N? (i.e. the same as inside the 
walls), one immediately gets Eq. (3.1.50). 


3.1.5 Webs of walls 


Domain walls can form a network when many junctions are connected together — 
webs or honeycombs, see Fig. 3.5 borrowed from Ref. [86]. 1/4 BPS solutions 
of such type were found (in the strong gauge coupling limit) in [86, 87] in 
four-dimensional M = 2 supersymmetric Yang—Mills theory with the gauge 


Figure 3.5. Honeycomb web of domain walls. This web in this figure divides 37 
vacua and has 18 external legs and 19 internal faces. The moduli space corresponds 
to CP(36) whose dimension is 72. 


? There is a subtle point here which must be noted. For the wall type of the hub-and-spokes type the overall 
tension is the sum of two tensions: the tension of the walls and the tension of the hub. The first is determined by 
the (1,0) central charge, the second by (1/2,1/2). Each separately is somewhat ambiguous in the case at hand. 
The ambiguity cancels in the sum [27]. 
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group U(Nc) and Np flavor hypermultiplets in the fundamental representation 
(Nf > Ne). This model is described in detail in Sections 4.1 and 4.7. The 
solution saturates two central charges, (1,0) + (0,1) and (1/2,1/2). The mod- 
uli space of this particular web of walls is the complex Grassmann manifold 
G Np, Ne = SU(N #)/[SU(N¢ — No) x SU(Ne) x UCD]. 

The web of walls can contain several external legs and loops whose maximal 
numbers are determined by Nf and Ne. If the gauge group is U(1) rather than 
U(N-) (with Ne > 2) the moduli space of the web of walls simplifies and becomes 
CP(N ¢ — 1). 

Further studies of dynamics of the domain wall loops, as in Fig. 3.5, were carried 
out in [89]. The authors used the moduli approximation and found that a phase 
rotation induces a repulsive force which can be interpreted as a Noether charge of 
Q solitons. 


3.2 Vortices in D = 3 and flux tubes in D = 4 


Vortices were among the first examples of topological defects treated in the 
Bogomol’nyi limit [5, 4, 1] (see also [90]). Explicit embedding of the bosonic 
sector in supersymmetric models dates back to the 1980s. In [91] a three- 
dimensional Abelian Higgs model was considered. That model had M = 1 super- 
symmetry (two supercharges) and thus, according to Section 2.2.2, contained 
no central charge that could be saturated by vortices. Hence, the vortices dis- 
cussed in [91] were noncritical. BPS saturated vortices can and do occur in 
N = 2 three-dimensional models (four supercharges) with a non-vanishing Fayet- 
Tliopoulos term [92, 93]. Such models can be obtained by dimensional reduction 
from four-dimensional M = 1 models. We will start from a brief excursion 
in SQED. 
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3.2.1 SQED in 3D 


The starting point is SQED with the Fayet-Iliopoulos term € in four dimensions. 
The SQED Lagrangian is 


1 _ 
L= {as [rowne] + fato Oe’VYO 


4 e? 


+ [evo Oe’ O- ne E [roar V(x,0,9), (3.2.1) 


where e is the electric coupling constant, Q and Q are chiral matter superfields 
(with charges ne and —ne, respectively), and Wg is the supergeneralization of the 
photon field strength tensor, 


ies D 
Wa = 5 D* DyV =i (A. + iða D — 6? Fop — 16 dua") > (3.2.2) 


In four dimensions the absence of the chiral anomaly in SQED requires the matter 
superfields enter in pairs of the opposite charges, e.g. 


iDuW = (id, +neAp) Y, iD = (iy —neAp) Ý. (3.2.3) 


Otherwise the theory is anomalous, the chiral anomaly renders it non-invariant 
under gauge transformations. Thus, the minimal matter sector includes two chiral 
superfields Q and Q, with charges ne and —ne, respectively. (In the literature 
a popular choice isn, = 1. In Part II we will use a different normalization, ne = 1/2, 
which is more convenient in some problems that we address in Part II.) 

In three dimensions there is no chirality. Therefore, one can consider 3D SQED 
with a single matter superfield Q, with charge ne. Classically it is perfectly fine just 
to discard the superfield QO from the Lagrangian (3.2.1). However, such “crudely 
truncated” theory may be inconsistent at the quantum level [94, 95, 96]. Gauge 
invariance in loops requires, as we will see shortly, simultaneous introduction of a 
Chern—Simons term in the one matter superfield model [94, 95, 96]. The Chern- 
Simons term breaks parity. That’s the reason why this phenomenon is sometimes 
referred to as parity anomaly. 

A perfectly safe way to get rid of Q is as follows. Let us start from the two- 
superfield model (3.2.1), which is certainly self-consistent both at the classical 
and quantum levels. The one-superfield model can be obtained from that with two 
superfields by making a) heavy and integrating it out. If one manages to introduce 
a mass m for Õ without breaking M = 2 supersymmetry, the large m limit can be 
viewed as an excellent regularization procedure. 

Such mass terms are well known, for a review see [97, 98, 96]. They go under the 
name of “real masses,” are specific to theories with U(1) symmetries dimensionally 
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reduced from D = 4to D = 3, and present a direct generalization of twisted 
masses in two dimensions [32]. To introduce a “real mass” one couples matter fields 
to a background vector field with a non-vanishing component along the reduced 
direction. For instance, in the case at hand we introduce a background field Vp as 


Alm = | a'0 Ge¥ ð, Vp =ñ (2) (0'8 — 078"). (3.2.4) 


The reduced spatial direction is that along the y axis. We couple Vp to the U(1) 
current of Q ascribing to QO charge one with respect to the background field. At the 
same time Q is assumed to have V, charge zero and, thus, has no coupling to Vp. 
Then, the background field generates a mass term only for QO, without breaking 
N = 2. Needless to say, there is no kinetic term for Vp. Equation (3.2.4) implies 
that m = (Ap)>. 

After reduction to three dimensions and passing to components (in the Wess— 
Zumino gauge) we arrive at the action in the following form (in the three- 
dimensional notation): 


1 1 Ë= 
s= | dx |- Fo F +z (dua) + Saipan 

Pers oe T 
gaa -neg D+neD(4q-44) 
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Here a is a real scalar field, 
a = —ne A2, 


à is the photino field, and q, ĝ and y, ọ are matter fields belonging to Q and 
O, respectively. The covariant derivatives are defined in Eq. (3.2.3). Finally, D is 
an auxiliary field, the last component of the superfield V. Eliminating D via the 
equation of motion we get the scalar potential 


ea [s-(49-44)| +e°%Gq+m+ar9g, 620 


which implies a potentially rather rich vacuum structure. For our purposes — the 
BPS-saturated vortices — only the Higgs phase is of importance. We will assume 
that 


é>0, m>0. (3.2.7) 
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If w and ĝ are viewed as regulators (i.e. 7 — 00), they can be integrated out 
leaving us with the one matter superfield model. It is obvious that integrating them 
out we get a Chern—Simons term at one loop,* with a well-defined coefficient that 
does not vanish in the limit m = oo. We prefer to keep m as a free parameter, 
assuming that m Æ 0. 

From the standpoint of vortex studies, the model (3.2.1) per se is not quite 
satisfactory due to the existence of the flat direction (correspondingly, there is a 
gapless mode which renders the theory ill-defined in the infrared, see Section 5.1). 
The flat direction is eliminated at m 4 0. Thus, there are three relevant parameters 
of dimension of mass, 

e, &, and m. 


The weak coupling regime implies that e7/& < 1. 
If m +Æ 0 the vacuum field configuration is as follows: 


q=0, a=0, qq4=&. (3.2.8) 


The vanishing of the D term in the vacuum requires ¢ qvac = &. Then the term 
a°qq in (3.2.6) implies that a = 0 in the vacuum. Up to gauge transformations the 
vacuum is unique. The Higgs phase is enforced by our choice m Æ 0 and £ Æ 0. 
The fields 9, w play a role only at the level of quantum corrections, providing 
a well-defined regularization in loops. 


Central charge 


The general form of the centrally extended M = 2 superalgebra in D = 3 was 
discussed in Section 2.3.2. The central charge relevant in the problem at hand — 
vortices — is presented by the last term in Eq. (2.3.6). It can be conveniently derived 
using the complex representation for supercharges and reducing from D = 4 to 
D = 3. In four dimensions [27] 


{Qa, Oa} = 2Puà + 2Zag = 2 (Pu + Zp) (o%),. 5 (3.2.9) 
where P, is the momentum operator, and 
Za =ne§ J Ax eopvp (PAP) +-+ (3.2.10) 


Here ellipses denote full spatial derivatives of currents 4 that fall off exponentially 
fast at infinity. Such terms are clearly inessential. 


3 In passing from two matter superfields to one, in order to justify integrating out Õ, one must consider m > e yE. 
Given that e? JE <1, the condition m >> e,/E does not necessarily imply that m >> £. 
4 Moreover, these currents are not unambiguously defined, see [27]. 
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In three dimensions the central charge of interest reduces to P2 + Z2. Thus, in 
terms of complex supercharges the appropriate centrally extended algebra takes 
the form’ 


fo. (o") y°] = 2 (Po y? + Piy” + P y7) 
+245 [ess (Ea) 4g —neé fes}, (3.2.11) 


where E is the electric field, B is the magnetic field, 


dA, Ax 
B= — 3 
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and q is a conserved Noether charge, 


(3.2.12) 


q= | ex) jh svy"Wt+dGi Dp G. (3.2.13) 


The second line in Eq. (3.2.11) presents the vortex-related central charge. The 
term proportional to a gives a vanishing contribution to the central charge. How- 
ever, the g term (sometimes omitted in the literature) plays an important role. It 
combines with the £ term in the expression for the vortex mass converting the bare 
value of € into the renormalized one. In the problem at hand, the vortex mass gets 
renormalized at one loop, and so does the Fayet-Iliopoulos parameter. 


BPS equation for the vortex 


At the classical level the fields a and g play no role. They will be set 
G=0; a=0. (3.2.14) 


The first-order equations describing the ANO vortex in the Bogomol’nyi limit 
[5, 4, 1] take the form 


B—n,e*(\q\? — £) = 0, 
(D; +iD,) q =0, (3.2.15) 


with the boundary conditions 
q > Ee a r> Oo, 
q>0 at r-0, (3.2.16) 


5 In the following expression terms containing equations of motion of the type a(VE — Jo) are omitted. 
6 The emergence of the U(1) Noether charge ñq in the central charge is in one-to-one correspondence with 
a similar phenomenon taking place in the two-dimensional CP(N — 1) models with the twisted mass [34]. 
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Figure 3.6. Polar coordinates on the x, z plane. 


where a is the polar angle on the x, z plane, while r is the distance from the origin 
in the same plane (Fig. 3.6). Moreover k is an integer, counting the number of 
windings. 

If Eqs. (3.2.15) are satisfied, the flux of the magnetic field is 27k (the winding 
number k determines the quantized magnetic flux), and the vortex mass (string 
tension) is 


M = 2nék, (3.2.17) 


The linear dependence of the k-vortex mass on k implies the absence of their 
potential interaction. 

For the elementary k = 1 vortex itis convenient to introduce two profile functions 
(r) and f(r) as follows: 


1 a 
g(x) =P) Et, An(x) = —— Erm S (1—f@)l. (3.2.18) 


The ansatz (3.2.18) goes through the set of equations (3.2.15), and we get the 
following two equations on the profile functions: 


-1 4 nde? (g-e) =0, 


r ae. —fo¢o=0. (3.2.19) 
dr 


The boundary conditions for the profile functions are rather obvious from the 
form of the ansatz (3.2.18) and from our previous discussion. At large distances 


(œ) = VE, flo) =0. (3.2.20) 
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Figure 3.7. Profile functions of the string as functions of the dimensionless variable 
m,r. The gauge and scalar profile functions are given by f and s = $/,/é, 
respectively. 


At the same time, at the origin the smoothness of the field configuration at hand 
(the absence of singularities) requires 


~0)=0, fO)=1. (3.2.21) 


These boundary conditions are such that the scalar field reaches its vacuum value 
at infinity. Equations (3.2.19) with the above boundary conditions lead to a unique 
solution for the profile functions, although its analytic form is not known. The 
vortex size is ~ e7! €~!/?. The solution can be readily obtained numerically. The 
profile functions @ and f which determine the Higgs field and the gauge potential, 
respectively, are shown in Fig. 3.7. 


The fermion zero modes 


Quantization of vortices requires the knowledge of the fermion zero modes for 
the given classical solution. More precisely, since the solution under consideration 
is static, we are interested in the zero-eigenvalue solutions of the static fermion 
equations which, thus, effectively become two- rather than three-dimensional, 


i(y* Di tv? Dw t+neV2Aq =0, (3.2.22) 
i (y* dy +y% a) A+ ene V2 WG =0. 


These equations are obtained from (3.2.5) where we dropped the tilded terms (since 
q = 0). The fermion operator is Hermitean implying that every solution for {4 , A} 
is accompanied by that for {w, A}. 

Since the solution to equations (3.2.15) discussed above is 1/2 BPS, two of 
the four supercharges annihilate it while the other two generate the fermion zero 
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modes — superpartners of translational modes. One can show [99] that these are the 
only normalizable fermion zero modes in the problem at hand. 


Short versus long representations 


The (1+2)-dimensional model under consideration has four supercharges. The 
corresponding regular super-representation is four-dimensional (i.e. contains two 
bosonic and two fermionic states). 

The vortex we discuss has two fermion zero modes. Hence, viewed as a particle 
in 1+2 dimensions it forms a super-doublet (one bosonic state plus one fermionic). 
Hence, this is a short multiplet. This implies, of course, that the BPS bound must 
remain saturated when quantum corrections are switched on. Both the central charge 
and the vortex mass get corrections [100, 99], but they remain equal to each other. 


Vortex mass and central charge renormalizations 


Assuming that ne = 1 and saturating the central charge in Eq. (3.2.11) by the 
vortex soliton we get 


% m 
Zyortex = -; f d’xB + mq = -2r E + 5" (3.2.23) 


Here we use the fact that the induced q charge of the vortex is 1/2. This is not 
difficult to see for any value of m [101]. Proving this assertion becomes especially 
simple at large m when one can just integrate the tilded fields out in the given vortex 
field. One then arrives at 


q= J E (3.2.24) 
4r 2 


Since the renormalized value of the FI parameter & is 


Mg =m 


Aa 


Er =E + (3.2.25) 
where mg = y2% e is the mass of the untilded particles, we can rewrite Eq. (3.2.23) 
in the form 


m 
Zvortex = —27 (Ee E =) . (3.2.26) 


In the very same “physical” regularization scheme outlined above the vortex mass 
shifts by the same amount [100, 101], and 


m 
Myortex = 27 (ër = Ta) = |Zyortex| (3.2.27) 
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3.2.2 Four-dimensional SQED and the ANO string 


In this section we will discuss V = 1 SQED. SQED with extended supersymmetry 
(ie. N = 2) is also very interesting. This latter model is presented in 
Appendix C. 

The Lagrangian is the same as in Eq. (3.2.1). We will consider the simplest case: 
one chiral superfield Q with charge ne = 1/2, and one chiral superfield O with 
charge ne = —1/2. The electric charge of matter is chosen to be half-integer to 
make contact with what follows. This normalization is convenient in the case of 
non-Abelian models, see Part II. The Lagrangian in components can be obtained 
from Eq. (3.2.5) by setting a = m = 0. The scalar potential obviously takes the form 


e? = 2 

2 = Sw 
Vasu E z (49 a 74) | l (3.2.28) 
The vacuum manifold is a “hyperboloid” 


G9-4q=&. (3.2.29) 


Thus, we deal with the Higgs branch of real dimension two. In fact, the vacuum 
manifold can be parametrized by a complex modulus gq. On this Higgs branch 
the photon field and superpartners form a massive supermultiplet, while gg and 
superpartners form a massless one. 

As was shown in [102], no finite-thickness vortices exist at a generic point on 
the vacuum manifold, due to the absence of the mass gap (presence of the massless 
Higgs excitations). The moduli fields get involved in the solution at the classical 
level generating a logarithmically divergent tail. An infrared regularization can 
remove this logarithmic divergence, and vortices become well-defined, see [103] 
and Chapter 7. One of the possible infrared regularizations is considering a finite- 
length string instead of an infinite string. Then all infrared divergences are cut off 
at distances of the order of the string length. The thickness of the string is of the 
order of logarithm of this length. This is discussed in detail in Chapter 7. Needless 
to say, such string is not BPS-saturated. 

At the base of the Higgs branch, at g = 0, the classical solutions of the BPS 
equations for q and A,, are well-defined. The form of the solution coincides with 
that given in Section 3.2.1. 

The fact that there is a flat direction and, hence, massless particles in the bulk 
theory does not disappear, of course. Even though at g = 0 the classical string 
solution is well-defined, infrared problems arise at the loop level. One can avoid 
massless particles in the spectrum if one embeds the theory (3.2.5) in SQED with 
eight supercharges, see Section 5.1 and Appendix C. Then the Higgs branch is 
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eliminated, and one is left with isolated vacua. After the embedding is done, one 
can break MN = 2 down to N = 1, if one so desires. 

A simpler framework is provided by the so-called M model. Its non-Abelian 
version is considered in Section 5.2. Here we will outline the construction of this 
model in the context of N = 1 SQED. 

We introduce an extra neutral chiral superfield M, which interacts with Q and 
O through the super- Yukawa coupling, 


Lu = [vo dð Smm + { fao OMO+ Ho] l (3.2.30) 


Here h is a coupling constant. As we will see momentarily the Higgs branch is 
lifted. An obvious advantage of this model is that it makes no reference to N = 2. 
This is probably the simplest M = 1 model which supports BPS-saturated ANO 
strings without infrared problems. 

The scalar potential (3.2.28) is now replaced by 


2 


e o, a = -\]72 -2 2 ~ 2 
Vu =G |e- (49-44) +h lag? + la MP + 1M gr. 6231 


The vacuum is unique modulo gauge transformations, 


g=q=Vé, qg=0, M=0. (3.2.32) 


The classical ANO flux tube solution considered above remains valid as long as 
we set, additionally, g = M = 0. The string tension is the same, Tstring = 278. 
(Note that in Eq. (3.2.31) the parameter € is defined with n? factored out. See 
also Eq. (C.11) and its derivation.) The quantization procedure is straightfor- 
ward, since one encounters no infrared problems whatsoever — all particles in the 
bulk are massive. In particular, there are four normalizable fermion zero modes 
(cf. Ref. [35]). 
For further thorough discussions we refer the reader to Section 7.2. 


3.2.3 Flux tube junctions 


In theories with Zy symmetry the ANO flux tubes can form junctions of the type 
depicted in Fig. 3.8. As an example, let us consider a U(1) x U(1) x U(1) gauge 
theory with three “photons” and three (scalar) matter fields, ġ, x, and n, 


i - ; 
L= ape DDR + (Dud)(D") + (Dux) (D" x) 


+ (Dyn)(D*n) + Vd, xn), (3.2.33) 
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Table 3.1. Couplings of $, x, and y with respect to three photons A,, A2, and A3 
of the U(1)? theory (3.2.33). 


$ X n 
Al 2/3 2/3 —1/3 
Ad 2/3 —1/3 2/3 
A3 —1/3 2/3 2/3 


Figure 3.8. A junction of three flux tubes (“Mercedes logo”) in the Z3 invariant 
theory (3.2.33). The letters ¢, x, and 7 show which fields have windings in three 
sectors. 


whose electric charges with respect to three photons are presented in Table 3.1. 
The potential V (¢, x, n) is assumed to be symmetric under the interchange of ¢, x, 
and 7. Another requirement to V(@, x, n) is spontaneous breaking of all three U(1) 
gauge groups through nonvanishing expectation values (@) = (x) = (n) Æ 0. 

The three flux tubes form a planar structure of the “Mercedes logo” type, with 
27/3 angles between them. The flux tube in the left-hand side of Fig. 3.8 carries 
the magnetic fluxes of the third and second photons, the next (clockwise) flux tube 
the magnetic fluxes of the first and second photons, and the last flux tube of the first 
and third. 
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3.3 Monopoles 


In this section we will discuss magnetic monopoles — very interesting objects which 
carry magnetic charges. They emerge as free magnetically charged particles in 
non-Abelian gauge theories in which the gauge symmetry is spontaneously broken 
down to an Abelian subgroup.’ The simplest example was found by ’t Hooft [105] 
and Polyakov [106]. The model they considered had been invented by Georgi and 
Glashow [107] for different purposes. As it often happens, the Georgi—Glashow 
model turned out to be more valuable than the original purpose, which is long 
forgotten, while the model itself is alive and well and is being constantly used by 
theorists. 


3.3.1 The Georgi-Glashow model: vacuum and elementary excitations 


Let us begin with a brief description of the Georgi-Glashow model. The gauge 
group is SU(2) and the matter sector consists of one real scalar field ° in the 
adjoint representation (i.e. SU(2) triplet). The Lagrangian of the model is 


L= kt Fé Fey + lip $*)(D" $"%) = lig" _ vy)? GB 4 1) 
Ag? pv 2 H 8 4 Ae A 


where the covariant derivative in the adjoint acts as 
Dpp’ = dug? + EAL G. (3.3.2) 


Below we will focus on the limit of BPS monopoles. This limit corresponds to a 
vanishing scalar coupling, A — 0. The only role of the last term in Eq. (3.3.1) is 
to provide a boundary condition for the scalar field. As is clear from Chapter 2 the 
monopole central charge exists only in MV = 2and N = 4 superalgebras. Therefore, 
one should understand the theory (3.3.1) (at à = 0) as embedded in super- Yang— 
Mills theories with extended superalgebra. In Part II we will extensively discuss 
such embeddings in the context of VV = 2. 

The classical definition of magnetic charges refers to theories that support a 
long-range (Coulomb) magnetic field. Therefore, in consideration of the isolated 
monopole the pattern of the symmetry breaking should be such that some of the 
gauge bosons remain massless. In the Georgi-Glashow model (3.3.1) the pattern 
is as follows: 


SU(2) > U(1). (3.3.3) 


7 Tn the confining regime monopoles can be obtained in some theories with no adjoint fields, in which the gauge 
symmetry is broken completely [104]. This is a recent development. 


44 The main building blocks 


To see that this is indeed the case let us note the ø% self-interaction term (the last 
term in Eq. (3.3.1)) forces ° to develop a vacuum expectation value, 


(2) = vd"4. (3.3.4) 


The direction of the vector ° in the SU(2) space (to be referred to as “color space” 
or “isospace”) can be chosen arbitrarily. One can always reduce it to the form 
(3.3.4) by a global color rotation. Thus, Eq. (3.3.4) can be viewed as a (unitary) 
gauge condition on the field ¢. 

This gauge is very convenient for discussing the particle content of the theory, 
elementary excitations. Since the color rotation around the third axis does not 
change the vacuum expectation value of ¢%, 

T3 


exp {ia >| Pvac EXP {-ie=| = Oac Pvac = Wa (3.3.5) 


the third component of the gauge field remains massless — we will call it a “photon,” 
A? = Ap, Fuv = ðp Av — dAn. (3.3.6) 


The first and the second components form massive vector bosons, 


1 
wr 
u Jeg 22 
As usual in the Higgs mechanism, the massive vector bosons eat up the first and 
the second components of the scalar field ø. The third component, the physical 
Higgs field, can be parametrized as 


—— (Aj, + A%). (3.3.7) 


fp =vt+9Q, (3.3.8) 


where ¢ is the physical Higgs field. In terms of these fields the Lagrangian (3.3.1) 
can be readily rewritten as 


1 
L = — 4g 5 Ew Fw + = Tano? 
— (Da W) (Daw) FDW) (W E UEO W Wy 
2 
—2Wt Fu Wo + © (wt W; -WE wz), (3.3.9) 


4 


where the covariant derivative now includes only the photon field, 


Da WF = (dy +i Ag) WF. (3.3.10) 
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The last line presents the magnetic moment of the charged (massive) vector bosons 
and their self-interaction. In the limit à — 0 the physical Higgs field is massless. 
The mass of the WF bosons is 


Mw = ev. (3.3.11) 


3.3.2 Monopoles — topological argument 


Let us explain why this model has a topologically stable soliton. 

Assume that the monopole’s center is at the origin and consider a large sphere 
Spr of radius R with the center at the origin. Since the mass of the monopole is 
finite, by definition, ¢7¢% = v? on this sphere. œ is a three-component vector in 
the isospace subject to the constraint 76% = v? which gives us a two-dimensional 
sphere Sg. Thus, we deal here with mappings of Sr into Sg. Such mappings split 
in distinct classes labeled by an integer n, counting how many times the sphere Sg 
is swept when we sweep once the sphere Sp, since 


m2(SU(2)//U(1)) = Z. (3.3.12) 


Sg = SU(2)/U(1) because for each given vector @“ there is a U(1) subgroup which 
does not rotate it. The SU(2) group space is a three-dimensional sphere while that 
of SU(2)/U(1) is a two-dimensional sphere. 

An isolated monopole field configuration (the °t Hooft-Polyakov monopole) 
corresponds to a mapping with n = 1. Since it is impossible to continuously deform 
it to the topologically trivial mapping, the monopoles are topologically stable. 


3.3.3 Mass and magnetic charge 


Classically the monopole mass is given by the energy functional 


E= [os l pagay l (Diġ®) (Did") } (3.3.13) 
2g2 $? 2 
where 
1 
B? = T7 Eijk Fik (3.3.14) 


The fields are assumed to be time-independent, B? = B? (¥), $¢ = $%(x). For 
static fields it is natural to assume that Aj = 0. This assumption will be veri- 
fied a posteriori, after we find the field configuration minimizing the functional 
(3.3.13). Equation (3.3.13) assumes the limit A — 0. However, in performing min- 
imization we should keep in mind the boundary condition $4 (x)¢4(x) > v? at 
|x| > œ. 
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Equation (3.3.13) can be identically rewritten as follows: 


J 3 5 (- a G a d 1 a ‘| 
E = | x} ( - B? — Dig" \ (— B? — Dig! ) +- BY Do"). (8.3.15) 
2 8 8 8g 


The last term on the right-hand side is a full derivative. Indeed, after integrating by 
parts and using the equation of motion D; B} = 0 we get 


[es {= Benig) zi [as ði (BS ¢") 
E E 


ae J dS; (Bf¢°). (3.3.16) 
E JSp 
In the last line we made use of Gauss’ theorem and passed from the volume integra- 
tion to that over the surface of the large sphere. Thus, the last term in Eq. (3.3.15) 
is topological. 

The combination B“¢* can be viewed as a gauge invariant definition of the 
magnetic field B. More exactly, 


1 
Bi = — Big". (3.3.17) 
v 


Indeed, far away from the monopole core one can always assume ¢ġ° to be aligned 
in the same way as in the vacuum (in an appropriate gauge), ? = vd**. Then 
Bi = B?. The advantage of the definition (3.3.17) is that it is gauge independent. 

Furthermore, the magnetic charge Q m inside a sphere Spr can be defined through 
the flux of the magnetic field through the surface of the sphere,® 


1 
Qu = J d*S; —Bi. (3.3.18) 
SR g 
From Eq. (3.3.30) (see below) we will see that 
1 1 
Bi = — B o? — n' -z atr > o, (3.3.19) 
v r 
and, hence, 
4 
Ga, (3.3.20) 
& 


8 A remark: Conventions for the charge normalization used in different books and papers may vary. In his 
original paper on the magnetic monopole [108], Dirac uses the convention e? = a and the electromagnetic 
Hamiltonian H = (87)—! (E? + B2). Then, the electric charge is defined through the flux of the electric field as 
e = (4x)7! J. Sr d? S; Ei, and analogously for the magnetic charge. We use the convention according to which 
e? = 47a, and the electromagnetic Hamiltonian H = (297)! (E2 + B52). Then e = g7! Isp aS; E; while 


Om =87! fg, PSiBi. 
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Combining Eqs. (3.3.18), (3.3.17) and (3.3.16) we conclude that 


E=vOy+t [es l C B! — Dig") E Be — vo")! . (3.3.21) 
2 \g g 


The minimum of the energy functional is attained at 


1 a a 
— B; — Di’ =0. (3.3.22) 
& 
The mass of the field configuration realizing this minimum — the monopole mass — 
is obviously equal 
4r 
Mu =——. (3.3.23) 
§ 
Thus, the mass of the critical monopole is in one-to-one relation with its magnetic 
charge. Equation (3.3.22) is nothing but the Bogomol’nyi equation in the monopole 
problem. If it is satisfied, the second-order differential equations of motion are 
satisfied too. 


3.3.4 Solution of the Bogomol’nyi equation for monopoles 


To solve the Bogomol’nyi equations we need to find an appropriate ansatz for $*. 
As one sweeps Spr the vector ° must sweep the group space sphere. The simplest 
choice is to identify these two spheres point-by-point, 


p? =v—=0n", r> œ. (3.3.24) 


where n’ = x! /r. This field configuration obviously belongs to the class withn = 1. 
The SU(2) group index a got entangled with the coordinate x. Polyakov proposed 
to refer to such fields as “hedgehogs.” 

Next, observe that finiteness of the monopole energy requires the covariant 
derivative Di“ to fall off faster than r—3/? at large r, cf. Eq. (3.3.13). Since 


1 é 1 
dpt =v- fari — n'n] ~ (3.3.25) 
r r 
one must choose A? in such a way as to cancel (3.3.25). It is not difficult to see that 
Pr) ene 
Af = ini, roo. (3.3.26) 
r 


Then the term 1/r is canceled in D;¢*%. 
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Equations (3.3.24) and (3.3.26) determine the index structure of the field 
configuration we are going to deal with. The appropriate ansatz is perfectly clear 
now, 


$ =vun"H(r), At = eM Ln F(r), (3.3.27) 
where H and F are functions of r with the boundary conditions 
H(r)> 1, F(r)>1 ar> oœ, (3.3.28) 
and 
H(r)>0, F(r)>0 atr—-O0. (3.3.29) 


The boundary condition (3.3.28) is equivalent to Eqs. (3.3.24) and (3.3.26), while 
the boundary condition (3.3.29) guarantees that our solution is nonsingular at 
r— 0. 

After some straightforward algebra we get 


L 


a ai a,i 1 / ai 1 2 
B: =(8 —n n) -F +n n = (2F - F), 
r r? 
f Al ; 
Dio? =v {G z n'n’) ~H(1— F)+ nenin) ; (3.3.30) 
r 


where prime denotes differentiation with respect to r. 

Let us return now to the Bogomol’nyi equations (3.3.22). This is a set of nine 
first-order differential equations. Our ansatz has only two unknown functions. The 
fact that the ansatz goes through and we get two scalar equations on two unknown 
functions from the Bogomol’ nyi equations is a highly nontrivial check. Comparing 
Eqs. (3.3.22) and (3.3.30) we get 


1 
_ F’=vH(— F), 
g 


Ioi 
E Si yas _ 2 
H=- (2F F | (3.3.31) 


The functions H and F are dimensionless. It is convenient to make the radius r 
dimensionless too. A natural unit of length in the problem at hand is (gv)~!. From 
now on we will measure r in these units, 


p=r (gv). (3.3.32) 
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H /. if Magnetic flux 


Figure 3.9. The functions F (solid line) and H (long dashes) in the critical 
monopole solution, vs. o. The short-dashed line shows the flux of the magnetic 
field 6; (in the units 47 ) through the sphere of radius p. 


The functions H and F are to be considered as functions of p, while the prime will 
denote differentiation over p. Then the system (3.3.31) takes the form 


Pond =h), 
1 2 
H = a (QF =F ) l (3.3.33) 


These equations have known analytical solutions, 


F = = Æ ` 
sinh p 
cosho 1 

H = — — —. (3.3.34) 
sinho p 


At large p the functions H and F tend to unity (cf. Eq. (3.3.28)) while at p > 0 
F=O(p*), H =O(p). 


They are plotted in Fig. 3.9. Calculating the flux of the magnetic field through the 
large sphere we verify that for the solution at hand Q m = 47/8. 


3.3.5 Collective coordinates (moduli) 


The monopole solution presented in the previous section breaks a number of valid 
symmetries of the theory, for instance, translational invariance. As usual, the sym- 
metries are restored after the introduction of the collective coordinates (moduli), 
which convert a given solution into a family of solutions. 
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Our first task is to count the number of moduli in the monopole problem. 
A straightforward way to count this number is counting linearly independent zero 
modes. To this end, one represents the fields A, and @ as a sum of the monopole 
background plus small deviations, 


a _ aal) a a _ ,a(0) a 
AL =A tap SP =O" + 50)", (3.3.35) 


where the superscript (0) marks the monopole solution. At this point it is necessary 
to impose a gauge-fixing condition. A convenient condition is 
2 pgee ept (8p) = 0 (3.3.36) 
g 14; = U, J. 
where the covariant derivative in the first term contains only the background field. 

Substituting the decomposition (3.3.35) in the Lagrangian one finds the quadratic 
form for {a, (ôġ)}, and determines the zero modes of this form (subject to the 
condition (3.3.36)). 

We will not trace this procedure in detail, referring the reader to the original 
literature [109]. Instead, we suggest a simple heuristic consideration. 

Letus ask ourselves what are the valid symmetries of the model at hand? They are: 
(i) three translations; (ii) three spatial rotations; (iii) three rotations in the SU(2) 
group. Not all these symmetries are independent. It is not difficult to check that 
the spatial rotations are equivalent to the SU(2) group rotations for the monopole 
solution. Thus, we should not count them independently. This leaves us with six 
symmetry transformations. 

One should not forget, however, that two of those six act non-trivially in the 
“trivial vacuum.” Indeed, the latter is characterized by the condensate (3.3.4). 
While rotations around the third axis in the isospace leave the condensate intact 
(see Eq. (3.3.5)), the rotations around the first and second axes do not. Thus, 
the number of moduli in the monopole problem is 6 — 2 = 4. These four 
collective coordinates have a very transparent physical interpretation. Three of 
them correspond to translations. They are introduced in the solution through the 
substitution 


X —> X — Xo. (3.3.37) 


The vector Xo now plays the role of the monopole center. The unit vector 7 is now 
defined as n = (x — Xo) /|x — Xo]. 

The fourth collective coordinate is related to the unbroken U(1) symmetry of the 
model. This is the rotation around the direction of alignment of the field @. In the 


3.3 Monopoles 51 


“trivial vacuum” ġ% is aligned along the third axis. The monopole generalization 
of Eq. (3.3.5) is 


A® —> yT!A®UY Si au 
p® TN uU-'¢®u = p, 
U = exp fig /v}, (3.3.38) 


where the fields A® and @© are understood here in the matrix form, 
AM = A) (74/2), G© = G (27/2). 


Unlike the vacuum field, which is not changed under (3.3.5), the monopole solution 
for the vector field changes its form. The change looks as a gauge transformation. 
Note, however, that the gauge matrix U does not tend to unity at r — oo. Thus, 
this transformation is in fact a global U(1) rotation. The physical meaning of the 
collective coordinate œ will become clear shortly. Now let us note that (1) for small œ 
Eq. (3.3.38) reduces to 


a 1 (0)\a 
SA =a—(D;o)*, 56 =0, (3.3.39) 
v 


and this is compatible with the gauge condition (3.3.36); (ii) the variable œ is 
compact, since the points œ and a + 2x can be identified (the transformation of 
A) is identically the same for œ and a +27). In other words, œ is an angle variable. 

Having identified all four moduli relevant to the problem we can proceed to the 
quasiclassical quantization. The task is to obtain quantum mechanics of the moduli. 
Let us start from the monopole center coordinate xo. To this end, as usual, we assume 
that x9 weakly depends on time f, so that the only time dependence of the solution 
enters through x(t). The time dependence is important only in time derivatives, so 
that the quantum-mechanical Lagrangian of the moduli can be obtained from the 
following expression: 


Tee oe 4 1 aw] | l pao) 
Lom =- Mu + 5 Qoo); fe {| Fi, an 


$ [Do0] [Ð || (3.3.40) 


where 0, A and 0,@ where supplemented by appropriate gauge transformations to 
satisfy the gauge condition (3.3.36). 


52 The main building blocks 


Averaging over the angular orientations of x yields 
1 n2 fg |2 1 pa paw , lp a p ga 
Lom = —My + 5 (xo) J dx 32 B; B; + 3 Dig Did 
Mm + 


This last result readily follows if one combines Eqs. (3.3.13) and (3.3.22). Of course, 
this final answer could have been guessed from the very beginning since this is 
nothing but the Lagrangian describing free non-relativistic motion of a particle of 
mass My endowed with the coordinate Xo. 

Now, having tested the method in the case where the answer was obvious, let us 
apply it to the fourth collective coordinate a. Using Eq. (3.3.39) we get 


Lag = ; i oes (3.3.42) 
or, equivalently, 
1 My > _d 
Hy = Te Po Pa =i Ta (3.3.43) 


where Hag is the part of the Hamiltonian relevant to œ. The full quantum-mechanical 
Hamiltonian describing the moduli dynamics is, thus, 


d 
+- — py, p=-i—. (3.3.44) 
M 0 


It describes free motion of a spinless particle endowed with an internal (compact) 
variable œ. While the spatial part of H does not raise any questions, the œ dynamics 
deserves additional discussion. 

The @ motion is free, but one should not forget that œ is an angle. Because of the 
27 periodicity, the corresponding wave functions must have the form 


Wa) = ek, (3.3.45) 


where k is an integer, k = 0,+1,+2,.... Strictly speaking, only the ground state, 
k = 0, describes the monopole — a particle with the magnetic charge 47/g and 
vanishing electric charge. Excitations with k Æ 0 correspond to a particle with the 
magnetic charge 47x /g and the electric charge kg, the dyon. 

To see that this is indeed the case, let us note that for k 4 0 the expectation value 
of Pq is k and, hence, the expectation value of & = (Mj, /Mm) Pa is Mj,k/Muw. 
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Moreover, let us define a gauge-invariant electric field E; (analogous to 5; of Eq. 
(3.3.17)) as 


1 1 A = a 
Ei = — Ef" = n AQ = aio © (Did). — (3.3.46) 


Since for the critical monopole Dj@? = (1/ g) Be © We see that 


1 
[en pees oe (3.3.47) 
Mw 


and the flux of the gauge-invariant electric field over the large sphere is 
1 Mik 1 1 
T) d’Si Ei =  ___ J d? S;B; (3.3.48) 


where we replaced & by its expectation value. Thus, the flux of the electric field 
reduces to 


1 
2 J d Si Ei = kg, (3.3.49) 
E JSR 


which proves the above assertion of the electric charge kg. 
It is interesting to note that the mass of the dyon can be written as 


2 


1M 
Mp =Mu +5 ace ~ | Mi, + Mi, k? = vy 0% + Q3. (3.3.50) 
M 


Although from our derivation it might seem that the square root formula is approx- 
imate, in fact, the prediction for the dyon mass Mp = v(O%, + Q7,)'/ 2 is exact; 
it follows from the BPS saturation and the central charges in M = 2 model (see 
Chapter 2). 

Magnetic monopoles were introduced in theory by Dirac in 1931 [108]. He 
considered macroscopic electrodynamics and derived a self-consistency condition 
for the product of the magnetic charge of the monopole Q m and the elementary 


electric charge e,? 
Ome =2n. (3.3.51) 


This is known as the Dirac quantization condition. For the °t Hooft—Polyakov 
monopole we have just derived that Qyg = 42, twice larger than in the Dirac 


° In Dirac’s original convention the charge quantization condition is, in fact, Q ye = (1/2). 
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quantization condition. Note, however, that g is the electric charge of the W bosons. 
Itis not the minimal possible electric charge that can be present in the theory at hand. 
If quarks in the fundamental (doublet) representation of SU(2) were introduced in 
the Georgi—Glashow model, their U(1) charge would be e = g/2, and the Dirac 
quantization condition would be satisfied for such elementary charges. 


3.3.6 Singular gauge, or how to comb a hedgehog 


The ansatz (3.3.27) for the monopole solution we used so far is very convenient 
for revealing a nontrivial topology lying behind this solution, i.e. the fact that 
SU(2)/U(1) ~ S2 in the group space is mapped onto the spatial S2. However, it 
is often useful to gauge-transform it in such a way that the scalar field becomes 
oriented along the third axis in the color space, @@ ~ 5°“, in all space (i.e. at all x), 
repeating the pattern of the “plane” vacuum (3.3.4). Polyakov suggested to refer to 
this gauge transformation as “combing the hedgehog.” Comparison of Figs. 3.10a 
and 3.10b shows that this gauge transformation cannot be nonsingular. Indeed, the 
matrix which combs the hedgehog, 


U (ne) U =, (3.3.52) 


has the form 


1 pert 
Ta Vier +i), (3.3.53) 
wall V1+n3 


where 
vt = en? vv = 1 — (3), (3.3.54) 


and 7 is the unit vector in the direction of x. The matrix U is obviously singular at 
n? = —1 (see Fig. 3.10). This is a gauge artifact since all physically measurable 
quantities are nonsingular and well-defined. In the “old” Dirac description of the 
monopole [110] the singularity of U at n? = —1 would correspond to the Dirac 
string. 

In the singular gauge the monopole magnetic field at large |x| takes the “color- 
combed” form 


3 


. 3 
2 


n be oe (3.3.55) 
= = 47 — —. oO. 
r2 2 4n r2 


Bi > 


The latter equation naturally implies the same magnetic charge Qm = 471/g, as 
was derived in Section 3.3.2. 
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(a) radial gauge (b) singular gauge 


Figure 3.10. Transition from the radial to singular gauge or combing the hedgehog. 


3.3.7 Monopoles in SU(N ) 


Let us now extend the construction presented above from SU(2) to SU(N) [111, 
112]. The starting Lagrangian is the same as in Eq. (3.3.1), with the replacement of 
the structure constants e@°° of SU(2) by the SU(N) structure constants f abe The 
potential of the scalar-field self-interaction can be of a more general form than in 
Eq. (3.3.1). Details of this potential are unimportant for our purposes since in the 
critical limit the potential tends to zero; its only role is to fix the vacuum value of 
the field ¢ at infinity. 

Recall that all generators of the Lie algebra can be always divided into two 
groups — the Cartan generators H;, which all commute with each other, and a set 
of raising (lowering) operators Eq, 


Ey = Ea. (3.3.56) 


For SU(N) — and we will not discuss other groups — there are N — 1 Cartan generators 
which can be chosen as 


1 
H! = 5 diag {1,—1,0,...,0}, 


H? = -z dag (1, 1,—2,0,....0), 
H” = ee a OE, 
~v2m(m + 1) 
(3.3.57) 
HN s is D}, 


V2N(N — 1) 
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N(N —1)/2 raising generators Eq, and N (N —1)/2 lowering generators E_q. The 
Cartan generators are analogs of 13/2 while Exq are analogs of t+/2. Moreover, 
N(N — 1) vectors a, —« are called root vectors. They are (N — 1)-dimensional. 

By making an appropriate choice of basis, any element of SU(N) algebra can 
be brought to the Cartan subalgebra. Correspondingly, the vacuum value of the 
(matrix) field 6 = @*T® can always be chosen to be of the form 


Pvac = hH, (3.3.58) 
where h is an (N — 1)-component vector, 
h = {hy, h2,..., hy-1}. (3.3.59) 


For simplicity we will assume that for all simple roots h y > 0 (otherwise, we will 
just change the condition defining positive roots to meet this constraint). 

Depending on the form of the self-interaction potential distinct patterns of gauge 
symmetry breaking can take place. We will discuss here the case when the gauge 
symmetry is maximally broken, 


SU(N) Sa = (3.3.60) 


The unbroken subgroup is Abelian. This situation is general. In special cases, when 
h is orthogonal to a” for some m (or a set of m’s) the unbroken subgroup will 
contain non-Abelian factors, as will be explained momentarily. These cases will 
not be considered here. 

The topological argument proving the existence of a variety of topologically 
stable monopoles in the above set-up parallels that of Section 3.3.2, except that 
Eq. (3.3.12) is replaced by 


m2 (sumua!) S (uw) agia, (3.3.61) 


There are N — 1 independent windings in the SU(N) case. 
The gauge field A, (in the matrix form, A, = Af, TĦ) can be represented as 


N-1 
AS y A” H” + `y AÑ Ea, (3.3.62) 
= Qa 


where All S (m = 1,...,N — 1) can be viewed as “photons,” while An's as 
“W bosons.” The mass terms are obtained from the term 


Tr ([Au, #))° 


3.3 Monopoles 57 


in the Lagrangian. Substituting here Eqs. (3.3.58) and (3.3.62) it is easy to see that 
the W-boson masses are 


Ma = gha. (3.3.63) 


N — 1 massive bosons corresponding to simple roots y play a special role: they can 
be thought of as fundamental, in the sense that the quantum numbers and masses 
of all other W bosons can be obtained as linear combinations (with non-negative 
integer coefficients) of those of the fundamental W bosons. With regards to the 
masses this is immediately seen from Eq. (3.3.63) in conjunction with 


a=% kyy. (3.3.64) 
y 


Construction of SU(N) monopoles reduces, in essence, to that of a SU(2) 
monopole through various embeddings of SU(2) in SU(N). Note that each simple 
root y defines an SU(2) subgroup! of SU(N) with the following three generators: 


1 
1 
f = -z (Ey + E-y), 
1 
2 
[= Ey — E_y), 
Tay) 
P=yH, (3.3.65) 
with the standard algebra [t’, tj] = ie’/*t*. If the basic SU(2) monopole 


solution corresponding to the Higgs vacuum expectation value v is denoted as 
{9° (r; v), AF (r; v)}, see Eq. (3.3.27), the construction of a specific SU(N) 
monopole proceeds in three steps: (i) choose a simple root y; (ii) decompose the 
vector h in two components, parallel and perpendicular with respect to y, 


h=h,+h,, 
hj = 0y, hiy =0, 
=yh>0; (3.3.66) 


(iii) replace Af (r; v) by Af (r; v) and add a covariantly constant term to the field 
° (r; Ù) to ensure that at r —> œ it has the correct asymptotic behavior, namely, 
2Tro? =h’. Algebraically the SU(N) monopole solution takes the form 


p = 96°C; vt +h H, Aj = AȘ (r; Ù) t’. (3.3.67) 


10 Generally speaking, each root œ defines an SU(2) subalgebra according to Eq. (3.3.65), but we will deal only 
with the simple roots for reasons which will become clear momentarily. 
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Note that the mass of the corresponding W boson My = gv, in full parallel with 
the SU(2) monopole. 

It is instructive to verify that (3.3.67) satisfies the BPS equation (3.3.22). To this 
end it is sufficient to note that [k H, A;] = 0, which in turn implies 


D; (hL H) = 0. 


What remains to be done? We must analyze the magnetic charges of the SU(N) 
monopoles and their masses. In the singular gauge (Section 3.3.6) the Higgs field 
is aligned in the Cartan subalgebra, o ~ h H. The magnetic field at large distances 
from the monopole core, being commutative with @, also lies in the Cartan sub- 
algebra. In fact, from Eq. (3.3.65) we infer that combing of the SU(N) monopole 
leads to 


i 
Bi > 4x yH —, (3.3.68) 
4a r 
which implies, in turn, that the set of N — 1 magnetic charges of the SU(N ) monopole 
is given by the components of the (N — 1)-vector 
4r 
Qu=—Y. (3.3.69) 
§ 
Of course, the very same result is obtained in a gauge invariant manner from a 


defining formula 


§ Ni 
2Tr (Bj = h) — =. 3.3.70 
r (Bid) =, (Quh) zz (3.3.70) 
Equation (3.3.15) implies that the mass of this monopole is 
4r Ù 
to be compared with the mass of the corresponding W bosons, 
My = gyh = gŭ, (3.3.72) 


in perfect parallel with the SU(2) monopole results of Section 3.3.3. The general 
magnetic charge quantization condition takes the form 


exp fig Oy} =a (3.3.73) 


Let us ask ourselves what happens if one builds monopoles on non-simple 
roots. Such solutions are in fact composite: they consist of the basic “simple-root” 
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monopoles — the masses and quantum numbers (magnetic charges) of the composite 
monopoles can be obtained by summing up the masses and quantum numbers of 
the basic monopoles, according to Eq. (3.3.64). 


3.3.8 The 6 term induces a fractional electric charge 
for the monopole (the Witten effect) 


There is a P- and T-odd term, the 6 term, which can be added to the Lagrangian 
for the Yang—Mills theory without spoiling renormalizability. It is given by 

Lo = L Fo fou 9 ea, ga (3.3.74) 

9 32n? HY 87? c 

This interaction violates P and C P but not C. As is well known, this term is a surface 
term and does not affect the classical equations of motion. There is, however, a 6 
dependence in instanton effects which involve nontrivial long-range behavior of 
the gauge fields. As was realized by Witten [113], in the presence of magnetic 
monopoles @ also has a nontrivial effect, it shifts the allowed values of electric 
charge in the monopole sector of the theory. 

Since the equations of motions do not change, the monopole solution obtained 
above stays intact. What changes is the effective quantum-mechanical Lagrangian. 
As usual, we assume an adiabatic time dependence of moduli. In the case at hand we 
must replace the constant phase modulus a by a(t). This generates the electric field 

E? = à (5A%/5a) = Z (Dig). 
where Eq. (3.3.39) is used. The magnetic field does not change, and can be expressed 
through (Dip ®)" using Eq. (3.3.22). As a result, the quantum-mechanical 
Lagrangian for œ acquires a full derivative term, 


an 6, Me 
Logm = — & — — à, tae 
M 


3.3.75 
2u 20 ( ) 


This changes the expression for the canonic momentum conjugated to a. If 
previously py was &/u, now 


jee (3.3.76) 


Correspondingly, 


6 
a=p (pe + =) : (3.3.77) 
27 
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From Sect. 3.3.5 we know that the electric charge of the field configuration at hand 
is (see Eq. (3.3.49)) 


1 


QE = 
Mwg 


(a) J d?’S; Bi. (3.3.78) 
SR 
Substituting Eq. (3.3.77) and ( pa) = k we arrive at 


0 

QE = ¢ F =) g. (3.3.79) 
27 

We see that at 6 Æ O the electric charge of the dyon is non-integer. As 0 changes 

from zero to the physically equivalent point 0 = 27 the dyon charges shift by one 

unit. The dyon spectrum as a whole remains intact. 


3.4 Monopoles and fermions 


The critical ’t Hooft-Polyakov monopoles we have just discussed can be embedded 
in NV = 2 super-Yang—Mills. There are no M = 1 models with the ’t Hooft- 
Polyakov monopoles (albeit M = 1 theories supporting confined monopoles 
are found [104]). The minimal model with the BPS-saturated ’t Hooft-Polyakov 
monopole is the M = 2 generalization of supersymmetric gluodynamics, with the 
gauge group SU(2). In terms of M = 1 superfields it contains one vector superfield 
in the adjoint describing gluon and gluino, plus one chiral superfield in the adjoint 
describing a scalar M = 2 superpartner for gluon and a Weyl spinor, an V = 2 
superpartner for gluino. 

The couplings of the fermion fields to the boson fields are of a special form, 
they are fixed by VV = 2 supersymmetry. In this section we will first present the 
Lagrangian of M = 2 supersymmetric gluodynamics, including the part with the 
adjoint fermions, and then consider effects due to the adjoint fermions. We conclude 
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Section 3.4 with a comment on fermions in the fundamental representation in the 
monopole background. 


3.4.1 N = 2 super-Yang-Mills (without matter) 
Two N = 1 superfields are used to build the model, 
Wa =i (ra + ibu D — 0f Fag — i6? Daaã® ) , (3.4.1) 
and 
A=a4+vV2W04+6°F. (3.4.2) 


Here the notation is spinorial, and all fields are in the adjoint representation of 
SU(2). The corresponding generators are 


(T"), = 1 Ebad- (3.4.3) 


The Lagrangian contains kinetic terms and their supergeneralizations. In compo- 
nents 


1 1 -4 1 
= — {Tre + AMF i Dag A + 5 D°’ D“ 
+ 0 i Dag WO" + (DY G)(Dy a) 
=D Gin (a am? we + ate gës) — i apc D’ a a) . (844) 
As usual, the D field is auxiliary and can be eliminated via the equation of motion, 


D* = i sape Ga. (3.4.5) 


There is a flat direction: if the field a is real all D terms vanish. If a is chosen to be 
purely real or purely imaginary and the fermion fields ignored we obviously return 
to the Georgi—-Glashow model discussed above. 

Let us perform the Bogomol’nyi completion of the bosonic part of the Lagrangian 
(3.4.4) for static field configurations. Neglecting all time derivatives and, as usual, 
setting Ap = 0, one can write the energy functional as follows: 


1 1 2 
E= 5 fas le + tpar 
i=1,2,3;a=1,2,3 8 


F we J dx 0; (FX a°), (3.4.6) 
g 
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where 

Se = ek 

Fi = = Emnk Fnk, 
2 

and the square of the D term (3.4.5) is omitted — the D term vanishes provided a is 
real, which we will assume. This assumption also allows us to replace the absolute 
value in the first line by the square brackets. The term in the second line can be 
written as an integral over a large sphere, 


2 2 
s J d’ x 0; (F° a°) = s J dS; (a? Fi*). (3.4.7) 
The Bogomol ’nyi equations for the monopole are 


F*" + /2D;a" =0. (3.4.8) 


This coincides with Eq. (3.3.22) in the Georgi-Glashow model, up to a normaliza- 
tion. (The field a is complex, generally speaking, and its kinetic term is normalized 
differently.) If the Bogomol’nyi equations are satisfied, the monopole mass is deter- 
mined by the surface term (classically). Assuming that in the “flat” vacuum a“ is 
aligned along the third direction and taking into account that in our normalization 
the magnetic flux is 47r we get 


2 a> 
E (3.4.9) 
g 
where — we recall — abac is assumed to be positive. This is in full agreement with 
Eq. (3.3.23). 


3.4.2 Supercurrents and the monopole central charge 


The general classification of central charges in M = 2 theories in four dimensions 
is presented in Section 2.3.3. Here we will briefly discuss the Lorentz-scalar central 
charge Z in the theory (3.4.4). It is this central charge that is saturated by critical 
monopoles. 

The model, being M = 2, possesses two conserved supercurrents, 


2 5 = 
Nop = a2 [iF AS + epa DIS + V2 (D, ga") val +f. 
2 


yas A + ega D° 4 — V2 (D, 92") ag) +f.d., (3.4.10) 
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where f.d. stands for full derivatives. Both expressions can be combined in one 
compact formula if we introduce an SU(2) index f (f = 1,2) (to be repeatedly 
used in Part II) in the following way: 


(3.4.11) 


Then A; = —w and Az = à. The supercurrent takes the form ( f = 1, 2) 


2 “ra ja aya =a a 
lh = [iri + ened NG y - V2 (Dj pa Jag, y 


v2 n - y 3 
+ ~ [aup Og, f E) + App Qu, fä) — 3epud} Ay, s a| IGA) 


Classically the commutator of the corresponding supercharges is 


2/2 ae 
(QL, OF} =2Z eap = a ap [axaiv (a* (E° - iB") 


3 ~~ eap |as; (a° (E3 — i B4)). (3.4.13) 


Z in Eq. (3.4.13) is sometimes referred to as the monopole central charge. For the 
BPS-saturated monopoles My = Z. 

Quantum corrections in the monopole central charge and in the mass of the BPS 
saturated monopoles were first discussed in Refs. [8, 114, 43] two decades ago. The 
monopole central charge is renormalized at one-loop level. This is obvious due to 
the fact that the corresponding quantum correction must convert the bare coupling 
constant in Eq. (3.4.13) into the renormalized one. The fact that the logarithmic 
renormalizations of the monopole mass and the gauge coupling constant match was 
established long ago. However, there is a residual non-logarithmic effect which 
cannot be obtained from Eq. (3.4.13). It was not until 2004 that people realized 
that the monopole central charge (3.4.13) must be supplemented by an anomalous 
term [39]. 

To elucidate the point, let us consider (following [38]) the formula for the 
monopole/dyon mass obtained in the exact Seiberg-Witten solution [2], 


ENET p la (ne ae nm )| , (3.4.14) 
a 
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where nem are integer electric and magnetic numbers (we will consider here only 
a particular case when either ne = 0,1 or nm = 0, 1) and 


4n 2 M 
ap=ia (5 = 1h “a (3.4.15) 


The subscript 0 is introduced for clarity, it marks the bare charge. The renormalized 
coupling constant is defined in terms of the ultraviolet parameters as follows: 


—_= n, (3.4.16) 


Because of the a ln a dependence, dap/da differs from ap/a by a constant (non- 


logarithmic) term, namely, 
4 2 
aD i E = z) . (3.4.17) 
g T 
Combining Eq. (3.4.14) and (3.4.17) we get 


(eila) 
a |ne—~ i| — =] Mm 
g T 


This does not match Eq. (3.4.13) in the non-logarithmic part (i.e. the term 
2/2nm/s). Since the relative weight of the electric and magnetic parts in 
Eq. (3.4.13) is fixed to be g?, the presence of the above non-logarithmic term 
implies that, in fact, the chiral structure ES —i BS obtained at the canonic commu- 
tator level cannot be maintained once quantum corrections are switched on. This is 
a quantum anomaly. 

So far no direct calculation of the anomalous contribution in (Q, On! } in the 
operator form has been carried out. However, it is not difficult to reconstruct it 
indirectly, using Eq. (3.4.18) and a close parallel between M = 2 super-Yang— 
Mills theory and M = 2 CP(N — 1) model with twisted mass in two dimensions 
in which a similar problem was solved [34], 


Mnenm = V2 (3.4.18) 


1 | 
I II — et Ean oyj 
[o1 08} = 2eag 8Zanom = — (Eup) 2V2 ge | 487 2/G.4.19) 


where 
= 5 app AID) pas 
-y (È ri 5°) E ig lo v4, (3.4.20) 
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to be added to Eq. (3.4.13). The (1,0) conversion matrix (o) je is defined in 
Section A.5. Equation (3.4.20) is to be compared with that obtained at the end 
of Section 4.5.3. We hasten to note that the bifermion term AW in dZanom Was 
calculated in Ref. [39]. 

In the SU(N) theory we would have N / 87° instead of 1/47? in Eq. (3.4.19). 

Adding the canonic and the anomalous terms in {a!, Qg } together we see that 
the fluxes generated by color-electric and color-magnetic terms are now shifted, 
untied from each other, by a non-logarithmic term in the magnetic part. Normalizing 
to the electric term, Mw = V2a, we get for the magnetic term 


My = V2a E — z) , (3.4.21) 


as it is necessary for the consistency with the exact Seiberg-Witten solution. 


3.4.3 Zero modes for adjoint fermions 


Equations for the fermion zero modes can be readily derived from the Lagrangian 
(3.4.4), 


iDuad”* — V2 eabca" Yg =0 
iDa Y®" + V2 Epc at AE = 0, (3.4.22) 


plus Hermitean conjugate. After a brief reflection we can get two complex (four 
real) zero modes.!! Two of them are obtained if we substitute 


a% = F, Ya = V2 Dye. (3.4.23) 
The other two solutions correspond to the following substitution: 
Y =F, g = V2 Dag. (3.4.24) 


This result is easy to understand. Our starting theory has eight supercharges. The 
classical monopole solution is BPS-saturated, implying that four of these eight 
supercharges annihilate the solution (these are the Bogomol’nyi equations), while 
the action of the other four supercharges produces the fermion zero modes. 

With four real fermion collective coordinates, the monopole supermultiplet is 
four-dimensional: it includes two bosonic states and two fermionic. (The above 
counting refers just to monopole, without its antimonopole partner. The anti- 
monopole supermultiplet also includes two bosonic and two fermionic states.) From 


11 This means that the monopole is described by two complex fermion collective coordinates, or four real. 
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the standpoint of M = 2 supersymmetry in four dimensions this is a short multiplet. 
Hence, the monopole states remain BPS saturated to all orders in perturbation theory 
(in fact, the criticality of the monopole supermultiplet is valid beyond perturbation 
theory [2, 3]). 


3.4.4 Zero modes for fermions in the fundamental representation 


This topic, being related to an interesting phenomenon of charge fractionalization, 
is marginal for this review. Therefore, we will limit ourselves to a brief comment. 
The interested reader is referred to [16, 115, 17] for further details. The fermion 
part of the Lagrangian can be obtained from (3.4.4) with the obvious replacement 
of the adjoint Dirac fermion by the fundamental one, which we will denote by x, 


1 1 oe - 
L= -= {aR re + 5 (DY )\(D bd) + xi Dx — x ox} . (3.4.25) 
The Dirac equation then takes the form 


(iy"D,, — )x =0. (3.4.26) 


Gamma matrices can be chosen in any representation. The one which is most 
convenient here is 


0 -i ; -ic' 0 
(0) a : 
Woe ( i 0 ). Y= ( 0 io! | Ae 


For the static *t Hooft-Polyakov monopole configuration (with Ag = 0) the zero 
mode equations reduce to two decoupled equations 


Dx” = (o Di + ¢)x~ =0. 
D'x* = (oDi —¢)xt =0, i =1,2,3. (3.4.28) 


provided we parametrize x (x) in terms of the following two-component spinors: 


p= ( x" ) . (3.4.29) 
X 
Now we can use the Callias theorem [116] which says 
dim ker P — dim ker Pİ = nm, (3.4.30) 
where nm is the topological number, nm = 1 for the monopole and nm = — 1 for the 


antimonopole. This implies, in turn, that Eq. (3.4.28) has one complex zero mode, 
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i.e. in the case at hand we characterize the monopole by one complex fermion 
collective coordinate (and a conjugate, of course). This fact leads to a drastic con- 
sequence: the monopole acquires a half-integer electric charge. It becomes a dyon 
with charge 1/2 even in the absence of the 0 term. This phenomenon — the charge 
fractionalization in the cases with a single complex fermion collective coordinate — 
is well known in the literature [115, 16, 34, 17] and dates back to Jackiw and 
Rebbi [117]. 


3.4.5 The monopole supermultiplet: 
dimension of the BPS representations 


As was first noted by Montonen and Olive [118], all states in M = 2 model — 
W bosons and monopoles alike — are BPS saturated. This results in the fact 
that supermultiplets of this model are short. Regular (long) supermultiplet would 
contain 27V = 16 helicity states, while the short ones contain 2N = 4 helic- 
ity states — two bosonic and two fermionic. This is in full accord with the 
fact that the number of the fermion zero modes on the given monopole solu- 
tion is four, resulting in dim-4 representation of the supersymmetry algebra. If 
we combine particles and antiparticles together, as is customary in field the- 
ory, we will have one Dirac spinor on the fermion side of the supermultiplet. 
This statement is valid in both cases, the monopole supermultiplet and that of 
W-bosons. 


3.5 More on kinks (in M = 2 CP(1) model) 


Kinks in two-dimensional M = 2 CP(N — 1) models will play a crucial role in 
our subsequent studies of confined monopoles in Part II of this book (see e.g. 
Sections 4.4.1, 4.4.3, 4.4.4, and 4.5). Here we will review basic features of such 
kinks using CP(1) as the simplest example. 
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The Lagrangian of the CP(1) model with the twisted mass has the form [32] 


Lorm =G [oup db — [mio o + 5(H1 aR Ve + WRAL VR) 


_ f 
-i ee (myi yr + ūyiyr) 
= - [viyo nd) + Vi wrt a2 4)] 
py wh ve} + EE Gea Bice (3.5.1) 
x2 LYLYRYR Ae u vP, cs 
where 5 i j j 
a= Gra OR Sa Ge (3.5.2) 
and , 
G2 a x=1+¢¢". (3.5.3) 


Moreover, m is a complex mass parameter and @ is the vacuum angle. The above 
Lagrangian has an obvious U(1) symmetry. At m = 0 it describes the M = 2 
supergeneralization of the o model on the sphere S2 (see Appendix B). The metric 
of the sphere G is chosen in the Fubini—Study form. 

It is not difficult to derive the supercurrent, 


Jf =V2G[agly’y"y +iġty" ny], (3.5.4) 
where 
LYS) _ 1-75 
= : 3.5.5 
=m 7 +m 7 ( ) 
The superalgebra is centrally extended, as in Eq. (2.3.4) with Z’ = 0 and 
. 1 ! 
Z = mqu(1) -i faz a.{m D — 5, ("80D -iR Yk vr)h, (3.5.6) 
where 
2 2 ¢' 
X 8& xX 


and qu(1) is the Noether charge corresponding to the U(1) current 


< = tT 
In = G G18, 6 + oy (v +o v)], p=-28, (3.5.8) 
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Thus, the term m qua) in Z represents the Noether charge while the integral 
represents the topological charge. 

The first two terms are classical, while the term in parentheses is the quantum 
anomaly derived in [33, 34].!? At large |m] the theory is at weak coupling. 


3.5.1 BPS solitons at the classical level 


The U(1) invariant scalar potential term 
V = |m|? G ġġ (3.5.9) 


lifts the vacuum degeneracy leaving us with two discrete vacua: at the south and 
north poles of the sphere (Fig. 3.11) i.e. 6 = 0 and ọ = œ. 

The kink solutions interpolate between these two vacua. Let us focus, for 
definiteness, on the kink with the boundary conditions 


ġ—>0 a z>-w, > Ow at z> œ. (3.5.10) 
Consider the following linear combinations of supercharges 


O=QOr—ie'’OQ,, Q=Ortie'’Qr, (3.5.11) 


a 


Figure 3.11. Meridian slice of the target space sphere (thick solid line). Arrows 
present the scalar potential in (3.5.1), their length being the strength of the potential. 
Two vacua of the model are denoted by closed circles. 


12 Tn the first of these papers only the bifermion part of the anomaly was obtained. The full anomalous term in 
the central charge (3.5.6) was found in [34]; later it was confirmed in [119]. 
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where £ is the argument of the mass parameter, 
m = |m| eÊ. (3.5.12) 
Then 
{Q0} =2H -2Z, {QO}={QO}=0. (3.5.13) 


Now, let us require Q and Q to vanish on the classical solution. Since for static 
field configurations 


Q = — (8.4 — |ml¢) (We + ief) l 
the vanishing of these two supercharges implies 
3p =|m|d or 0,6=|mI¢. (3.5.14) 


This is the BPS equation in the CP(1) model with the twisted mass. 

The BPS equation (3.5.14) has a number of peculiarities compared to those in 
more familiar Wess—Zumino models. The most important feature is its complexifi- 
cation, i.e. the fact that Eq. (3.5.14) is holomorphic in œ. 

The solution of this equation is, of course, trivial, and can be written as 


p(z) = elml@ 20) ia (3.5.15) 


Here zo is the kink center while œ is an arbitrary phase. In fact, these two parameters 
enter only in the combination |m|zo + ia. We see that the notion of the kink center 
also gets complexified. 

The physical meaning of the modulus g is obvious: there is a continuous family of 
solitons interpolating between the north and south poles of the target space sphere. 
This is due to U(1) symmetry. The soliton trajectory can follow any meridian 
(Fig. 3.12). 

Equation (3.5.6) for the central charge implies that classically the kink mass is 


2|m| 
Mo = |m| (D(oo) — D(0)) = a (3.5.16) 
(The subscript 0 emphasizes that this result is obtained at the classical level.) 
Quantum corrections will be considered shortly. 
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Figure 3.12. The soliton solution family. The collective coordinate œ in Eq. 
(3.5.15) spans the interval 0 < œ < 2x. For given « the soliton trajectory on 
the target space sphere follows a meridian, so that when œ varies from 0 to 27 all 
meridians are covered. 


3.5.2 Quantization of the bosonic moduli 


To carry out conventional quasiclassical quantization we, as usual, assume the 

moduli zo and @ in Eq. (3.5.15) to be (weakly) time-dependent, substitute (3.5.15) 
in the bosonic part of the Lagrangian (3.5.1), integrate over z and arrive at 

M 0.2 . ; 

Lom = -Mo + — ző + | — à — — à}. 3.5.17 

x oe ta Qn ee 

The first term is the classical kink mass, the second describes free motion of the 

kink along the z axis. The term in the braces is most interesting. The variable a is 

compact. Its very existence is related to the exact U(1) symmetry of the model. The 

energy spectrum corresponding to œ dynamics is quantized. It is not difficult to see 

that 


2 
-g quay: (3.5.18) 
where qu 1) is the U(1) charge of the soliton, 
0 
qua) = k + Ir k = an integer. (3.5.19) 


Here we see the Witten phenomenon at work, analogously to that discussed in 
Section 3.3.8 for monopoles. The kink U(1) charge is no longer integer in the 
presence of the 0 term, it is shifted by 0 /(27). 
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3.5.3 The kink mass and holomorphy 


Taking account of Eja] — the energy of an “internal motion” — the kink mass can be 
written as 


2 2 6 N? 
m = 2ml gle (ra) 


g? 4 27 
1/2 
mi ee op eee 
© g 4 Qn 
1 0 + 27k 
= 2\m||— + pee (3.5.20) 
g An 


Formally, the second equality here is approximate, valid to the leading order in the 
coupling constant. In fact, it is exact. The important circumstance to be stressed is 
that the kink mass depends on a special combination of the coupling constant and 


0, namely, 
1 0 


T= z + FE (3.5.21) 
In other words, it is the complexified coupling constant that enters. 

Note that g° in Eq. (3.5.20) is the bare coupling constant. It is quite clear that the 
kink mass, being a physical parameter, should contain the renormalized constant 
g?(m), after taking account of radiative corrections. 

Since the kink mass M = |Z] radiative corrections must replace the bare 1/g? 
by the renormalized 1/g?(m) in Z. One-loop calculation is quite trivial. First, rotate 
the mass parameter m in such a way as to make it real, m — |m|. Simultaneously, 
the 0 angle is replaced by an effective 0, 


0 — beft = 0 + 28, (3.5.22) 


where the phase £ is defined in Eq. (3.5.11). Next, decompose the field ¢ into a 
classical plus quantum part, 


$ —> b+ ôo. 
Then the D part of the central charge 


Z=mq -i fdzðmD 
becomes 


— 5p! dd. (3.5.23) 
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(The term in parentheses in (3.5.6) — the anomaly — gives a non-logarithmic con- 
tribution which we ignore for the time being.) Contracting 5¢' 5@ into a loop and 
calculating this loop we arrive at 


to [2 2. M2 
D > ak — Iin —* |, (3.5.24) 
x Lg? 4r |m}? 


which, in turn, yields 


; 1 Ma kl, JK 

Z =2im k-i In m2 =i 5} = 2m {rea — 15. (3.5.25) 
A salient feature of this formula is the holomorphic dependence of Z on m and t. 
Such holomorphic dependence would be impossible if two and more loops con- 
tributed to D renormalization. Thus, D renormalization beyond one loop must 
cancel, and it does.!3 Note also that the bare coupling in Eq. (3.5.25) conspires with 
the logarithm in such a way as to replace the bare coupling by that renormalized at 
|m|, as was expected. 

The analysis carried out above is quasiclassical. It tells us nothing about possible 
occurrence of nonperturbative terms in Z. In fact, all terms of the type 


£ 


M3, ; 
| 7) exp iro) , £ = integer 


are fully compatible with holomorphy; they can and do emerge from instantons. 
An indirect calculation of nonperturbative terms was performed in Ref. [30]. 
The exact formula for this central charge obtained by Dorey is 


Z=mq-—impT, (3.5.26) 


where the subscript D in mp appears for historical reasons, in parallel with the 
Seiberg—Witten solution (it stands for dual), and 


m|1.m+vVm2+4A2 44A? 
mp = In = ees 


1 
m |2 m—Vm2+4A2 2 m? 


(3.5.27) 


Furthermore, T is the topological charge of the kink under consideration, T = +1. 
The limit |m|/A — oo corresponds to the quasiclassical domain, while corrections 
of the type (A /m)”% are induced by instantons. 


13 Fermions are important for this cancellation. 
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It is instructive to consider the quasiclassical limit of Eq. (3.5.27) when the mass 
m is real and large, m >> A. In this limit 


1 (2 1 Me) im 
= maim |= In + oe (3.5.28) 


where gi is the bare coupling constant, and Myy is the ultraviolet cut off. The first 
term in the second line reflects the fractional U(1) charge, g = 1/2, carried by 
the soliton at 0 = 0. The reason for the occurrence of half-integer charge will be 
explained in detail in Section 3.5.5. The second term coincides with the one-loop 
corrected average of (i Si dz0zOcanon) in the central charge. The third term im /z 
represents the anomaly. 

What happens when one travels from the domain of large |m] to that of small |m|? 
If m = 0 we know (e.g. from the mirror representation [120]) that there are two 
degenerate two-dimensional kink supermultiplets, corresponding to the Cecotti— 
Fendley—Intriligator—Vafa (CFIV) index = 2 [121]. They have quantum numbers 
{q, T} = (0,1) and (1, 1), respectively. Away from the point m = 0 the masses 
of these states are no longer equal; there is one singular point with one of the two 
states becoming massless [34]. The region containing the point m = 0 is separated 
from the quasiclassical region of large m by the curve of marginal stability (CMS) 
on which an infinite number of other BPS states, visible quasiclassically, decay, 
see Fig. 3.13.14 Thus, the infinite tower of the {q, T} BPS states existing in the 
quasiclassical domain degenerates in just two stable BPS states in the vicinity of 
m= 0. 


3.5.4 Fermions in quasiclassical consideration 


Non-zero modes are irrelevant for our consideration since, being combined with the 
boson non-zero modes, they cancel for critical solitons, a usual story. Thus, for our 
purposes it is sufficient to focus on the (static) zero modes in the kink background 
(3.5.15). The coefficients in front of the fermion zero modes will become (time- 
dependent) fermion moduli, for which we are going to build corresponding quantum 
mechanics. There are two such moduli, 7 and 7. 


14 CMS for CP(N — 1) with N > 2 is considered in [122]. 
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Re m2 


Im m2 


Figure 3.13. Curve of marginal stability in CP(1) with twisted mass. We set 
4A? —> 1. From Ref. [34]. 


The equations for the fermion zero modes are 


|m\e'? Wp = 0, 


A 1-¢ 
itp Go) te 
x x 


l—o 
oo lmje Pw, =0 (3.5.29) 
X 


2- 
ôzYR — x CE) Wrti 


(plus similar equations for W; since our operator is Hermitean we do not need to 
consider them separately). 

It is not difficult to find a solution to these equations, either directly, or using 
supersymmetry. Indeed, if we know the bosonic solution (3.5.15), its fermionic 
superpartner — and the fermion zero modes are such superpartners — is obtained 
from the bosonic one by those two supertransformations which act on ¢, ¢ 
nontrivially. In this way we conclude that the functional form of the fermion zero 
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mode must coincide with the functional form of the boson solution (3.5.15). 


Concretely, 
1/2 sc 
Wr _ g?|m| —1e ip |m|(z—zo) 
( Y ) = n( 5 l e (3.5.30) 


_ T 4s 
Yr \_- ge |m| ie |m|(z—zo) 
( by, ) = i( 5 i e : (3.5.31) 


where the numerical factor is introduced to ensure proper normalization of the 


and 


quantum-mechanical Lagrangian. Another solution which asymptotically, at large 
z, behaves as e?!”"!—20) must be discarded as non-normalizable. 

Now, to perform quasiclassical quantization we follow the standard route: the 
moduli are assumed to be time-dependent, and we derive quantum mechanics of 
moduli starting from the original Lagrangian (3.5.1). Substituting the kink solution 
and the fermion zero modes for Y one gets 


Lom =i ñù. (3.5.32) 


In the Hamiltonian approach the only remnants of the fermion moduli are the 
anticommutation relations 


{nn} = 1, {nn} =0, {nn} =9, (3.5.33) 


which tell us that the wave function is two-component (i.e. the kink supermultiplet 
is two-dimensional). One can implement Eq. (3.5.33) by choosing e.g. 7 = o*, 
n=o0. 

The fact that there are two critical kink states in the supermultiplet is consistent 
with the multiplet shortening in M = 2. Indeed, in two dimensions the full WV = 2 
supermultiplet must consist of four states: two bosonic and two fermionic. 1/2 BPS 
multiplets are shortened — they contain twice less states than the full supermultiplets, 
one bosonic and one fermionic. This is to be contrasted with the single-state kink 
supermultiplet in the minimal supersymmetric model of Section 3.1.1. The notion 
of the fermion parity remains well-defined in the kink sector of the CP(1) model. 


3.5.5 Combining bosonic and fermionic moduli 
Quantum dynamics of the kink at hand is summarized by the Hamiltonian 


Mo. 
Hom = a ¿ (3.5.34) 
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acting in the space of two-component wave functions. The variable ¢ here is a 
complexified kink center, 


¢ = z0 + — a. (3.5.35) 


For simplicity, we set the vacuum angle 0 = 0 for the time being (it will be reinstated 
later). 

The original field theory we deal with has four conserved supercharges. Two of 
them, Q and Q, see Eq. (3.5.11), act trivially in the critical kink sector. In moduli 
quantum mechanics they take the form 


Q=VJVMoin, Q=VMoti: (3.5.36) 


they do indeed vanish provided that the kink is at rest. Superalgebra describing 
kink quantum mechanics is {O Q} = 2H. This is nothing but Witten’s N=1 
supersymmetric quantum mechanics [123] (two supercharges). The realization we 
deal with is peculiar and distinct from that of Witten. Indeed, the standard Wit- 
ten quantum mechanics includes one (real) bosonic degree of freedom and two 
fermionic, while we have two bosonic degrees of freedom, x9 and a. Neverthe- 
less, superalgebra remains the same due to the fact that the bosonic coordinate is 
complexified. 

Finally, to conclude this section, let us calculate the U(1) charge of the 
kink states. We start from Eq. (3.5.8), substitute the fermion zero modes and 
get !5 


1 
Aqua) = z (3.5.37) 


(this is to be added to the bosonic part, Eq. (3.5.19)). Given that 7 = of and 
n =o we arrive at Aqua) = 503. This means that the U(1) charges of two kink 
states in the supermultiplet split from the value given in Eq. (3.5.19): one has the 
U(1) charge 

1 0 


k Po a) 
“oe 


15 To set the scale properly, so that the U(1) charge of the vacuum state vanishes, one must antisymmetrize the 
fermion current, Vy4W — (1/2) (yty — peyte) where the superscript c denotes C conjugation. 
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and another 
k R 0 
2 2n° 


In this way we explain the occurrence of 1/2 seen from the quasiclassical expansion 
of the exact formula (3.5.28). 


Part I 


Long journey 


Warning 


In Part II we switch to Euclidean conventions. This is appropriate and convenient 
from the technical point of view, since we mostly study static (time-independent) 
field configurations, and Ag = 0. Then the Euclidean action reduces to the energy 
functional. See Appendix A, Section A.7. 


80 


Introduction to Part II 


Ever since ’t Hooft [124] and Mandelstam [125] put forward the hypothesis of 
the dual Meissner effect to explain color confinement in non-Abelian gauge the- 
ories, people were trying to find a controllable approximation in which one could 
reliably demonstrate the occurrence of the dual Meissner effect in these theories. 
A breakthrough achievement was the Seiberg-Witten solution [2] of M = 2 super- 
symmetric Yang—Mills theory. They found massless monopoles and, adding a small 
(N = 2)-breaking deformation, proved that they condense creating strings carry- 
ing a chromoelectric flux. It was a great success in qualitative understanding of 
color confinement. 

A more careful examination shows, however, that details of the Seiberg—Witten 
confinement are quite different from those we expect in QCD-like theories. Indeed, 
a crucial aspect of Ref. [2] is that the SU(N) gauge symmetry is first broken, at a 
high scale, down to U(1)~!, which is then completely broken at a much lower scale 
where condensation of magnetic monopoles occurs. Correspondingly, the strings 
in the Seiberg—Witten solution are, in fact, Abelian strings [36] of the Abrikosov— 
Nielsen—Olesen (ANO) type which results, in turn, in confinement whose structure 
does not resemble at all that of QCD.! In particular, the “hadronic” spectrum is 
much richer than that in QCD [126, 127, 128, 35, 129]. To see this it is sufficient to 
observe that, given the low-energy gauge group U(1)"~!, one has N — 1 Abelian 
strings associated with each of the N — 1 Abelian factors. Since 


m (UDAT!) = Z^, (3.5.38) 


1 Ttis believed, however, that the transition from this Abelian to non-Abelian confinement is smooth. The Seiberg— 
Witten construction has an adjustable parameter u which governs the strength of the (M = 2)-breaking 
deformation. In passing from the Abelian strings at small u to non-Abelian at large u no phase transition 
is expected. One cannot prove this statement at present because the large-jx side is inaccessible. In contrast, 
in the models to be discussed below, we can address and explore directly non-Abelian strings and associated 
dynamics. 
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the Abelian strings and, therefore, the meson spectrum come in N — 1 infinite towers. 
This feature is not expected in real-world QCD. Moreover, there is no experimental 
indication of dynamical Abelization in QCD. 

Here in Part II we begin our long journey which covers the advances of the last 
decade. Most developments are even fresher, they refer to the last five years or so. 
First we dwell on the recent discovery of non-Abelian strings [130, 131, 132, 133] 
which appear in certain regimes in M = 2 supersymmetric gauge theories. More- 
over, they were found even in M = 1 theories, the so-called M model, see 
Section 5.2. The most important feature of these strings is that they acquire orienta- 
tional zero modes associated with rotations of their color flux inside a non-Abelian 
SU(N) subgroup of the gauge group. The occurrence of these zero modes makes 
these strings non-Abelian. 

The flux tubes in non-Abelian theories at weak coupling were studied in the past 
in numerous papers [134, 135, 136, 137, 138, 139, 140]. These strings are referred 
to as Zy strings because they are related to the center of the gauge group SU(N). 
Consider, say, the SU(N) gauge theory with a few (more than one) scalar fields in 
the adjoint representation. Suppose the adjoint scalars condense in such a way that 
the SU(N) gauge group is broken down to its center Zy. Then string solutions are 


classified according to 
SU(N) 
= Zy. 
n (Se) = zy 


In all these previous constructions [134, 135, 136, 137, 138, 139, 140] of the Zy 
strings the flux was always directed in a fixed group direction (corresponding to a 
Cartan subalgebra), and no moduli that would allow to freely rotate its orientation 
in the group space were ever obtained. Therefore it is reasonable to call these Zy 
strings Abelian, in contrast with the non-Abelian strings, to be discussed below, 
which have orientational moduli. 

Consideration of non-Abelian strings naturally leads us to confined non-Abelian 
monopoles. We follow the fate of the classical ’t Hooft-Polyakov monopole (classi- 
cal not in the sense of “non-quantum” but rather in the sense of something belonging 
to textbooks) in the Higgs “medium” — from free monopoles, through a weakly con- 
fined regime, to a highly quantum regime in which confined monopoles manifest 
themselves as kinks in the low-energy theory on the string world sheet. The con- 
fined monopoles are sources (sinks) to which the magnetic flux tubes are attached. 
We demonstrate that they are dual to quarks just in the same vein as the magnetic 
flux tubes are dual to the electric ones. 

Our treatise covers the non-Abelian flux tubes both in theories with the mini- 
mal (VV = 1) and extended (V = 2) supersymmetry. The world sheet theory for 
the Abelian strings contains only translational and supertranslational moduli fields. 
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At the same time, for the non-Abelian strings the world sheet theory acquires addi- 
tional massless (or very light) fields. Correspondingly, the Ltischer term coefficient, 
which counts the number of such degrees of freedom, changes [141]. 

The third element of the big picture which we explore is the wall-string junction. 
From string/D brane theory it is well known that fundamental strings can end on 
the brane. In fact, this is a defining property of the brane. Since our task is to reveal 
in gauge theories all phenomena described by string/D brane theory we must be 
able to see the string-wall junctions. And we do see them! The string-wall junctions 
which later got the name boojums were first observed in an N = 2 gauge theory 
in Ref. [142]. This construction as well as later advances in the boojum theory are 
thoroughly discussed in Part II. 

The domain walls as brane prototypes must possess another remarkable feature — 
they must localize gauge fields. This localization was first proven to occur in an 
N = 2 gauge theory in Ref. [37]. The domain-wall world sheet theory is the theory 
of three-dimensional gauge fields after all! 

All the above elements combined together lead us to a thorough understanding 
of the Meissner effect in non-Abelian theories. To understand QCD we need to 
develop a model of the dual Meissner effect. Although this problem is not yet fully 
solved, we report here on significant progress in this direction. 


4 


Non-Abelian strings 


In this chapter we discuss a particular class of M = 2 supersymmetric gauge theo- 
ries in which non-Abelian strings were found. One can pose the question: what is so 
special about these models that makes an Abelian Zy string become non-Abelian? 
Models we will dwell on below have both gauge and flavor symmetries broken 
by the condensation of scalar fields. The common feature of these models is that 
some global diagonal combination of color and flavor groups survive the breaking. 
We consider the case when this diagonal group is SU(N )c+r, where the subscript 
C + F means a combination of global color and flavor groups. The presence of 
this unbroken subgroup is responsible for the occurrence of the orientational zero 
modes of the string which entail its non-Abelian nature. 

Clearly, the presence of supersymmetry is not important for the construction of 
non-Abelian strings. In particular, while here we focus on the BPS non-Abelian 
strings in M = 2 supersymmetric gauge theories, in Chapter 5 we review non- 
Abelian strings in M = 1 supersymmetric theories and in Chapter 6 in non- 
supersymmetric theories. 


4.1 Basic model: NV = 2 SQCD 


The model we will deal with derives from M = 2 SQCD with the gauge group 
SU(N + 1) and N+ = N flavors of the fundamental matter hypermultiplets which 
we will call quarks [3]. At a generic point on the Coulomb branch of this theory, 
the gauge group is broken down to U(1). We will be interested, however, in a 
particular subspace of the Coulomb branch, on which the gauge group is broken 
down to SU(N) xU(1). We will enforce this regime by a special choice of the quark 
mass terms. 

The breaking SU(N + 1) —> SU(N)xU(1) occurs at the scale m which is 
supposed to lie very high, m >> Asuiw+1), where Asuw+1) is the scale of the 
SU(N + 1) theory. Correspondingly, the masses of the gauge bosons from the 
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SU(N + 1)/SU(N) x U1) sector and their superpartners, are very large — propor- 
tional to m — and so are the masses of the (N + 1)-th color component of the quark 
fields in the fundamental representation. We will be interested in the phenomena at 
the scales « m. Therefore, our starting point is in fact the SU(N) x U(1) model with 
Ny = N matter fields in the fundamental representation of SU(N), as it emerges 
after the SU(N +1) > SU(N) xU(1) breaking. These matter fields are also coupled 
to the U(1) gauge field. 

The field content of SU(N) xU(1) N = 2 SQCD with N flavors is as follows. 
The M = 2 vector multiplet consists of the U(1) gauge field A, and the SU(N) 
gauge field A’, (here a = 1,...,N 2 — 1), and their Weyl fermion superpartners 
(Al, 2) and (A‘4, 424), plus complex scalar fields a, and a“. The latter are in the 
adjoint representation of SU(N). The spinorial index of ’s runs over a = 1,2. 
In this sector the global SU(2)z symmetry inherent to the M = 2 model at hand 
manifests itself through rotations A! <> 47. 

The quark multiplets of the SU(N) x U(1) theory consist of the complex scalar 
fields yee and gx (squarks) and the Wey] fermions ka and Wak, all in the funda- 
mental representation of the SU(N) gauge group. Here k = 1,..., N is the color 
index while A is the flavor index, A = 1,..., N. Note that the scalars q*^ and f kA 
form a doublet under the action of the global SU(2)g group. 

Then the original SU(N + 1) theory is perturbed by adding a small mass term 
for the adjoint matter, via the superpotential W = u Tr ©”. Generally speaking, 
this superpotential breaks M = 2 down to NV = 1. The Coulomb branch shrinks 
to a number of isolated M = 1 vacua [2, 3, 126, 143, 144]. In the limit of u —> 0 
these vacua correspond to special singular points on the Coulomb branch in which 
N monopoles/dyons or quarks become massless. The first (N + 1) of these points 
(often referred to as the Seiberg—Witten vacua) are always at strong coupling. They 
correspond to M = 1 vacua of the pure SU(N + 1) gauge theory. 

The massless quark points — they present vacua of a distinct type, to be referred to 
as the quark vacua — may or may not be at weak coupling depending on the values 
of the quark mass parameters m4. If ma >> Asuin+1), the quark vacua do lie at 
weak coupling. Below we will be interested only in these quark vacua assuming 
that the condition m4 >> Asuin-+1) iS met. 

In the low-energy SU(N) xU(1) theory, which is our starting point, the pertur- 
bation W = u Tr ©? can be truncated, leading to a crucial simplification. Indeed, 
since the A chiral superfield, the M = 2 superpartner of the U(1) gauge field,! 


Az=atv2076 + F, 6’, (4.1.1) 


1 The superscript 2 in Eq. (4.1.1) is the global SU(2) index of A rather than A squared. 
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it not charged under the gauge group SU(N) x U(1), one can introduce a super- 
potential linear in A, 


— E A. (4.1.2) 


Here we expand Tr ©? around its vacuum expectation value (VEV), and truncate 
the series keeping only the linear term in A. The truncated superpotential is a 
Fayet—Iliopoulos (FI) F-term. 

Let us explain this in more detail. In M = 1 supersymmetric theory with the 
gauge group SU(N) xU(1) one can add the following FI term to the action [145] 
(we will call it the FI D-term here): 


& D (4.1.3) 


where D is the D-component of the U(1) gauge superfield. In M = 2 SUSY theory 
the field D belongs to the SU(2) p triplet, together with the F components of the 
chiral field A, (F and F). Namely, let us introduce a triplet F p (p = 1,2, 3) using 
the relations 7 


D = F;, 
1 
Fa = — (Fi +i F2), 
J/2 
- 1 
Fa = — (Fi — iP). (4.1.4) 


V2 


Now, the generalized FI term can be written as 
oN 4 41 
SFI = =z dx 2 En Fp. (4.1.5) 


Comparing this with Eq. (4.1.2) we identify 


é = (1 — 16), 
éE = (1 + 12) (4.1.6) 
This is the reason why we refer to the superpotential (4.1.2) as to the FI F-term. 
A remarkable feature of the FI term is that it does not break M = 2 super- 


symmetry [127, 35]. Keeping higher order terms of the expansion of u Tr ©? in 
powers of A would inevitably explicitly break M = 2. For our purposes it is crucial 


2 Attention: The index p is an SU(2)pr index rather than the color index! 
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that the model we will deal with is exactly N = 2 supersymmetric. This ensures 
that the flux tube solutions of the model are BPS-saturated. If higher order terms 
in A are taken into account, M = 2 supersymmetry is broken down to V = 1 and 
strings are no longer BPS, generally speaking. The superconductivity in the model 
becomes of type I [35]. 


4.1.1 SU(N)xU(1) N = 2 QCD 
The bosonic part of our SU(N) x U(1) theory has the form [131] 


1 2 1 2 1 2 1 2 
S= | d‘*x| — (F° — (F — |D a| + =a 
J ‘| al ai) rr uv) Ea na | E. „a| 


2 ZA]J2 2 
+ [Vaa “| + [Vag] +va anata). (4.1.7) 
Here D, is the covariant derivative in the adjoint representation of SU(N), and 
i 
Vu = ðu — 5 Au ~ iA T°. (4.1.8) 


We suppress the color SU(N) indices, and T° are the SU(N) generators 
normalized as 
Tr (T¢T”) = (1/2) 8%. 


The coupling constants gı and g2 correspond to the U(1) and SU(N) sectors, respec- 
tively. With our conventions, the U(1) charges of the fundamental matter fields are 
+1/2. 

The potential V (q 4, G4, af, a) in the action (4.1.7) is a sum of D and F terms, 


2 
2 . 
~ & l £ = x 5 
V(q4,Ga,a",a) = z ( faba +ga Tog? ar") 
2 
2 
1 


81 /- Pee 2 
+ 3 (Gaa" — Gq" — Nés) 
2. 2 
` 2 8il- N 
+ 2¢3|gaT“q4| ES pana 


N 
1 aay, A|2 
5 D [lata ae | 


+ |a+V2m4 +2780 G4}. 4.1.9) 


4.1 Basic model: N = 2 SQCD 89 


Here f^’. stand for the structure constants of the SU(N) group, and the sum over 
the repeated flavor indices A is implied. 

The first and second lines represent D terms, the third line the F4 terms, while the 
fourth and the fifth lines represent the squark F terms. Using the SU(2) , rotations 
we can always direct the FI parameter vector p in a given direction. Below in 
most cases we will align the FI F-term to make the parameter & real. In other 
words, 


§=0, &=0, €=&. (4.1.10) 


4.1.2 The vacuum structure and excitation spectrum 


Now we briefly review the vacuum structure and the excitation spectrum in our 
basic SU(N) x U(1) model. As was mentioned, the underlying M = 2 SQCD with 
the gauge group SU(N + 1) has a variety of vacua [143, 144, 140]. In addition 
to N strong coupling vacua which exist in pure gauge theory, there is a number 
of the so-called r quark vacua, where r is the number of the quark flavors which 
develop VEV’s in the given vacuum. We will limit ourselves? to a particular isolated 
vacuum, with the maximal possible value of r, 


r=N. 


The vacua of the theory (4.1.7) are determined by the zeros of the potential 
(4.1.9). The adjoint fields develop the following VEV’s: 


1 mı 0 
(®) = —— ; (4.1.11) 
v2 0 my 
where we defined the scalar adjoint matrix as 
1 
p = -a +T a’. (4.1.12) 


2 


For generic values of the quark masses, the SU(N) subgroup of the gauge group is 
broken down to U(1)"—!. However, for a special choice 


my =m=-::-=my, (4.1.13) 


3 There are singular points on the Coulomb branch of the underlying SU(N + 1) theory where more than N quark 
flavors become massless. These singularities are the roots of Higgs branches [143, 144, 140]. 
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which we will be mostly interested in in this section, the SU(V)xU(1) gauge 
group remains classically unbroken. In fact, the common value m of the quark 
masses determines the scale of breaking of the SU(N + 1) gauge symmetry of 
the underlying theory down to SU(V) x U(1) gauge symmetry of our benchmark 
low-energy theory (4.1.7). 

If the value of the FI parameter is taken real we can exploit gauge rotations to 
make the quark VEV’s real too. Then in the case at hand they take the color-flavor 
locked form 


1 0 
: E 
a= gAs |. 
0 1 
k=1,...,N, (A ees (4.1.14) 


where we write down the quark fields as an N x N matrix in the color and 
flavor indices. This particular form of the squark condensates is dictated by the 
third line in Eq. (4.1.9). Note that the squark fields stabilize at non-vanishing val- 
ues entirely due to the U(1) factor represented by the second term in the third 
line. 

The vacuum field (4.1.14) results in the spontaneous breaking of both gauge and 
flavor SU(N)’s. A diagonal global SU(N) survives, however, 


UW) gauge x SU(N) flavor > SUN )c+F. (4.1.15) 


Thus, a color-flavor locking takes place in the vacuum. A version of this pattern of 
the symmetry breaking was suggested long ago [146]. 

Let us move on to the issue of the excitation spectrum in this vacuum [35, 131]. 
The mass matrix for the gauge fields (Af, A,,) can be read off from the quark kinetic 
terms in Eq. (4.1.7). It shows that all SU(N) gauge bosons become massive, with 
one and the same mass 


Msun) = 8&2 JE: (4.1.16) 


The equality of the masses is no accident. It is a consequence of the unbroken 
SU(N)c+r symmetry (4.1.15). 
The mass of the U(1) gauge boson is 


N 
Mua) = 81 5 (4.1.17) 
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Thus, the theory is fully Higgsed. The mass spectrum of the adjoint scalar excitations 
is the same as the one for the gauge bosons. This is enforced by N = 2. 

What is the mass spectrum of the quark excitations? It can be read off from 
the potential (4.1.9). We have 4N? real degrees of freedom of quark scalars q and 
q. Out of those N? are eaten up by the Higgs mechanism. The remaining 3N? 
states split in three plus 3(.N 2 _ 1) states with masses (4.1.17) and (4.1.16), respec- 
tively. Combining these states with the massive gauge bosons and the adjoint scalar 
states we get [35, 131] one long M = 2 BPS multiplet (eight real bosonic plus 
eight fermionic degrees of freedom) with mass (4.1.17) and N? — 1 long N = 2 
BPS multiplets with mass (4.1.16). Note that these supermultiplets come in repre- 
sentations of the unbroken SU(N)c+ group, namely, the singlet and the adjoint 
representations. 

To conclude this section we want to discuss quantum effects in the theory (4.1.7). 
At a high scale m the SU(N + 1) gauge group is broken down to SU(N) x U(1) by 
condensation of the adjoint fields if the condition (4.1.13) is met. The SU(N) sector 
is asymptotically free. The running of the corresponding gauge coupling, if non- 
interrupted, would drag the theory into the strong coupling regime. This would 
invalidate our quasiclassical analysis. Moreover, strong coupling effects on the 
Coulomb branch would break SU(N) gauge subgroup (as well as the SU(N) c+F 
group) down to U(1)%~! by the Seiberg-Witten mechanism [2]. No non-Abelian 
strings would emerge. 

A possible way out was proposed in [143, 144]. One can add more flavors to 
the theory making Nf > 2N. Then the SU(N) sector is not asymptotically free 
and does not evolve into the strong coupling regime. However, the ANO strings in 
the multiflavor theory (on the Higgs branches) become semilocal strings [147] and 
confinement is lost (see Section 4.7). 

Here we take a different route assuming the FI parameter £ to be large,* 


E D Asun)- (4.1.18) 


This condition ensures weak coupling in the SU(N) sector because the SU(N) 
gauge coupling does not run below the scale of the quark VEV’s which is determined 
by €. More explicitly, 


8m2 
A E 


= >1. (4.1.19) 
gZ (E) Asuw) 


4 We discuss this important issue in more detail at the end of Section 4.9. 
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Alternatively one can say that 


872 
Asu) = E77 exp (- « EN, (4.1.20) 
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4.2 Zy Abelian strings 


Strictly speaking, M = 2 SQCD with the gauge group SU(N + 1) does not have 
stable flux tubes. They are unstable due to monopole—antimonopole pair creation in 
the SU(N + 1)/SU(N) x U(1) sector. However, at large m these monopoles become 
heavy. In fact, there are no such monopoles in the low-energy theory (4.1.7) (where 
they can be considered as infinitely heavy). Therefore, the theory (4.1.7) has stable 
string solutions. When the perturbation u Tr ©? is truncated to the FI term (4.1.2), 
the theory enjoys N = 2 supersymmetry and has BPS string solutions [127, 35, 
148, 140, 131]. Note that here we discuss magnetic flux tubes. They are formed in 
the Higgs phase of the theory upon condensation of the squark fields and lead to 
confinement of monopoles. 

Now, let us briefly review the BPS string solutions [140, 130, 131] in the model 
(4.1.7). We will consider the case of equal quark mass terms (4.1.13) when the 
global SU(N) c+ F group is unbroken. First we review the Abelian solutions for Zy 
strings and then, in Section 4.3 show that in the limit mı = m2 =---=my =m 
they acquire orientational moduli. 

In fact, the Zy Abelian strings considered below are just partial solutions of 
the vortex equations (see Eq. (4.2.10) below). In the equal mass limit (4.1.13) the 
global SU(N )c+r group is restored and the general solution for the non-Abelian 
string gets a continuous moduli space isomorphic to CP(N — 1). The Zy strings 
are just N discrete points on this moduli space. 
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In the generic case of unequal quark masses, the SU(N )c+r group is explicitly 
broken, and the continuous moduli space of the string solutions is lifted. Only the 
Zy Abelian strings survive this breaking. We will dwell on the case of generic 
quark masses in Section 4.4.4. 

It turns out that the string solutions do not involve the adjoint fields a and a‘. 
The BPS strings are “built” from gauge and quark fields only. Therefore, in 
order to find the classical solution, in the action (4.1.7) we can set the adjoint 
fields to their VEV’s (4.1.11). This is consistent with equations of motion. Of 
course, at the quantum level the adjoint fields start fluctuating, deviating from 
their VEV’s. 

We use the ansatz 


bcd 1 
g^ = g = — gh (4.2.1) 


reducing the number of the squark degrees of freedom to one complex field for 
each color and flavor. With these simplifications the action of the model (4.1.7) 
becomes 


1 "E 3 
s= T a a a + —(F 
f ata Len + En 
85 D, gt 2 
+10"? + Z (PaT 0%) tae Fe) , (4.2.2) 


while the VEV’s of the squark fields (4.1.14) are 


(p) = ,/é diag {1,1,..., 1}. (4.2.3) 


Since the spontaneously broken gauge U(1) is a part of the model under con- 
sideration, the model supports conventional ANO strings [36], in which one can 
discard the SU(N) gauge part of the action altogether. The topological stability of 
the ANO string is due to the fact that zı (U(1)) = Z. 

These are not the strings we are interested in. At first sight, the triviality of the 
homotopy group, z;(SU(N)) = 0, implies that there are no other topologically 
stable strings. This impression is false. One can combine the Zy center of SU(N) 
with the elements exp(27ik/N) €U(1) to get a topologically stable string solution 
possessing both windings, in SU(N) and U(1). In other words, 


xı (SU(N) x U(1)/Zn) £0. (4.2.4) 
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It is easy to see that this nontrivial topology amounts to selecting just one element 


of @, say, g!, or gy, etc, and make it wind, for instance,> 


@sting = VE diag(1,1,...,e'%), x > ov. (4.2.5) 


Such strings can be called elementary; their tension is 1/N th of that of the ANO 
string. The ANO string can be viewed as a bound state of N elementary strings. 

More concretely, one of the Zy string solutions (a progenitor of the non-Abelian 
string) can be written as follows [131]: 


do(r) 0 ae 0 
oe uae 
0 ġ2(r) 0 
0 0 e!* 1 (r) 
1 0 0 
sua) _ 1 tea. | Mtoe eed Sor l _ 
A; es er A ö (dia)[ -1+ fra], 
0 0... -(N-1) 
AVO = LA = £ (aro)[i -= fin], Ap? =A =0, (4.2.6) 


where i = 1,2 labels the coordinates in the plane orthogonal to the string axis, 
r and @ are the polar coordinates in this plane, and Z is the unit N x N matrix. 
Other Zy string solutions are obtained by permutations of the rotating flavor. 

The profile functions ¢;(r) and $2(r) determine the profiles of the scalar fields, 
while fya(r) and f(r) determine the SU(N) and U(1) fields of the string solu- 
tions, respectively. These functions satisfy the following rather obvious boundary 
conditions: 


$1(0) = 0, 
fvaQ)=1, f(0) = 1, (4.2.7) 
atr = 0, and 
pi) =E, p0) = V£, 
fna (œ) =0, f(œ)=0 (4.2.8) 
atr = œ. 


5 As explained below, a is the angle of the coordinate ¥ in the perpendicular plane. 
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Now, let us derive the first-order equations which determine the profile functions, 
making use of the Bogomol’nyi representation [5] of the model (4.2.2). We have 


+l Bah ir gel -ne)] 


+more ter (4.2.9) 


where 
F; = F2 and F3“ = Fh, 


and we assume that the fields in question depend only on the transverse coordinates 
xj,i = 1,2. 

The Bogomol’nyi representation (4.2.9) leads us to the following first-order 
equations: 


g? 2 
F3 + = (lo V - NE) = 


2 
FX" + 93(@aT“o") =0, 
(Vi +iV2)94 = 0. (4.2.10) 


Once these equations are satisfied, the energy of the BPS object is given by the last 
surface term in (4.2.9). Note that the representation (4.2.9) can be written also with 
the opposite sign in front of the flux terms. Then we would get the Bogomol’nyi 
equations for the anti-string. 

For minimal winding we substitute the ansatz (4.2.6) in Eqs. (4.2.10) to get the 
first-order equations for the profile functions of the Zy string [140, 131], 


1 
r£ pir) — al + (N — 1) fva(r))b1(7) = 0, 
d 1 
eens (r) — rick — fra(r))2(r) = 0, 
g2N 


-1 Spe) T N [(N — D0)? + 610? NE] = 0, 


- oe + s [d1(r)? — p2r)}?] =0. (4.2.11) 


These equations present a Z y-string generalization of the Bogomol’nyi equations 
for the ANO string [5] (see also (3.2.19) and (C.13)). They were solved numerically 
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= B3 


Figure 4.1. Two distinct Z2 strings in U(2) theory. 


for the U(2) case (i.e. N = 2) in [131]. Clearly, the solutions to the first-order 
equations automatically satisfy the second-order equations of motion. 
The tension of this elementary Zy string is 


T =2né. (4.2.12) 


Since our string is a BPS object, this result is exact and has neither perturbative 
nor nonperturbative corrections. Note that the tension of the ANO string is N times 
larger; in our normalization 


TANO = 27 NE. (4.2.13) 


Clearly, the ansatz (4.2.6) admits permutations, leading to other Zy string solu- 
tions of type (4.2.6). They can be obtained by changing the position of the “winding” 
field in Eq. (4.2.6). Altogether we have N elementary Zy strings. For instance, if 
N = 2 (i.e. the gauge group is SU(2)xU(1)), we have two distinct Z2 strings dif- 
fering by the orientation of the flux of the U(1) magnetic field with respect to that 
of the third isocomponent of the SU(2) magnetic field, see Fig. 4.1. 

Of course, the first-order equations (4.2.11) can be also obtained using super- 
symmetry. We start from the supersymmetry transformations for the fermion fields 
in the theory (4.1.7), 


; 1 i 
Aft = = (opõe) Fuy H EPFO +, 
aTe — 5 Ouve ER EORPA g Ee 


SYA = i2 Voagyset! +++, 
Spaak =i V2 Voug pacer? + (4.2.14) 
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Here f = 1,2 is the SU(2)p index and àf“ and A“/® are the fermions from the 
N = 2 vector supermultiplets of the U(1) and SU(2) factors, respectively, while 
g*4F denotes the SU(2)r doublet of the squark fields g*4 and aoe in the quark 
hypermultiplets. The parameters of the SUSY transformations in the microscopic 
theory are denoted as e*/. Furthermore, the F terms in Eq. (4.2.14) are 


2 
Fr =i a (Triol? - NE), F2=0 (4.2.15) 
for the U(1) field, and 
FU 4iF? =i g3Tr (Tg), F? =0 (4.2.16) 


for the SU(N) field. The dots in (4.2.14) stand for terms involving the adjoint 
scalar fields which vanish on the string solution (in the equal mass case) because 
the adjoint fields are given by their vacuum expectation values (4.1.11). 

In Ref. [35] it was shown that four supercharges selected by the conditions 


eP = ell, el =e” (4.2.17) 


act trivially on the BPS string. Imposing the conditions (4.2.17) and requiring the 
left-hand sides of Eqs. (4.2.14) to vanish® we get, upon substituting the ansatz 
(4.2.6), the first-order equations (4.2.11). 


6 Tf, instead of (4.2.17), we required other combinations of the SUSY transformation parameters to vanish (chang- 
ing the signs in (4.2.17)) we would get the anti-string equations, with the opposite direction of the gauge 
fluxes. 
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4.3 Elementary non-Abelian strings 


The elementary Zy strings in the model (4.1.7) give rise to non-Abelian strings 
provided the condition (4.1.13) is satisfied [130, 131, 132, 133]. This means that, 
in addition to trivial translational moduli, they have extra moduli corresponding 
to spontaneous breaking (on the string) of a non-Abelian symmetry acting in the 
bulk theory in the infrared. Indeed, while the “flat” vacuum (4.1.14) is SUV) c+F 
symmetric, the solution (4.2.6) breaks this symmetry’ down to U(1)xSU(N — 1) 
(at N > 2). This ensures the presence of 2(N — 1) orientational moduli. 

To obtain the non-Abelian string solution from the Zy string (4.2.6) we apply 
the diagonal color-flavor rotation preserving the vacuum (4.1.14). To this end it is 
convenient to pass to the singular gauge where the scalar fields have no winding 
at infinity, while the string flux comes from the vicinity of the origin. In this gauge 
we have 


g(r) 0 ... 0 
=U eee eee eee eee ut 
r 0 ... Qe 0 
0 0... or) 
| ©) 0 
AP = BU gg | Ua) iva. 
0 0O ... -(N-1) 
1 
APO = == (aia) fO), Ag? = Ag” =0, (43.1) 


where U is a matrix € SU(N)c+ Fr. This matrix parametrizes orientational zero 
modes of the string associated with flux rotation in SU(N). Since the diagonal 
color-flavor symmetry is not broken by the VEV’s of the scalar fields in the bulk 
(color-flavor locking) it is physical and has nothing to do with the gauge rotations 
eaten by the Higgs mechanism. The orientational moduli encoded in the matrix U 
are not gauge artifacts. 

The orientational zero modes of a non-Abelian string were first observed in 
[130, 131]. In Ref. [130] a general index theorem was proved which shows that 
the dimension of elementary string moduli space is 2N = 2(N — 1) + 2 where 
2 stands for translational moduli while 2(N — 1) is the dimension of the internal 
moduli space.® In Ref. [131] the explicit solution for the non-Abelian string which 
we review here was found and explored. 


7 At N = 2 the string solution breaks SU(2) down to U(1). 
8 The index theorem in [130] deals with more general multiple strings. It was shown that the dimension of the 
moduli space of the k-string solution is 2kN. 
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In fact, non-translational zero modes of strings were discussed earlier in a 
U(1)xU(1) model [149, 150], and somewhat later, in more contrived models, in 
Ref. [151]. (The latter paper is entitled “Zero modes of non-Abelian vortices’’!) It 
is worth emphasizing that, along with some apparent similarities, there are drastic 
distinctions between the “non-Abelian strings” we review here and the strings that 
were discussed in the 1980s. In particular, in the example treated in Ref. [151] 
the gauge group is not completely broken in the vacuum, and, therefore, there are 
massless gauge fields in the bulk. If the unbroken generator acts non trivially on 
the string flux (which is proportional to a broken generator) then it can and does 
create zero modes. Infrared divergence problems ensue immediately. 

In the case we treat here the gauge group is completely broken (up to a dis- 
crete subgroup Zy). The theory in the bulk is fully Higgsed. The unbroken group 
SU(N) c+F, a combination of the gauge and flavor groups, is global. There are no 
massless fields in the bulk. 

It is possible to model the example considered in [151] if we gauge the unbroken 
global symmetry SU(N) c+ F of the model (4.1.7) with respect to yet another gauge 
field B,,. 

Let us also note that a generalization of the non-Abelian string solutions in six- 
dimensional gauge theory with eight supercharges was carried out in [152] while 
the non-Abelian strings in strongly coupled vacua were considered in [153]. 


4.4 The world-sheet effective theory 


The non-Abelian string solution (4.3.1) is characterized by two translational moduli 
(the position of the string in the (1,2) plane) and 2(N — 1) orientational moduli. 
Below we review the effective two-dimensional low-energy theory on the string 
world sheet. As usual, the translational moduli decouple and we focus on the inter- 
nal dynamics of the orientational moduli. Our string is a 1/2-BPS state in V = 2 
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supersymmetric gauge theory with eight supercharges. Thus it has four supercharges 
acting in the world sheet theory. This means that we have extended VV = 2 super- 
symmetric effective theory on the string world sheet. This theory turns out to be 
a two-dimensional CP(N — 1) model [130, 131, 132, 133]. In Section 4.4 we will 
first present a derivation of this theory and then discuss the underlying physics. 


4.4.1 Derivation of the CP(N — 1) model 


Now, following Refs. [131, 132, 154], we will derive the effective low-energy 
theory for the moduli residing in the matrix U in the problem at hand. As is clear 
from the string solution (4.3.1), not each element of the matrix U will give rise to a 
modulus. The SU(N — 1) x U(1) subgroup remains unbroken by the string solution 
under consideration; therefore the moduli space is 


SU(N) 
SU(N — 1) x U(1) 


~ CP(N — 1). (4.4.1) 


Keeping this in mind we parametrize the matrices entering Eq. (4.3.1) as follows: 


l 


1 ... 0 0 
L U eee eee eee eee yT! E Fee (4.4.2) 
N O ... 1 0 P NP’ 7 
0 0 ... -(N-1) P 
where n! is a complex vector in the fundamental representation of SU(N), and 
nin! = 1, (4.4.3) 
(l, p = 1,..., N are color indices). As we will show below, one U(1) phase will 


be gauged away in the effective sigma model. This gives the correct number of 
degrees of freedom, namely, 2(N — 1). 
With this parametrization the string solution (4.3.1) can be rewritten as 


1 1 
g= n= Ido + Q1] + (G1 — $2) ¢ “ne — x) 
1 5 
A HRR = ¢ . n* = x) Eij 4 fna(r), 
1 Xj 
AY = wei = f(r) (4.4.4) 


where for brevity we suppress all SU(N) indices. The notation is self-evident. 
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Assume that the orientational moduli are slowly varying functions of the string 
world-sheet coordinates xg, k = 0,3. Then the moduli n! become fields of a (1+1)- 
dimensional sigma model on the world sheet. Since n’ parametrize the string zero 
modes, there is no potential term in this sigma model. 

To obtain the kinetic term we substitute our solution (4.4.4), which depends on 
the moduli n’, in the action (4.2.2), assuming that the fields acquire a dependence on 
the coordinates xg via n’ (xx). In doing so we immediately observe that we have to 
modify our solution: we have to include in it the k = 0, 3 components of the gauge 
potential which are no longer vanishing. In the CP(1) case, as was shown in [132], 
the potential Ag must be orthogonal (in the SU(2) space) to the matrix (4.4.2), as 
well as to its derivatives with respect to xz. Generalization of these conditions to 
the CP(N — 1) case leads to the following ansatz: 


ALU) — i [ayn -n* —n - &n* — 2n -n*(n*dn)] pr), a =0,3, (4.4.5) 
where we assume the contraction of the color indices inside the parentheses, 
(n* ðn) = ni ðn, 


and introduce a new profile function p(r). 

The function o(r) in Eq. (4.4.5) is determined through a minimization procedure 
[131, 132, 154] which generates p’s own equation of motion. Now we will outline 
its derivation. But at first we note that o(r) vanishes at infinity, 


pœ) = 0. (4.4.6) 


The boundary condition at r = 0 will be determined shortly. 

The kinetic term for n! comes from the gauge and quark kinetic terms in 
Eq. (4.2.2). Using Eqs. (4.4.4) and (4.4.5) to calculate the SU(N) gauge field 
strength we find 


pe) = (dn -n* +n- den*) £ij = fva[l - p(r)] 


xi dp(r) 


i} Onn -n* —n- Ogn* — 2n -n*(n*d — 
+ i[dn -n n- ogn n-n'(n Kn] = ae 


(4.4.7) 


In order to have a finite contribution from the term Tr F F in the action we have to 
impose the constraint 


p0) = 1. (4.4.8) 
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Substituting the field strength (4.4.7) in the action (4.2.2) and including, in addition, 
the quark kinetic term, after rather straightforward but tedious algebra we arrive at 


StD = 26 fa dz | (ðk n*ðk n) + (n* ðk n)’ }, (4.4.9) 
where the coupling constant $ is given by 


poe, (4.4.10) 


and J is a basic normalizing integral 


o9 d 2? 1] 2 2 
I =f rdr (Fo) + 3 Siva (12) 
2 
+g EG + $3) + (1 — p)(g2 — 6 | - (4.4.11) 


The theory in Eq. (4.4.9) is nothing but the two-dimensional CP(N — 1) model. 
To see that this is indeed the case we can eliminate the second term in (4.4.9) 
introducing a non-propagating U(1) gauge field. We review this in Section 4.4.3 
(see also Appendix B), and then discuss the underlying physics of the model. 

Thus, we obtain the CP(N — 1) model as an effective low-energy theory on the 
world sheet of the non-Abelian string. Its coupling constant £ is related to the four- 
dimensional coupling 85 via the basic normalizing integral (4.4.11). This integral 
must be viewed as an “action” for the profile function p. 

Varying (4.4.11) with respect to p one obtains the second-order equation which 
the function p must satisfy, namely, 


d? l d 
gra” rdr” 


l a2 83/49 42 85 2 
as) fial — p) + > (61 + b2)0 — 5 bi — 92) = 0. 
(4.4.12) 


After some algebra and extensive use of the first-order equations (4.2.11) one can 
show that the solution of (4.4.12) is 


Pee ne (4.4.13) 


This solution satisfies the boundary conditions (4.4.6) and (4.4.8). Substituting this 
solution back in the expression for the normalizing integral (4.4.11) one can check 
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that this integral reduces to a total derivative and is given by the flux of the string 
determined by fy 4(0) = 1. In this way we arrive at 


T=1. (4.4.14) 


This result can be traced back to the fact that our theory (4.2.2) is WV = 2 super- 
symmetric theory, and the string is BPS saturated. In Section 4.5 we will see that 
this fact is crucial for the interpretation of confined monopoles as sigma-model 
kinks. Generally speaking, for non-BPS strings, J could be a certain function of N 
(see Ref. [155] for a particular example). 

Equation (4.4.14) implies 


p= —. (4.4.15) 


The two-dimensional coupling is determined by the four-dimensional non-Abelian 
coupling. This relation is obtained at the classical level. In quantum theory both 
couplings run. Therefore, we have to specify a scale at which the relation (4.4.15) 
takes place. The two-dimensional CP(N — 1) model (4.4.9) is an effective low- 
energy theory appropriate for the description of internal string dynamics at low 
energies, lower than the inverse thickness of the string which is given by the masses 
of the gauge/quark multiplets (4.1.16) and (4.1.17) in the bulk SU(N) x U(1) theory. 
Thus, the parameter g./€ plays the role of a physical ultraviolet (UV) cut off in 
the action (4.4.9). This is the scale at which Eq. (4.4.15) holds. Below this scale, 
the coupling runs according to its two-dimensional renormalization-group flow, 
see Section 4.4.3. It is worth noting that if the bulk theory were not Higgsed the 
running law of the bulk theory would exactly match that of the CP(N — 1) model. 
Indeed, Eq. (4.4.15) implies that 


8 
(4nBcrw-1))o = (=) : (4.4.16) 
0 


To get the running couplings we must add —bcpiy—1) In(Mo/,2) on the left-hand 
side of Eq. (4.4.16) and —bsu(w) xu) In(Mo//) on the right-hand side. The coef- 
ficients of the two- and four-dimensional Gell-Mann—Low functions coincide, 
bepww-1) = Dsuwy) xua) = N. 

Thus — we repeat again — the model (4.4.9) describes the low-energy limit: all 
higher-order terms in derivatives are neglected. Quartic in derivatives, sextic, and 
so on, terms certainly exist. In fact, the derivative expansion runs in powers of 


(s2 gy: dos (4.4.17) 
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where g2./& gives the order of magnitude of masses in the bulk theory. The 
sigma model (4.4.9) is adequate at scales below g7./& where the higher-derivative 
corrections are negligibly small. 

To conclude this section let us narrow down the model (4.4.9) setting N = 2. In 
this case we deal with the CP(1) model equivalent to the O(3) sigma model. The 
action (4.4.9) can be represented as (see Appendix B) 


gt) — f fa dz (ðk S“)°, (4.4.18) 


where S“ (a = 1,2,3) is a real unit vector, (S“)* = 1, sweeping the two- 
dimensional sphere S2. It is defined as 


S? = —n*t“n. (4.4.19) 


The model (4.4.18), as an effective theory on the world sheet of the non-Abelian 
string in SU(2)xU(1) SQCD with VV = 2 supersymmetry, was first derived in 
[131] ina field-theoretical framework. This derivation was generalized for arbitrary 
N in [154]. A brane construction of (4.4.9) was presented in [130]. 


4.4.2 Fermion zero modes 


In Section 4.4.1 we derived the bosonic part of the effective N = 2 supersymmetric 
CP(N — 1) model. Now we will find fermion zero modes for the non-Abelian string. 
Inclusion of these modes into consideration will demonstrate that the internal world 
sheet dynamics is given by M = 2 supersymmetric CP(N — 1) model. This program 
was carried out in [132] for N = 2. Here we will focus on this construction. 

The string solution (4.4.4) in the SU(2) x U(1) theory reduces to 


ee u( oe he ) un}, 
A$) =- si T$ fva). 
Ai(x) = &ij = HO (4.4.20) 
while the parametrization (4.4.2) reduces to 
S?t! = UtîUT!, a= 1,2,3, (4.4.21) 


by virtue of Eq. (4.4.19). 
Our string solution is 1/2 BPS-saturated. This means that four supercharges, 
out of eight of the four-dimensional theory (4.1), act trivially on the string solution 
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(4.4.20). The remaining four supercharges generate four fermion zero modes which 
were termed supertranslational modes because they are superpartners to two trans- 
lational zero modes. The corresponding four fermionic moduli are superpartners 
to the coordinates xo and yo of the string center. The supertranslational fermion 
zero modes were found in Ref. [35] for the U(1) ANO string in V = 2 theory. 
This is discussed in detail in Appendix C, see Section C.3. Transition to the non- 
Abelian model at hand is absolutely straightforward. We will not dwell on this 
procedure here. 

Instead, we will focus on four additional fermion zero modes which arise 
only for the non-Abelian string, to be referred to as superorientational. They are 
superpartners of the bosonic orientational moduli $°. 

Let us see how one can explicitly construct these four zero modes (in CP(1)) and 
study their impact on the string world sheet. 

At N = 2 the fermionic part of the action of the model (4.1.7) is 


zf dx) Lie pet 4 £5 at jiy bivi 
Stem = | d*x ie + oR + Tr [yi Yy] + Tr | piyy 
2 1 
1 1 ee 
J: — cgs ee ay ae — Lt WA 
v2 f v2 j 
i 2 = . oe i pee SS 
+O [ara p + Apa! + Hina! +a Gs] 
i i > ~ ive Piao Sas 
Pi [ap asy) + haral + Ga alai) 
i ~ i - = 
TARER y lv a +a" v| PARA lv a +a" v| , (4.4.22) 
v2 l ) v2 l ) 
where we use the matrix color-flavor notation for the matter fermions (yk 
and (Ww) Ak. The traces in Eq. (4.4.22) are performed over the color-flavor indices. 
Contraction of spinor indices is assumed inside the parentheses, say, (AW) = Aq. 
As was mentioned in Section 4.2, the four supercharges selected by the conditions 
(4.2.17) act trivially on the BPS string in the theory with the FI term of the F type. 
To generate superorientational fermion zero modes the following method was used 
in [132]. Assume the orientational moduli S° in the string solution (4.4.20) to 
have a slow dependence on the world-sheet coordinates x9 and x3 (or t and z). 
Then the four (real) supercharges selected by the conditions (4.2.17) no longer act 
trivially. Instead, their action now generates fermion fields proportional to xo and 
x3 derivatives of S°. 
This is exactly what one expects from the residual M = 2 supersymmetry in 
the world sheet theory. The above four supercharges generate the world-sheet 
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supersymmetry in the M = 2 two-dimensional CP(1) model, 


5x4 =iVv2 [o + 183) S4 e2 + 6% SÌ (3o + 183) S° m|, 
5x4 =iv2 [o — 183) S4 e1 + 87° SÈ (a — i83) S° m|. (4.4.23) 
Here xg (a = 1,2 is the spinor index) are real two-dimensional fermions of the 


CP(1) model. They are superpartners of S° and are subject to the orthogonality 
condition (see Appendix B) 


Sx, = 0, (4.4.24) 
The real parameters of the M = 2 two-dimensional SUSY transformations 


Eq and nq are identified with the parameters of the four-dimensional SUSY 
transformations (with the constraint (4.2.17)) as follows: 


1 
e)—in = Ae +e”) = V2, 

1 
69 +im = zE ey = V2", (4.4.25) 


In this way the world-sheet supersymmetry was used to re-express the fermion 
fields obtained upon the action of these four supercharges in terms of the (1 + 1)- 
dimensional fermions. This procedure gives us the superorientational fermion zero 
modes [132], 


T, te 1 . abc c 
War = (5). FA Cr = 5) [xs + ie gh X2 | 
i TÈ i 1 » Upe Cc 
WA = (5) ra — $5) [x — ith SP xi |, 


Vaki =0, we" = 0, 


ix, tix2 OI . 
HO me twa [xt — 10? xf] 


i x1 — 1x2 hı : 
yall = 3 z SNA [xs + jebe gh xs, 
yal2 — gall y a2 _ 22, (4.4.26) 


where the dependence on x; is encoded in the string profile functions, see 
Eq. (4.4.20). 
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Now let us directly check that the zero modes (4.4.26) satisfy the Dirac equations 
of motion. From the fermion action of the model (4.4.22) we get the Dirac 
equations for àf, 


T i 3 wpe 
nfs on (prigl 4afrtb) =0. (4.4.27) 
abel + Tate (beta! +a h) 


At the same time, for the matter fermions, 


i 
v2 
i 


V2 


iyi + — [apf - gpa + (a -att | =0, 


ive + [asa f AAt) + aH a't" )y | =0. (4.4.28) 
Next, we substitute the orientational fermion zero modes (4.4.26) into these 
equations. After some algebra one can check that (4.4.26) do satisfy the Dirac 
equations (4.4.27) and (4.4.28) provided the first-order equations for the string 
profile functions (4.2.11) are satisfied. 

Furthermore, it is instructive to check that the zero modes (4.4.26) do produce 
the fermion part of the M = 2 two-dimensional CP(1) model. To this end we return 
to the usual assumption that the fermion collective coordinates x“ in Eq. (4.4.26) 
have an adiabatic dependence on the world-sheet coordinates x, (k = 0,3). This 
is quite similar to the procedure of Section 4.4.1 for bosonic moduli. Substituting 
Eq. (4.4.26) in the fermion kinetic terms in the bulk theory (4.4.22), and taking 
into account the derivatives of xg with respect to the world-sheet coordinates, we 
arrive at 


1 1 
B J dtdz l xï (3o — i33) xÝ + 5 x3 (ðo + 193) is}, (4.4.29) 


where is given by the same integral (4.4.15) as for the bosonic kinetic term, see 
Eq. (4.4.18). 

Finally we must discuss the four-fermion interaction term in the CP(1) model. We 
can use the world sheet M = 2 supersymmetry to reconstruct this term. The SUSY 
transformations in the CP(1) model have the form (see e.g. [156] for a review) 


Sx = iv2 (1 +193) S* e2 — V2e1 S*(x? x8), 
8x4 = iv2 (8) — 185) S* e1 + V2e0 S’ (x? x2), 
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where we put 7, = O for simplicity. Imposing this supersymmetry leads to the 
following effective theory on the string world sheet 


1 1 
Scpa) = B J dtdz [oso ta xf i(ðo — ið3) xf 


1 : . a 1 a.a 
t5 x3 i(ðo + i33) x5 — 5% at (4.4.31) 


This is indeed the action of the M = 2 CP(1) sigma model in its entirety. 


4.4.3 Physics of the CP(N — 1) model with N = 2 


As is quite common in two dimensions, the Lagrangian of our effective theory 
on the string world sheet can be cast in many different (but equivalent) forms. In 
particular, the M = 2 supersymmetric CP(N — 1) model (4.4.9) can be understood 
as a strong-coupling limit of a U(1) gauge theory [157]. Then the bosonic part of 
the action takes the form 


1 1 
f= [es {26 [Vent |? + re + zalol? 
+48 |o |? Inf? + 2e? B? (nf? — | , (4.4.32) 


where Vg = ðk — i Ag while ø is a complex scalar field. The condition (4.4.3) is 
implemented in the limit e? —> oo. Moreover, in this limit the gauge field Ax and its 
N = 2 bosonic superpartner o become auxiliary and can be eliminated by virtue 
of the equations of motion, 


Ap -5 nš dené, o =0. (4.4.33) 


Substituting Eq. (4.4.33) in the Lagrangian, we can readily rewrite the action in the 
form (4.4.9). 

The coupling constant 8 is asymptotically free [158]. The running coupling, as 
a function of energy E, is given by the formula 


E 
47x6 = N In —, (4.4.34) 
Ao 
where A, is a dynamical scale of the sigma model. The ultraviolet cut off of the 
sigma model on the string world sheet is determined by g2./. Equation (4.4.15) 
relating the two- and four-dimensional couplings is valid at this scale. Hence, 


82 


AN = pNete 2 = Aw (4.4.35) 


o> 
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Here we take into account Eq. (4.1.20) for the dynamical scale Asun) of the 
SU(N) factor of the bulk theory. Note that in the bulk theory per se, because of 
the VEV’s of the squark fields, the coupling constant is frozen at g2./&; there are 
no logarithms below this scale. The logarithms of the string world-sheet theory 
take over. Moreover, the dynamical scales of the bulk and world-sheet theories turn 
out to be the same! We will explain the reason why the dynamical scale of the 
(1 + 1)-dimensional effective theory on the string world sheet is identical to that 
of the SU(N) factor of the (3 + 1)-dimensional gauge theory later, in Section 4.6. 

The CP(N — 1) model was solved by Witten in the large-N limit [159]. We will 
briefly summarize Witten’s results and translate them in terms of strings in four 
dimensions [132]. 

Classically the field n“ can have arbitrary direction; therefore, one might naively 
expect a spontaneous breaking of SU(N) and the occurrence of massless Goldstone 
modes. Well, the Coleman theorem [160] teaches us that this cannot happen in two 
dimensions. Quantum effects restore the symmetry. Moreover, the condition (4.4.3) 
gets in effect relaxed. Due to strong coupling we have more degrees of freedom than 
in the original Lagrangian, namely all N fields n become dynamical and acquire 
masses Ag. 

As was shown by Witten [159], the model has N vacua. These N vacua differ 
from each other by the expectation value of the chiral bifermion operator, see e.g. 
[156]. At strong coupling the chiral condensate is the order parameter. The U(1) 
chiral symmetry of the CP(V — 1) model is explicitly broken to a discrete Z2y 
symmetry by the chiral anomaly. The fermion condensate breaks Z2y down to Z2. 
That’s the origin of the N-fold degeneracy of the vacuum state. 

The physics of the model becomes even more transparent in the mirror repre- 
sentation which was established [120] for arbitrary N. In this representation one 
describes the CP(N — 1) model in terms of the Coulomb gas of instantons (see [161] 
where this was done for non-supersymmetric CP(1) model) to prove its equivalence 
to an affine Toda theory. The CP(N — 1) model (4.4.32) is dual to the following 
N = 2 affine Toda model [120, 162, 61, 163], 


N- 


Smirror = [es do d’6 B 1¥ 


N-1 


N 
+ fa o | Pxao a exp (Y;) + | | exp(- ro) +H.c. l (4.4.36) 


i=1 


Here the last term is a dual instanton-induced superpotential. In fact, the exact 
form of the kinetic term in the mirror representation is not known because it is not 
protected from quantum correction in 6. However the superpotential in (4.4.36) 
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is exact. Since the vacuum structure is entirely determined by the superpotential 
(4.4.36), one immediately confirms Witten’s statement of N vacua. 

Indeed, the scalar potential of this affine Toda theory has N minima. For example, 
for N = 2 this theory becomes M = 2 supersymmetric sine-Gordon theory with 
scalar potential 


Vso = 6 Apa Isinh y|?, (4.4.37) 
T 
which obviously has two minima, at y = 0 and y = ix (warning: the points 
y =ix and y = —ix must be identified; they present one and the same vacuum). 
This mirror model explicitly exhibits a mass gap of the order of A,. It shows that 
there are no Goldstone bosons (corresponding to the absence of the spontaneous 
breaking of the SU(N )c+r symmetry). In terms of strings in the four-dimensional 
bulk theory, this means, in turn, that the magnetic flux orientation in the target space 
has no particular direction, it is smeared all over. The N vacua of the world-sheet 
theory (4.4.32) are heirs of the N “elementary” non-Abelian strings of the bulk 
theory. Note that these strings are in a highly quantum regime. They are not the Zy 
strings of the quasiclassical U(1)‘—! theory since n°‘ is not aligned in the vacuum. 
Hori and Vafa originally derived [120] the mirror representation for the CP(N — 1) 
model in the form of the Toda model. Since then other useful equivalent represen- 
tations were obtained, and they were expanded to include the so-called twisted 
masses of which we will speak in Section 4.4.4 and subsequent sections. A particu- 
larly useful mirror representation of the twisted-mass-deformed CP(N — 1) model 
was exploited by Dorey [30]. 


4.4.4 Unequal quark masses 


The fact that we have N distinct vacua in the world sheet theory — N distinct elemen- 
tary strings —is not quite intuitive in the above consideration. This is understandable. 
At the classical level the M = 2 two-dimensional CP(N — 1) sigma model is char- 
acterized by a continuous vacuum manifold. This is in one-to-one correspondence 
with continuously many strings parametrized by the moduli n. The continuous 
degeneracy is lifted only after quantum effects are taken into account. These quan- 
tum effects become crucial at strong coupling. Gone with this lifting is the moduli 
nature of the fields nt. They become massive. This is difficult to grasp. 

To make the task easier and to facilitate contact between the bulk and world sheet 
theories, it is instructive to start from a deformed bulk theory, so that the string mod- 
uli are lifted already at the classical level. Then the origin of the N-fold degeneracy 
of the non-Abelian strings becomes transparent. This will help us understand, in an 
intuitive manner, other features listed above. After this understanding is achieved, 
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nothing prevents us from returning to our problem — strings with non-Abelian 
moduli at the classical level — by smoothly suppressing the moduli-breaking defor- 
mation. The N-fold degeneracy will remain intact as it follows from the Witten 
index [123]. 

Thus, let us drop the assumption (4.1.13) of equal mass terms and introduce 
small mass differences. With unequal quark masses, the U(N) gauge group is 
broken by the condensation of the adjoint scalars down to U(1)", see (4.1.11). Off- 
diagonal gauge bosons, as well as the off-diagonal fields of the quark matrix q*4, 
(together with their fermion superpartners) acquire masses proportional to various 
mass differences (ma — mg). The effective low-energy theory contains now only 
diagonal gauge and quark fields. The reduced action suitable for the search of the 
string solution takes the form 


1 2 1 2 
s= | dx} — (Fh) +- (F, 
J | 49? uv 4g? ( uv) 

g 
8 
where the index h = 1,...,(N — 1) runs over the Cartan generators of the gauge 
group SU(N), while the matrix g*4 is reduced to its diagonal components. 

The same steps which previously lead us to Eqs. (4.2.10) now give the first-order 
string equations in the Abelian model (4.4.38), 


2 
g 7 2 2 
eT (paT"o) + (194? z Né) (4.4.38) 


2 
Fy! + 93 (GaT"9*) =0, 
(Vi tiV2)94 =0. (4.4.39) 


As soon as the Z y-string solutions (4.2.6) have a diagonal form, they automatically 
satisfy the above first-order equations. 

However, the Abelian Zy strings (4.2.6) are now the only solutions to these 
equations. The family of solutions is discrete. The global SU(V)c+F group is 
broken down to U(1)"~! by the mass differences, and the continuous CP(N — 1) 
moduli space of the non-Abelian string is lifted. In fact, the vector n“ gets fixed in 
N possible positions, 


nf = 5, gy =1,...,N. (4.4.40) 


These N solutions correspond to the Abelian Zy strings, see (4.2.6) and (4.4.4). If 
the mass differences are much smaller than ,/é the set of parameters nf becomes 
quasimoduli. 
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Now, our aim is to derive an effective two-dimensional theory on the string world 
sheet for unequal quark mass terms. With small mass differences we will still be able 
to introduce orientational quasimoduli n°. In terms of the effective two-dimensional 
theory on the string world sheet, unequal masses lead to a shallow potential for the 
quasimoduli n“. Let us derive this potential. 

Below we will review the derivation carried out in [132] in the SU(2)xU(1) 
model. The case of general N is considered in [133]. In the N = 2 case two 
minima of the potential at S = {0, 0, +1} correspond to two distinct Z2 strings. 

We start from the expression for the non-Abelian string in the singular gauge 
(4.4.20) parametrized by the moduli S“, and substitute it in the action (4.1.7). The 
only modification we actually have to make is to supplement our ansatz (4.4.20) 
by that for the adjoint scalar field af; the neutral scalar field a will stay fixed at its 
vacuum expectation value a = —/2m. 

At large r the field a“ tends to its VEV aligned along the third axis in the color 
space, 


eee”. Mea ET (4.4.41) 
= JD’ = mMm] 25 oT. 


see Eq. (4.1.11). At the same time, at r = 0 it must be directed along the vector 
S°. The reason for this behavior is easy to understand. The kinetic term for a“ 
in Eq. (4.1.7) contains the commutator term of the adjoint scalar and the gauge 
potential. The gauge potential is singular at the origin, as is seen from Eq. (4.4.20). 
This implies that a“ must be aligned along S“ atr = 0. Otherwise, the string tension 
would become divergent. The following ansatz for a° ensures this behavior: 


e aie [sb + S¢ 3 (1 —bd)]. (4.4.42) 
JI 


Here we introduced a new profile function b(r) which, as usual, will be determined 
from a minimization procedure. Note that at S“ = (0,0, +1) the field a° is given 
by its VEV, as expected. The boundary conditions for the function b(r) are 


b(œ)=1, b(0)=0. (4.4.43) 


Substituting Eq. (4.4.42) in conjunction with (4.4.20) in the action (4.1.7) we get 
the potential 


Am? 


5 (1 — s$), (4.4.44) 


Vcera) = y [as 
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where y is given by the integral 


_ 2x ce 


y = 
85 Jo 


d ee | 
rdr (iuo) F 3 SNA b2 
1 
+g E (1 — b)? ($7 +. $3) +b (G1 — wy . (4.4.45) 


Here two first terms in the integrand come from the kinetic term of the adjoint scalar 
field a“ while the term in the square brackets comes from the potential in the action 
(4.1.7). 

Minimization with respect to b(r), with the constraint (4.4.43), yields 


Qı 


bír) =1—p(r) = 5 (r), (4.4.46) 


2 
cf. Eqs. (4.4.11) and (4.4.13). Thus, 
2 2 
yeIx al, (4.4.47) 
g g 


We see that the normalization integrals are the same for both the kinetic and the 
potential terms in the world-sheet sigma model, y = £. As a result we arrive at the 
following effective theory on the string world sheet: 


2 
Scea) = B l d’x jaso? + amr (1 - sp]. (4.4.48) 


This is the only functional form that allows M = 2 completion.? See also 
Section 3.5. 

The fact that we obtain this form shows that our ansatz is fully adequate. The 
informative aspect of the procedure is (i) confirmation of the ansatz (4.4.42) and 
(ii) constructive calculation of the constant in front of (1 — S3) in terms of the bulk 
parameters. The mass-splitting parameter Am of the bulk theory exactly coincides 
with the twisted mass of the world-sheet model. 

The CP(1) model (4.4.48) has two vacua located at S = (0, 0, £1), see Fig. 3.11. 
Clearly these two vacua correspond to two elementary Z2 strings. 

For generic N the potential in the CP(N — 1) model was obtained in [133]. It 
has the form 


Vepw—1) = 2B ps ñen? — 
£ 


X ñen"? 
£ 


? Note, that although the global SU(2)c4 p is broken by Am, the extended M = 2 supersymmetry is not. 


2 
; (4.4.49) 
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where 


1 
ne = me — m, = Sec N: 4.4.50 
me=me—m, m nome ( ) 


From the perspective of the bulk theory the index £ of the CP(N — 1) model 
coincides with the flavor index, £ = A. The above potential has N vacua (4.4.40) 
which correspond to N distinct Zy strings in the bulk theory. 

The CP(N — 1) model with the potential (4.4.49) is nothing but a bosonic 
truncation of the M = 2 two-dimensional sigma model which was termed the 
twisted-mass-deformed CP(N — 1) model. This is a generalization of the massless 
CP(N — 1) model which preserves four supercharges. Twisted chiral superfields in 
two dimensions were introduced in [32] while the twisted mass as an expectation 
value of the twisted chiral multiplet was suggested in [31]. CP(V — 1) models with 
twisted mass were further studied in [30] and, in particular, the BPS spectra in these 
theories were determined exactly. 

From the bulk theory standpoint the two-dimensional CP(N — 1) model is an 
effective world sheet theory for the non-Abelian string, and the emergence of VV = 2 
supersymmetry should be expected. As we know, the BPS nature of the strings under 
consideration does require the world sheet theory to have four supercharges. 

The twisted-mass-deformed CP(N — 1) model can be nicely rewritten as a strong 
coupling limit of a U(1) gauge theory [30]. With twisted masses of the n° fields 
taken into account, the bosonic part of the action (4.4.32) becomes 


1 1 
S= [es {26 |Ven® |? + ga + aloo!” 


~ 12 
me £)2 2 p2/1,,€)2 2 

— | |n| +2e (n| — 1). (4.4.51) 
Z í 


o — 


+46 


In the limit e? —> 00 the ø field can be excluded by virtue of an algebraic equation 
of motion which leads to the potential (4.4.49). 

As was already mentioned, this sigma model gives an effective description of 
our non-Abelian string at low energies, i.e. at energies much lower than the inverse 
string thickness. Typical momenta in the theory (4.4.51) are of the order of m. 
Therefore, for the action (4.4.51) to be applicable we must impose the condition 


|e] K govVé. (4.4.52) 


The description in terms of the twisted-mass-deformed CP(N — 1) model gives us 
a much better understanding of dynamics of the non-Abelian strings. If masses m¢ 
are much larger than the scale of the CP(N — 1) model A,, the coupling constant 6 
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is frozen at a large scale (of the order of m,) and the theory is at weak coupling. 
Semiclassical analysis is applicable. The theory (4.4.51) has N vacua located at 


Teo 
Wom 
They correspond to the Abelian Zy strings of the bulk theory, see (4.4.4). As we 
reduce the mass differences me and hit the value A,, the CP(N — 1) model under 
consideration enters the strong coupling regime. At me = 0 the global SU(N) c+F 
symmetry of the bulk theory is restored. Now n“ has no particular direction. The 
condition (4.4.3) is relaxed. Still we have N vacua in the world sheet theory (Wit- 
ten’s index!). They are seen in the mirror description, see Section 4.4.3. These vacua 
correspond to N elementary non-Abelian strings in the strong coupling quantum 
regime. Thus, we see that for the BPS strings the transition from the Abelian to 
non-Abelian regimes is smooth. As we will discuss in Chapter 5, this is not the case 
for non-BPS strings. In the latter case the two regimes are separated by a phase 
transition [154, 164]. 


nt =8 o= lo =1,...,N. (4.4.53) 
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Our bulk theory (4.1.7) is in the Higgs phase and therefore the magnetic monopoles 
of this theory must be in the confinement phase. If we start from a theory with the 
SU(N + 1) gauge group broken to SU(N) x U(1) by condensation of the adjoint 
scalar a from which the theory (4.1.7) emerges, the monopoles of the SU(N + 1)/ 
SU(N) x U(1) sector can be attached to the endpoints of the Zy strings under 
consideration. In the bulk theory (4.1.7) these monopoles are infinitely heavy at 
m —> œ, and hence the Zy strings are stable. However, the monopoles residing in 
the SU(N) gauge group are still present in the theory (4.1.7). As we switch on the 
FI parameter &, the squarks condense triggering confinement of these monopoles. 
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In this section we will show that these monopoles manifest themselves as string 
junctions of the non-Abelian strings and are seen as kinks in the world sheet theory 
interpolating between distinct vacua of the CP(N — 1) model [165, 132, 133]. 

Our task in this section is to trace the evolution of the confined monopoles 
starting from the quasiclassical regime, and deep into the quantum regime. For 
illustrative purposes it will be even more instructive if we started from the limit 
of weakly confined monopoles, when in fact they present just slightly distorted 
’t Hooft—Polyakov monopoles (Fig. 4.3). 

Let us start from the limit |Am,g| >> vÉ and assume all mass differences to be 
of the same order. In this limit the scalar quark expectation values can be neglected, 
and the vacuum structure is determined by VEV’s of the adjoint field a%, see (4.1.11). 
In the non-degenerate case the gauge symmetry SU(N) of our bulk model is broken 
down to U(1)‘~! modulo possible discrete subgroups. This is the textbook situation 
for occurrence of the SU(N) ’t Hooft—Polyakov monopoles. The monopole core 
size is of the order of |Am,g|~!. The ’t Hooft—Polyakov solution remains valid up 
to much larger distances, of the order of €~'/*. At distances larger than ~ &~!/2 
the quark VEV’s become important. As usual, the U(1) charge condensation leads 
to the formation of the U(1) magnetic flux tubes, with the transverse size of the 
order of €~!/* (see the upper picture in Fig. 4.3). The flux is quantized; the flux 
tube tension is tiny in the scale of the square of the monopole mass. Therefore, what 
we deal with in this limit is basically a very weakly confined °t Hooft-Polyakov 
monopole. 

Let us verify that the confined monopole is a junction of two strings. Consider 
the junction of two Zy strings corresponding to two “neighboring” vacua of the 
CP(N — 1) model. For the £ọ-th vacuum n° is given by (4.4.53) while for the 
£o + 1-th vacuum it is given by the same equations with fg —> £o + 1. The flux 
of this junction is given by the difference of the fluxes of these two strings. Using 
(4.4.4) we get that the flux of the junction is 


1 
4r x dago es 0, 1, —1, 0, ...}, (4.5.1) 


with the nonvanishing entries located at positions £o and £9 + 1. These are exactly 
the fluxes of N — 1 distinct ’t Hooft—-Polyakov monopoles occurring in the SU(N) 
gauge theory provided that SU(N) is spontaneously broken down to U(1)~!. For 
instance, in U(2) theory the junction of two Z2 strings is shown in Fig. 4.2. 

We see that in the quasiclassical limit of large | Am,4p| the Abelian monopoles 
play the role of junctions of the Abelian Zy strings. Note that in various models the 
monopole fluxes and those of strings were shown to match each other [166, 167, 
168, 169, 140, 170, 171] so that the monopoles can be confined by strings in the 
Higgs phase. 
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Figure 4.2. The junction of two distinct Z2 strings in the U(2) theory. 
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Figure 4.3. Evolution of the confined monopoles. 


Now, let us reduce | Am 43]. If this parameter is limited inside the interval 
A «|Amasl « VE, (4.5.2) 


the size of the monopole (~ |Am,g |71) becomes larger than the transverse size 
of the attached strings. The monopole gets squeezed in earnest by the strings — it 
becomes a bona fide confined monopole (the lower left corner of Fig. 4.3). A natural 
question is how this confined monopole is seen in the effective two-dimensional 
CP(N — 1) model (4.4.51) on the string world sheet. Since the Zy strings of the bulk 
theory correspond to N vacua of the CP(N — 1) model the string junction (confined 
monopole) is a “domain wall” — kink — interpolating between these vacua, see 
Fig. 3.11. 

Below we will explicitly demonstrate that in the semiclassical regime (4.5.2) the 
solution for the string junction in the bulk theory is in one-to-one correspondence 
with the kink in the world sheet theory. Then we will show that the masses of 
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the monopole and kink perfectly match. This was demonstrated in [132] in the 
N = 2 case. 


4.5.1 The first-order master equations 


In this section we derive the first-order equations for the 1/4-BPS junction of the Z y 
strings in the SU(V) x U(1) theory in the quasiclassical limit (4.5.2). In this limit 
Am 4g is sufficiently small so that we can use our effective low-energy description 
in terms of the twisted-mass-deformed CP(N — 1) model (4.4.51). On the other 
hand, Am 4 z is much larger than the dynamical scale of the CP(N —1) model; hence, 
the latter is in the weak coupling regime which allows one to apply quasiclassical 
treatment. 

The geometry of our junction is shown in the left corner of Fig. 4.3. Both strings 
are stretched along the z axis. We assume that the monopole sits near the origin, 
the nt = 50-string is at negative z while the nf = 540+!)-string is at positive z. 
The perpendicular plane is parametrized by x; and x2. What is sought for is a static 
solution of the BPS equations, with all relevant fields depending only on x1, x2 
and z. 

Ignoring the time variable we can represent the energy functional of our theory 
(4.2.2) as follows (the Bogomol’nyi representation [5]): 


1 1 2 
= dex Fre Ringer 7, re A FE ar 
/ E: i 5 AA £ ) 2 


+| p ~(\p4|? — 28) + + dina 
V281 f3 5 81 
1 2 


FY? + iF3*) + (Di +iD2)a* 


2 


4i 
8? 


Fi +iF3) + (0: +id2)a 


—( 
2. 
+ |V: p^ + iV2 y4|? 


+ 


1 2 

V39" + —(a"t" +a + Yims)" (4.5.3) 
v2 

plus surface terms. As compared to the Bogomol’nyi representation (4.2.9) for 

strings we keep here also terms involving the adjoint fields. Following our con- 

ventions we assume the quark mass terms to be real implying that the vacuum 
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expectation values of the adjoint scalar fields are real too. The surface terms 
mentioned above are 


Esurface = Ẹ J dx F3 + V2 J d’x (a) 


Z= 


[0.0] EG 


ay 
base 85 


J dSn F*°, (4.5.4) 


where the integral in the last term runs over a large two-dimensional sphere at 
X? — oo. The first term on the right-hand side is related to strings, the second to 
domain walls, while the third to monopoles (or the string junctions). 

The Bogomol’nyi representation (4.5.3) leads us to the following first-order 
equations: 


F* +i FX + V2(0; + id2)a = 0, 

FeO +i FR + /2(D1 +iD2)a% = 0, 
2 

F3 + 1(|o4? — 28) + v2 a30 =0, 
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2 


1 
V394 = NE +atvV2ma)9*, 


F4 (pato) + V2 Dia? =0, 


(Vi +iV2)94 =0. (4.5.5) 


These are our master equations. Once these equations are satisfied the energy of 
the BPS object is given by Eq. (4.5.4). 

Let us discuss the central charges (the surface terms) of the string, domain wall 
and monopole in more detail. Say, in the string case, the three-dimensional integral 
in the first term in Eq. (4.5.4) gives the length of the string times its flux. In the wall 
case, the two-dimensional integral in the second term in (4.5.4) gives the area of 
the wall times its tension. Finally, in the monopole case the integral in the last term 
in Eq. (4.5.4) gives the magnetic-field flux. This means that the first-order master 
equations (4.5.5) can be used to study strings, domain walls, monopoles and all 
their possible junctions. 

It is instructive to check that the wall, the string and the monopole solutions, 
separately, satisfy these equations. For the domain wall this check was done in 
[37] where we used these equations to study the string-wall junctions (we review 
this in Chapter 9). Let us consider the string solution. Then the scalar fields 
a and a“ are given by their VEV’s. The gauge flux is directed along the z axis, 
so that F} = Fy = Fi“ = Fy* = 0. All fields depend only on the perpendicular 
coordinates x; and x2. As a result, the first two equations and the fifth one in (4.5.5) 
are trivially satisfied. The third and the fourth equations reduce to the first two 
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equations in Eq. (4.2.10). The last equation in (4.5.5) reduces to the last equation 
in (4.2.10). 

Now, turn to the monopole solution. The °t Hooft-Polyakov monopole equations 
[105, 106] arise from those in Eq. (4.5.5) in the limit £ = 0. Then all quark fields 
vanish, and Eq. (4.5.5) reduces to the standard first-order equations for the BPS 
’t Hooft—Polyakov monopole (see Section 3.4), 


FX* +/2 Da =0. (4.5.6) 


The U(1) scalar field a is given by its VEV while the U(1) gauge field vanishes. 
Now, Eq. (4.5.4) shows that the central charge of the SU(2) monopole is deter- 

mined by (af) which is proportional to the quark mass difference, see (4.1.11). 

Thus, for the monopole on the Coulomb branch (i.e. at € = 0) Eq. (4.5.4) yields 


a4 Ar (mey+1 a Mey) 


Mu 
85 


(4.5.7) 


This coincides, of course, with the Seiberg—Witten result [2] in the weak coupling 
limit. As we will see shortly, the same expression continues to holdevenif Amg < 
/& (provided that Am 4g is still much larger than Asuvy))- An explanation will be 
given in Section 4.6. 

The Abelian version of the first-order equations (4.5.5) were derived in Ref. 
[142] where they were exploited to find the 1/4 BPS-saturated solution for the wall- 
string junction. The non-Abelian equations (4.5.5) in the SU(2) x U(1) theory were 
derived in [165] where the confined monopoles as string junctions were considered 
at Am +Æ 0. Then the non-Abelian equations (4.5.5) were extensively used in the 
analysis [37] of the wall-string junctions in the problem of non-Abelian strings 
ending on a stack of domain walls. Next, Eqs. (4.5.5) for the confined monopoles 
as string junctions were solved in [132] in the SU(2) x U(1) theory. Below we 
will review this solution. Later all 1/4 BPS solutions for junctions (in particular, 
semilocal string junctions) were found in [172]. 


4.5.2 The string junction solution in the quasiclassical regime 


Now we will apply our master equations at N = 2 in order to find the junction 
of the $° = (0,0,1) and S* = (0,0, —1)-strings via an SU(2) monopole in the 
quasiclassical limit. We assume that the S* = (0, 0, 1)-string is at negative z, while 
the S* = (0,0, —1)-string is at positive z. We will show that the solution of the 
BPS equations (4.5.5) of the four-dimensional bulk theory is determined by the 
kink solution in the two-dimensional sigma model (4.4.48). 

To this end we will look for the solution of equations (4.5.5) in the follow- 
ing ansatz. Assume that the solution for the string junction is given, to the 
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leading order in Am/./E, by the same string configuration (4.4.20), (4.4.5) and 
(4.4.42) which we dealt with previously (in the case Am 4 0) with S° slowly 
varying functions of z, to be determined below, replacing the constant moduli 
vector S°. 

Now the functions S“(z) satisfy the boundary condition 


S“(—oo) = (0,0, 1), (4.5.8) 
while 
Sf (œ) = (0,0, —1). (4.5.9) 


This ansatz corresponds to the non-Abelian string in which the vector $° 
slowly rotates from (4.5.8) at z — —oo to (4.5.9) at z — oo. We will 
show that the representation (4.4.20), (4.4.5) and (4.4.42) solves the mas- 
ter equations (4.5.5) provided the functions S“(z) are chosen in a special 
way. 

Note that the first equation in (4.5.5) is trivially satisfied because the field a is 
constant and F* = Fy = 0. The last equation reduces to the first two equations 
in (4.2.11) because it does not contain derivatives with respect to z and, therefore, 
is satisfied for arbitrary functions S“(z). The same remark applies also to the third 
equation in Eq. (4.5.5), which reduces to the third equation in (4.2.11). 

Let us inspect the fifth equation in Eq. (4.5.5). Substituting our ansatz in this 
equation and using the formula (4.4.13) for o we find that this equation is satisfied 
provided S“(z) are chosen to be the solutions of the equation 


a354 = Am(s® — S“S°). (4.5.10) 


Below we will show that these equations are nothing but the first-order kink 
equations in the massive CP(1) model. 

By the same token, we can consider the second equation in (4.5.5). Upon substi- 
tuting there our ansatz, it reduces to Eq. (4.5.10) too. Finally, consider the fourth 
equation in (4.5.5). One can see that in fact it contains an expansion in the param- 
eter Am?/&. This means that the solution we have just built is not exact; it has 
corrections of the order of O (Am?/£). To the leading order in this parameter the 
fourth equation in (4.5.5) reduces to the last equation in (4.2.11). In principle, one 
could go beyond the leading order. Solving the fourth equation in (4.5.5) in the 
next-to-leading order would allow one to determine O(Am7/é) corrections to our 
solution. 

Let us dwell on the meaning of Eq. (4.5.10). This equation is nothing but the 
equation for the kink in the CP(1) model (4.4.48). To see this let us write the 
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Bogomol’nyi representation for kinks in the model (4.4.48). The energy functional 
can be rewritten as 


ra? fal 


The above representation implies the first-order equation (4.5.10) for the BPS- 
saturated kink. It also yields 26 Am for the kink mass. 

Thus, we have demonstrated that the solution describing the junction of the 
S° = (0,0, 1) and S* = (0,0,—1) Z2 strings is given by the non-Abelian string 
with a slowly varying orientation vector S°. The variation of S° is described in terms 
of the kink solution of the (1 + 1)-dimensional CP(1) model with the twisted mass. 

In conclusion, we would like to match the masses of the four-dimensional mono- 
pole and two-dimensional kink. The string mass and that of the string junction is 
given by the first and the last terms in the surface energy (4.5.4) (the second term 
vanishes). The first term obviously reduces to 


2 
0,5 — Am (0° = s*s?)| 4+2Am as*}, (4.5.11) 


Mestring =27é L, (4.5.12) 


i.e. proportional to the total string length L. Note that both the S = (0,0, 1) and 
S° = (0,0, —1) strings have the same tension (4.2.12). The third term should give 
the mass of the the monopole. The surface integral in this term reduces to the flux 
of the $° = (0,0, —1)-string at z —> oo minus the flux of the $° = (0, 0, 1)-string 
atz > —oo. The F*? flux of the S° = (0,0, —1)-string is 27 while the F* flux 
of the S° = (0,0, 1)-string is —27 . Thus, taking into account Eq. (4.1.11), we get 


4r 
My = — Am. (4.5.13) 
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Note, that although we discuss the monopole in the confinement phase at |Am| < 
vÆ (in this phase it is a junction of two strings), nevertheless the Am and 8g 
dependence ofits mass coincides with the result (4.5.7) for the unconfined monopole 
on the Coulomb branch (i.e. at € = 0). This is no accident — there is a deep 
theoretical reason explaining the validity of this unified formula. A change occurs 
only in passing to a highly quantum regime depicted in the right lower corner of 
Fig. 4.3. We will discuss this regime shortly in Section 4.5.3. 

It is instructive to compare Eq. (4.5.13) with the kink mass in the effective CP(1) 
model on the string world sheet. As was mentioned, the surface term in Eq. (4.5.11) 
gives 


Mink = 2 8 Am. (4.5.14) 
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Now, expressing the two-dimensional coupling constant £ in terms of the coupling 
constant of the microscopic theory, see Eq. (4.4.15), we obtain 


4r 
Mkink = — Am, (4.5.15) 
2 
thus verifying that the four-dimensional calculation of M m and the two-dimensional 
calculation of Mxink yield the same, 


Mm = Mxinx. (4.5.16) 


Needless to say, this is in full accordance with the physical picture that emerged 
from our analysis, that the two-dimensional CP(1) model is nothing but the macro- 
scopic description of the confined monopoles occurring in the four-dimensional 
microscopic Yang—Mills theory. Technically the coincidence of the monopole and 
kink masses is based on the fact that the integral in the definition (4.4.10) of the 
sigma-model coupling £ reduces to unity. 


4.5.3 The strong coupling limit 


Here we will consider the limit of small Amg, when the effective world sheet 
theory develops a strong coupling regime. For illustrative purposes we will consider 
the simplest case, N = 2. Generalization to generic N is straightforward. 

As we further diminish |Am| approaching A, and then send Am to zero we 
restore the global SU(2)c4# symmetry. In particular, on the Coulomb branch, 
the SU(2) x U(1) gauge symmetry is restored. In this limit the monopole size 
grows, and, classically, it would explode. Moreover, the classical formula (4.5.13) 
interpreted literally shows that the monopole mass vanishes (see the discussion of 
the so-called “monopole clouds” in [112] for a review of the long-standing issue of 
understanding what becomes of the monopoles upon restoration of the non-Abelian 
gauge symmetry). Thus, classically one would say that the monopoles disappear. 

That’s where quantum effects on the confining string take over. As we will explain 
below, they materialize the confined non-Abelian monopole as a well-defined stable 
object [132]. 

While the string thickness (in the transverse direction) is ~ £7 '/2 the z-direction 
size of the kink representing the confined monopole in the highly quantum regime 
is much larger, ~ Ash; see the lower right corner in Fig. 4.3. Still, it remains finite 
in the limit Am — 0, stabilized by non-perturbative effects in the world sheet 
CP(1) model. This is due to the fact that the CP(V — 1) models develop a mass gap, 
and no massless states are present in the spectrum, see Section 4.4.3. Moreover, the 
mass of the confined monopole (the CP(1) model kink) is also determined by the 
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scale Ao. This sets the notion of what the confined non-Abelian monopole is. It is 
a kink in the massless two-dimensional CP(1) model [132]. 

We can get a more quantitative insight into the physics of the world- 
sheet theory at strong coupling if we invoke the exact BPS spectrum of the 
twisted-mass-deformed CP(N — 1) model obtained in [30]. For a detailed discussion 
in CP(1) see Section 3.5. 

The exact expression for the central charge in CP(N — 1) with twisted mass 
was derived [30] by generalizing Witten’s analysis [157] that had been carried 
out previously for the massless case. The BPS states saturate the central charge Z 
defined in Eq. (2.3.4). The exact formula for this central charge is 


Zə =i Amgq+mpT, (4.5.17) 


where the subscript 2d reminds us that the model in question is two-dimensional. 
The subscript D in mp appears for historical reasons, in parallel with the Seiberg— 
Witten solution (it stands for dual). Furthermore, 7 is the topological charge of the 
kink under consideration, T = +1, while the parameter q 


g=0, £1, +2)... (4.5.18) 


This global U(1) charge of the “dyonic” states arises due to the presence of a U(1) 
group unbroken in (4.4.48) by the twisted mass (the SU(2)c symmetry is broken 
down to U(1) by Am # 0). 

The quantity mp was introduced [30] in analogy with ap of Ref. [2]. In the case 
N = 2 it has the form presented in Eq. (3.5.27) with the substitutions 


m—> Am, A> Ag, (4.5.19) 


where Am is now assumed to be complex. The two-dimensional central charge is 
normalized in such a way that Myink = | Z24al. 

As we discussed in Section 3.5, there are no massless states in the CP(1) model 
at Am = Q. In particular, the kink (confined monopole) mass is 


2 
My = —Az, (4.5.20) 
T 


as it is clear from (3.5.27). On the other hand, in this limit both the last term in 
(4.5.4) and the surface term in (4.5.11) vanish for the monopole and kink masses, 
respectively. What’s wrong? 

This puzzle was solved by the following observation: anomalous terms in the 
central charges of both four-dimensional and two-dimensional SUSY algebras are 
present in these theories. In two dimensions the anomalous terms were obtained 
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in [33, 34]. In four dimensions the bifermion anomalous term was discovered in 
[132]. We refer the reader to Section 3.4.2 for a more detailed discussion. 

In the bulk theory the central charge associated with the monopole is defined 
through the anticommutator 


{Og OF} = 25g 018 Zaa, (4.5.21) 


where Zag is an SU(2)p singlet; the subscript 4d will remind us of four dimensions. 
It is most convenient to write Z4q as a topological charge (i.e. the integral over a 
topological density), 


Zag = J x tl). (4.5.22) 
In the model at hand!° 
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Note that the general structure of the operator in the square brackets is unambigu- 
ously fixed by dimensional arguments, the Lorentz symmetry and other symmetries 
of the bulk theory. The numerical coefficient was first found in [132] by matching 
the monopole and kink masses at Am = 0. 

The above expression is an operator equality. In the low-energy limit, the Seiberg— 
Witten exact solution allows one to obtain the full matrix element of the operator 
on the right-hand side (which includes all perturbative and non-perturbative 
corrections) by replacing a by ap. 

The fermion part of the anomalous term plays a crucial role in the Higgs phase for 
the confined monopole. On the Coulomb branch it does not contribute to the mass of 
the monopole due to a fast fall off of the fermion fields at infinity. On the Coulomb 
branch the bosonic anomalous terms become important. The relationship between 
the ’t Hooft-Polyakov monopole mass and the M = 2 central charge is analyzed 
in [38], which identifies an anomaly in the central charge explaining a constant (i.e. 
non-logarithmic) term in the monopole mass on the Coulomb branch. The result of 
Ref. [38] is in agreement with the Seiberg—Witten formula for the monopole mass. 
In Section 3.4.2 we presented the operator form of the central charge anomaly. 


10 In Eq. (4.5.23) in the bosonic part we keep only terms containing the magnetic field B and drop those with the 
electric field E which are relevant for dyons. For more details see Section 3.4.2. 
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Note, that the coefficient in front of the fermionic term involving A-fermions in 
(4.5.23) coincides with the one in (3.4.20) obtained by supersymmetrization of the 
bosonic anomalous term. 


4.6 Two-dimensional kink and four-dimensional 
Seiberg-Witten solution 


Why is the ’t Hooft-Polyakov monopole mass (i.e. that on the Coulomb branch 
at € = 0) given by the same formula (4.5.7) as the mass (4.5.13) of the strongly 
confined large- monopole (subject to condition VE >> Am)? 

This fact was noted in Section 4.5.2. Now we will explain the reason lying 
behind this observation [132, 133]. En route, we will explain another striking obser- 
vation made in Ref. [30]. A remarkably close parallel between four-dimensional 
SU(2) Yang-Mills theory with Nf = 2 and the two-dimensional CP(1) model 
was noted, at an observational level, by virtue of comparison of the correspond- 
ing central charges. The observation was made on the Coulomb branch of the 
Seiberg—Witten theory, with unconfined monopoles/dyons of the ’t Hooft—Polyakov 
type. Valuable as it is, the parallel was quite puzzling since the solution of the 
CP(1) model seemed to have no physics connection to the Seiberg—Witten solu- 
tion. The latter gives the mass of the unconfined monopole in the Coulomb regime 
at € = 0 while the CP(1) model emerges only in the Higgs regime of the bulk 
theory. 

We want to show that the reason for the correspondence mentioned above is that 
in the BPS sector (and only in this sector) the parameter &, in fact, does not appear 
in relevant formulae. Therefore, one can vary & at will, in particular, making it 
less than |Am| or even tending to zero, where CP(1) is no more the string world 
sheet theory for our bulk model. Nevertheless, the parallel expressions for the 
central charges and other BPS data in four dimensions and two dimensions, trivially 
established at |Am| < £, will continue to hold even on the Coulomb branch. The 
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“strange coincidence” we observed in Section 4.5.2 is no accident. We deal with an 
exact relation which stays valid including both perturbative and non-perturbative 
corrections. 

Physically the monopole in the Coulomb phase is very different from the one in 
the confinement phase, see Fig. 4.3. In the Coulomb phase it is a °t Hooft-Polyakov 
monopole, while in the confinement phase it becomes related to a junction of two 
non-Abelian strings. Still let us show that the masses of these two objects are given 
by the same expression, 


Me = ja conbnement (4.6.1) 


provided that Am and the gauge couplings are kept fixed. The superscripts refer to 
the Coulomb and monopole-confining phases, respectively. 

The crucial observation here is that the mass of the monopole cannot depend on 
the FI parameter £. Start from the monopole in the Coulomb phase at € = 0. Its 
mass is given by the exact Seiberg—Witten formula [3] 


Meo = V2 


A A = A 
2A In a + Am Ck (=) 
TT ASU) rz Am 


; (4.6.2) 


where ap is the dual Seiberg-Witten potential for the SU(2) gauge group. We take 
into account the fact that for Nf = 2 the first coefficient of the 6 function is 2. 

In Eq. (4.6.2) a? = —Am/¥V2 is the argument of GF; the logarithmic term takes 
into account the one-loop result (4.1.19) for the SU(2) gauge coupling at the scale 
Am, while the power series represents instanton-induced terms — small corrections 
at large a. 

Now, if we switch on a small FI parameter € Æ 0 in the theory, on dimensional 
grounds we could expect corrections to the monopole mass in powers of VE /Asu2) 
and/or ./& / Am in Eq. (4.6.2). 

But ... these corrections are forbidden by the U(1)r charges. Namely, the U(1)r 
charges of Asua) and Am are equal to 2 (and so is the U(1)r charge of the central 
charge under consideration) while £ has a vanishing U(1) r charge. For convenience, 
the U(1)r charges of different fields and parameters of the microscopic theory are 
collected in Table 4.1. Thus, neither (VE/Asuo))* nor (./&/Am)* can appear. 

By the same token, we could start from the confined monopole at large £, and 
study the dependence of the monopole (string junction) mass as a function of & as 
we reduce &. Again, the above arguments based on the U(1)r charges tell us that 
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Table 4.1. The U(1)r charges of fields and parameters of the bulk theory. 


Field/parameter a a a q Y ma Asum) & 


U(1)g charge 2 2 1 0 -i 2 2 0 


no corrections in powers of Asu)//& and Am/,/é can appear. This leads us to 
Eq. (4.6.1). 

Another way leading to the same conclusion is to observe that the monopole mass 
depends on a (anti)holomorphically, cf. Seiberg—Witten’s formula (4.6.2). Thus, it 
cannot depend on the FI parameter € which is not holomorphic (it is a component 
of the SU(2) triplet [127, 35]). 

Now let us turn to the fact that the mass of the monopole in the confinement 
phase is given by the kink mass in the CP(1) model, see (4.5.16). In this way we 
obtain 


iM pom. 2 a sontnement <> Mink: (4.6.3) 


In particular, at one loop, the kink mass is determined by renormalization of the 
CP(1)-model coupling constant 6, while the monopole mass on the Coulomb branch 
is determined by the renormalization of g?. This leads to the relation 


Ag = ASU) 


between the two- and four-dimensional dynamical scales. It was noted earlier as a 
“strange coincidence,” see Eq. (4.4.35). The first coefficient of the 6 functions is 
two (N for generic N) for both theories. Now we know the physical reason behind 
this coincidence. 

Clearly, the above relation can be generalized (cf. [30, 133]) to cover the 
SU(N)xU(1) case with Nf = N flavors on the four-dimensional side, and 
CP(N — 1) sigma models on the two-dimensional side. 

This correspondence can be seen in more quantitative terms [30, 133]. Four- 
dimensional U(N) SQCD with M = 2 and Ny = N flavors is described by the 
degenerate Seiberg—Witten curve 


N 2 
1 R 
T ; TT + mj) — Mon (4.6.4) 
i=1 
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in the special point (4.1.11) on the Coulomb branch which becomes a quark vacuum 
upon the € deformation. The periods of this curve give the BPS spectrum of the 
two-dimensional CP(N — 1) model [30]. We quoted this spectrum for CP(1) in 
Eqs. (4.5.17) and (3.5.27). 

In fact, Dorey demonstrated [30] that the BPS spectra of the two-dimensional 
CP(N — 1) model and four-dimensional SU(N) SQCD coincide with each other if 
one chooses a point on the Coulomb branch corresponding to the baryonic Higgs 
branch defined by the condition }` m4 = 0 (in the SU(2) case the gauge equivalent 
choice is to set mı = m2). 

At the same time, we observe that the BPS spectra of the massive states in the 
SU(2) and U(2) theories, respectively, coincide in the corresponding quark vacua 
upon identification of m, of the SU(N) theory with m, of the U(N) theory. In 
particular, in the N = 2 case one must identify mı = m2 of the SU(2) theory with 
Am/2 of the U(2) theory. Note that the vacuum (4.1.11) and (4.1.14) of the U(V) 
theory is an isolated vacuum rather than a root of a Higgs branch. There are no 
massless states in the U(N) bulk theory in this vacuum, see Section 4.1.2 for more 
details. 

Note also that the BPS spectra of both theories include not only the 
monopole/kink and “dyonic” states but elementary excitations with T = 0 as well. 
On the two-dimensional side they correspond to elementary fields n° in the large 
Am 4p limit. On the four-dimensional side they correspond to non-topological (i.e. 
T = Oand q = +1) BPS excitations of the string with masses proportional to 
Am 4p confined on the string. 

The latter can be interpreted as follows. Inside the string the squark profiles van- 
ish, effectively bringing us into the Coulomb branch (£ = 0) where the W bosons 
and quarks would become BPS-saturated states in the bulk. Say, for N = 2 on the 
Coulomb branch, the W boson and off-diagonal quark mass would reduce to Am. 
Hence, the T = 0 BPS excitation of the string is a wave of such W bosons/quarks 
propagating along the string. One could term it a “confined W boson/quark.” It is 
localized in the perpendicular but not in the longitudinal direction. What is impor- 
tant, it has no connection with the bulk Higgs phase W bosons, which are non-BPS 
and are much heavier than Am. Nor do these non-topological excitations have 
connection to the bulk quarks of our bulk model, which are not BPS-saturated too. 

To conclude, let us mention that Tong compared [173] a conformal theory 
with massless quarks and monopoles arising on the Coulomb branch of the four- 
dimensional M = 2 SQCD (upon a special choice of the mass parameters Am 43), 
at the so-called Argyres—Douglas point [174], with the twisted-mass-deformed 
two-dimensional CP(N — 1) model. 

The coincidence of the monopole and kink masses explained above ensures 
that the CP(N — 1) model flows to a non-trivial conformal point at these values 
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of Ama,g. The scaling dimensions of the chiral primary operators in four- and 
two-dimensional conformal theories were shown to agree [173]; a very nice result, 
indeed. 


4.7 More quark flavors 


In this section we will abandon the assumption Nr = N and consider the theory 
(4.1.7) with more fundamental flavors, Nr > N. In this case we have a number of 
isolated vacua such as (4.1.11) and (4.1.14), in which N squarks out of N ¢ develop 
VEV’s, while the adjoint VEV’s are determined by the mass terms of these quarks, 
as in Eq. (4.1.11). 

Now, let us focus on the equal mass case. Then the isolated vacua coalesce, and 
a Higgs branch develops from the common root whose location on the Coulomb 
branch is given by Eq. (4.1.11) (with all masses set equal). The dimension of this 
branch is 4N (N+ — N), see [143, 140]. The Higgs branch is noncompact and has 
a hyper-Kahler geometry [3, 143]. It has a compact base manifold defined by the 
condition 


gag (4.7.1) 


The dimension of this manifold is twice less than the total dimension of the Higgs 
branch, 2N (N f — N), which implies 4 for Nf = 3 and 8 for Nf = 4 in the simplest 
N = 2 case. The BPS string solutions exist only on the base manifold of the Higgs 
branch. The flux tubes become non-BPS-saturated if we move away from the base 
along noncompact directions [175]. Therefore, we will limit ourselves to the vacua 
which belong to the base manifold. 

Strings that emerge in multiflavor theories, i.e. Nf > N (typically on the Higgs 
branches), as a rule are not conventional ANO strings. Rather, they become the 
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so-called semilocal strings (for a comprehensive review see [147]). The simplest 
model where the semilocal strings appear is the Abelian Higgs model with two 
complex flavors 


g 


smc f ats | Fi + [Vig 4 P+ 3 


ago Pav (e-s, (4.7.2) 


where A = 1,2 is the flavor index. 

If € Æ 0 the scalar fields develop VEV’s breaking the U(1) gauge group. The 
photon field becomes massive, together with one real scalar field. 

In fact, for the particular choice of the quartic coupling made in Eq. (4.7.2) this 
scalar field has the same mass as the photon. In fact, the model (4.7.2) is the bosonic 
part of a supersymmetric theory; the flux tubes are classically BPS-saturated. The 
topological reason for the existence of the ANO flux tubes is that 


m(U()] = Z 


for the U(1) gauge group. On the other hand, in Eq. (4.7.2) we can pass to the 
low-energy limit integrating out the massive photon and its scalar counterpart. This 
will lead us to a four-dimensional sigma model on the manifold 


lars (4.7.3) 


The vacuum manifold (4.7.3) has dimension 4 — 1 — 1 = 2, where we subtract 
one real condition mentioned above, as well as one phase that can be gauged away. 
Thus, the manifold (4.7.3) represents a two-dimensional sphere S2. The low-energy 
limit of the theory (4.7.2) is the O(3) sigma model. 

We should remember that 


m2[S2] = m [U(1)] = Z, 


and this is the topological reason for the existence of instantons in the two- 
dimensional O(3) sigma model [176]. Uplifted in four dimensions, these instantons 
become string-like objects (lumps). 

Just as the O(3) sigma-model instantons, the semilocal strings possess two addi- 
tional zero modes associated with its complexified size modulus p in the model 
(4.7.2). Hence, the semilocal strings interpolate between the ANO strings and two- 
dimensional sigma-model instantons uplifted in four dimensions. At ọ = 0 we 
have the ANO string while at ọ — œ the string becomes nothing but the two- 
dimensional instanton elevated in four dimensions. At generic p Æ 0 the semilocal 
string is characterized by a power fall-off of the profile functions at infinity, to be 
contrasted with the exponential fall-off characteristic of the ANO string. 
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Now, if we return to our non-Abelian theory (4.1.7), we will see that the semilocal 
strings in this theory have size moduli, in addition to the 2(N — 1) orientational 
moduli n“. The total dimension of the moduli space of the semilocal string was 
shown [130] to be 


2Nf =2+2(N —1)+2(Nz —N), (4.7.4) 


where the first, the second and the third terms above correspond to the translational, 
orientational and the size moduli. 

No studies of geometry of the moduli space of the semilocal strings were carried 
out for quite some time due to infrared problems. It was known [177, 178] that the 
size-zero modes are logarithmically non-normalizable in the infrared, as is the case 
for the sigma-model instantons in two dimensions. This problem was addressed 
in [179] where non-Abelian strings in the U(2) gauge theory were treated. The 
effective theory on the string world sheet was shown to have the form 


2, 
s+) = pMw f draz O(a $4)? + lak pil? | im , 
4 [al 8m 


where My is the W-boson mass, see Eq. (4.1.16). The subscript i = 3,..., Nf, 
while p; stand for (Nf — 2) complex fields associated with the size moduli. The 
parameter ôm here measures small quark mass differences, acting as an infrared 
regulator. It is necessary to introduce this infrared parameter, slightly lifting the 
size moduli p;, in order to regularize the infrared logarithmic divergence. 

The metric (4.7.5) is derived in [179] for large — but not too large — values of 
| pl? = lo; | lying inside the window 


1 1 
Mw < lol <K un 


(4.7.6) 
The inequality on the left-hand side refers to the limit in which the semilocal string 
becomes an O(3) sigma-model lump. The inequality on the right-hand side ensures 
the validity of the logarithmic approximation. The action (4.7.5) was obtained in 
the logarithmic approximation. 

For p;’s lying inside the window (4.7.6), with a logarithmic accuracy, one can 
introduce new variables 


1 1/2 
2 
Zi = Pi [m In cm | ; (4.7.7) 
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In terms of these new variables the metric of the world sheet theory (4.7.5) was 
shown!! to become flat [179]. Corrections to this flat metric run in powers of 


1l ioe as 
and {In ; 
Mw |p| |p| ôm 


These corrections have not yet been calculated within the field-theory approach. 

On the other hand, the very same problem was analyzed from the D-brane theory 
side. Using brane-based arguments Hanany and Tong conjectured [130, 133] (see 
also Ref. [152]) that the effective theory on the world sheet of the non-Abelian 
semilocal string is given by the strong-coupling limit (e? —> 00) of the following 
two-dimensional gauge theory: 


1 1 
S= | d?x }2B|Van"? +28 |Vezil? + — F3 + slo!’ 
4e2 e? 


PTS ~ 12 
me £,2 Mi 2 
+4p =n in’? +48 =n ai 
J/2 woe 
+ 26 B| nt = [ail — iy. (4.78) 


where £ = 1,...,N andi = N + 1,..., Np. Furthermore, zi denote (Nf — N) 
complex fields associated with the size moduli. The fields n“ and z; have the charges 
+1 and —1 with respect to the U(1) gauge field in Eq. (4.7.8). This theory is similar 
to the model (4.4.51) describing the N¢ = N non-Abelian strings. 

The Hanany—Tong conjecture is supported by yet another argument. As was 
discussed in Section 4.6, the BPS spectrum of dyons on the Coulomb branch of 
the four-dimensional theory must coincide with the BPS spectrum in the two- 
dimensional theory on the string world sheet. We expect that this correspondence 
extends to theories with Nf > N. The two-dimensional theory (4.7.8) was studied 
in [181] where it was shown that its BPS spectrum agrees with the spectrum of four- 
dimensional U(N) SQCD with N+ flavors. In particular, the one-loop coefficient 
of the £ function is 2N — Nf in both theories. This leads to the identification of 
their scales, see Eq. (4.4.35). As a matter of fact, Ref. [181] deals with the SU(N) 
theory at the root of the baryonic Higgs branch, much in the same vein as [30]. 
However, as was explained in Section 4.6, the BPS spectra of the massive states in 
these four-dimensional theories are the same. 


11 Warning: a different metric on the moduli space of the non-Abelian semilocal string was suggested in [180]. 
It has a kinetic cross-term for the orientational and size moduli fields. However, at large pj, inside the allowed 
window (4.7.6), this metric is also flat. 
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The above argument shows that the two-dimensional theory (4.7.8) is a promising 
candidate for an effective theory on the semilocal string world sheet. In par- 
ticular, the metric in (4.7.8) is asymptotically flat. The variables z; in (4.7.8) 
should be identified with the ones in Eq. (4.7.7) introduced within the field- 
theory framework in Ref. [179]. It is quite plausible that corrections to the flat 
metric in powers 1/(My |p|) are properly reproduced by the world sheet the- 
ory (4.7.8). Nevertheless, the results of [179] clearly demonstrate the approximate 
nature of the world sheet theory (4.7.8). Namely, corrections at large p; sup- 
pressed by large infrared logarithms (In (1/|o| 4m))~! are certainly not captured in 
Eq. (4.7.8). 

The implication of the “semilocal nature” of the semilocal strings which is 
most important from the physical standpoint is the loss of the monopole con- 
finement [175, 179] i.e. the loss of the Meissner effect. To study the monopole 
confinement as a result of the squark condensation we must consider a string of 
a finite length L stretched between a heavy probe monopole and antimonopole 
from the SU(N + 1)/SU(N) x U(1) sector. The ANO string has a typical trans- 
verse size (g./£)~!. If L is much larger than this size the energy of this probe 
configuration is 


V(L) = TL, (4.7.9) 


where T is the string tension. The linear potential in Eq. (4.7.9) ensures confinement 
of monopoles. 

For semilocal strings this conventional picture drastically changes. Now the 
transverse string size can be arbitrarily large. Imagine a configuration in which 
the string transverse size becomes much larger than L. Then we will clearly deal 
with the three-dimensional rather than two-dimensional problem. The monopole 
flux is no longer trapped in a narrow flux tube. Instead, it freely spreads over 
a large three-dimensional volume, of the size of order of L in all directions. 
Obviously, this will give rise to a Coulomb-type potential between the probe 
monopoles, 


V(L) ~ 1/L, (4.7.10) 


possibly augmented by logarithms of L. At large L the energy of this configuration is 
lower than the one of the flux-tube configuration (4.7.9); therefore, it is energetically 
favorable. 

To summarize, semilocal strings can indefinitely increase their transverse size 
and effectively disintegrate, so that the linear potential (4.7.9) gives place to the 
Coulomb potential (4.7.10). In fact, lattice studies unambiguously show that the 
semilocal string thickness always increases upon small perturbations [182]. 
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Formation of semilocal strings on the Higgs branches leads to a dramatic physical 
effect — deconfinement. 


4.8 Non-Abelian k-strings 


In this section we will briefly review how multi-strings, with the winding number 
k > 1, can be constructed. One can consider them as bound states of k BPS 
elementary strings. The Bogomol’ nyi representation (4.2.9) implies that the tension 
of the BPS-saturated k-string is determined by its total U(1) flux, 27r k. This entails, 
in turn, thatin M = 2 SQCD, see Eq. (4.1.7), the k-string tension has the form (4.1.7) 


Th = 27k. (4.8.1) 


Equation (4.8.1) implies that the elementary strings that form composite k-strings 


do not interact. 
If one considers k elementary strings, forming the given k-string, at large sep- 


arations the corresponding moduli space obviously factorizes into k copies of the 
moduli spaces of the elementary strings. This suggests that the dimension of the 
total moduli space is 


2kNf = 2k + 2k(N — 2) + 2k(Nf — N), (4.8.2) 


see (4.7.4). The total dimension is written as a sum of dimensions of the trans- 
lational, orientational and size moduli spaces. This result was confirmed by the 
Hanany—Tong index theorem [130] which implies (4.8.2) at any separations. The 
moduli space of well-separated elementary strings forming the given k-string, say, 
at Nf = N is 


[C x CPAN — 1)]* 


, 4.8.3 
5 (4.8.3) 


where S; stands for permutations of the elementary string positions. 
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An explicit solution for a non-Abelian 2-string at zero separation in the simplest 
bulk theory with N = N+ = 2 was constructed in [183]. It has a peculiar feature. 
If the orientation vectors of the two strings Sf and S$ are opposite, the composite 
2-string becomes an Abelian ANO string. It carries no non-Abelian flux. Therefore, 
SU(2)c+F rotations act trivially on this particular string. This means that the internal 
moduli space of this string is singular [184, 183]. The section of the orientational 
moduli space corresponding to Sf = — 85 degenerates into a point. In [183] it was 
argued that the internal moduli of the 2-string at zero separation is equivalent to 
CP(2)/Z. This differs by a discrete quotient from the result CP(2) obtained in 
[184]. Later results obtained in [185, 186] confirm the CP(2)/ Z2 metric. 

The metric on the k-string moduli space for generic k is not known. For Abelian 
k-strings exponential corrections to the flat metric were calculated in [187]. Expo- 
nentially small corrections are natural since in this case the vortices are characterized 
by an exponential fall off of their profile functions at large distances. 

Hanany and Tong exploited [130, 133] a D-brane construction to obtain the 
k-string metric in terms of the Higgs branch of a two-dimensional gauge theory, 
see (4.4.51) and (4.7.8). What they came up with is an VV = 2 supersymmetric 
U(k) gauge theory with N fundamental and (N+ — N) anti-fundamental flavors 
n! and pi, respectively, (£ = 1,...,N andi = N,..., Nf), plus an adjoint chiral 
multiplet Z. The D-term condition for this theory is 


Mees l 
TA Z] +nfñe — pip =1. (4.8.4) 


The metric defined by this Higgs branch has corrections to the factorized metric 
which run in (inverse) powers of separations between the elementary strings. Thus, 
it exhibits a dramatic disagreement with the field-theory expectations. Still the 
metric is believed [130, 133, 13, 14] to correctly reproduce some data protected by 
supersymmetry, such as the BPS spectrum. 

To derive all moduli of the general k-string solution the so-called moduli matrix 
method was developed in [188]. It was observed that the substitution 


o = S(z,2) Hoz), A1 +iA2 = S~'8,S, (4.8.5) 


solves the last of the first-order equations (4.2.10). Here z = xı +ix2 and Hp is an 
N x Nf matrix with a holomorphic dependence on z. 

Then the equations for the gauge field strength in (4.2.10) yield an equation on 
S(z, zZ) which is rather hard to solve in the general case. It was argued, however, 
that the factor S involves no new moduli parameters [188]. Therefore, all moduli 
parameters reside in the moduli matrix Họo(z). 
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Determining Ho(z) gives one a moduli space which agrees with the moduli space 
corresponding to the Higgs branch (4.8.4). 


4.9 A physical picture of the monopole confinement 


In this section we will return to our basic M = 2 SQCD with the U(N) gauge 
group and Nf = N flavors (4.1.7) and discuss an emerging physical picture of the 
monopole confinement. As was reviewed in detail in Section 4.5, elementary con- 
fined monopoles can be viewed as junctions of two elementary strings. Therefore, 
the physical spectrum of the theory includes monopole-antimonopole “mesons” 
formed by two elementary strings in a loop configuration shown in Fig. 4.4. 

If spins of such “mesons” are of order one, their mass is of the order of the square 
root of the string tension y£. Deep in the quantum non-Abelian regime (m! = 0), 
the CP(N — 1)-model strings carry no average SU(N) magnetic flux [159], 


(n!) = 0, (4.9.1) 


see Eq. (4.4.4). What they do carry is the U(1) magnetic flux which determines 
their tension. 

Monopoles are seen in the world sheet theory as CP(N — 1) kinks. At ñ = 0 
they become non-Abelian too, much in the same way as strings. They carry no 
average SU(N) magnetic flux. (Unlike strings, even in the classical regime they do 
not carry the U(1) magnetic flux, see (4.5.1).) 

Moreover, the monopoles acquire global flavor quantum numbers. We know that 
the CP(N — 1) model kinks at strong coupling are described by the n’ fields [159, 
120] and, therefore, in fact, they belong to the fundamental representation of the 
global SU(V)c+ F group. This means that the monopole-antimonopole “mesons” 
formed by the string configuration shown in Fig. 4.4 can belong either to singlet or to 
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Figure 4.4. Monopole and antimonopole bound into a “meson.” The binding is 
due to strings. Open and closed circles denote the monopole and antimonopole, 
respectively. 


adjoint representations of the global “flavor” group SU(N )c+r, in full accordance 
with our expectations. 

Singlets resemble glueballs. In weakly coupled bulk theory GE < 1) the singlet 
mesons can decay into massive vector multiplets formed by gauge and quark fields, 
with mass (4.1.17), see Section 4.1.2. The monopole-antimonopole mesons with 
the adjoint flavor quantum numbers are also metastable in weakly coupled bulk 
theory, they decay into massive gauge/quark multiplets which carry the adjoint 
quantum numbers with respect to the global unbroken SU(N )c+r group and have 
masses determined by Eq. (4.1.16). 

Two elementary strings of the monopole-antimonopole meson shown in Fig. 4.4 
can form anon-BPS bound state. Hence, in practice the composite meson looks as if 
the monopole was connected to the antimonopole by a single string. In fact, there are 
indications that this is what happens in the theory at hand. Interactions of elementary 
Z2 strings were studied in [140] in the simplest case N = 2. An interaction potential 
for the elementary Z2 strings with S° = (0,0,+1) and S° = (0,0, —1) was found 
to be attractive at large distances, 


“1/8 
Pie { Mui R] e Msu@R (4.9.2) 


where R stands for the distance between two parallel strings. The gauge boson mass 
is given in Eq. (4.1.16). This attractive potential leads to formation of a bound state, 
a composite string. 

Note that we have N distinct elementary strings. As was discussed in Sec- 
tion 4.4.3, in the quantum regime N elementary strings differ from each other 
by the value of the bifermion condensate of the CP(V — 1) model fermions [156]. 
Therefore, the physical picture of the monopole confinement is not absolutely sim- 
ilar to what we expect in QCD, see the discussion in the beginning of this section. 
Namely, we have N different degenerate “mesons” (at N > 2) of the type discussed 
above, associated with N different elementary strings. 
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(a) (b) 


Figure 4.5. (a) A schematic picture of the “baryon” formed by monopoles and 
strings for N = 6; (b) The “baryon” acquires the shape of a star once the 
neighboring strings form non-BPS bound states. 


In QCD (and in nature) we have instead a single meson with the given quantum 
numbers, plus its radial excitations which have higher masses. This is typical for 
BPS strings in supersymmetric gauge theories. We will see in Chapter 6 that in 
non-supersymmetric theories the situation is different: elementary strings are split 
and, therefore, different “mesons” become split too. 

In addition to the “mesons” and gauge/quark multiplets, the physical spectrum 
contains also “baryons” built of N elementary monopoles connected to each other 
by elementary strings forming a closed “necklace configuration,” see Fig. 4.5a. In 
the classical limit m! >> Ao all strings carry the SU(N) magnetic fluxes given by 


1 


with n! = 5!0, lọ = 1,..., N for N elementary strings forming the “baryon.” The 
monopoles carry the SU(N) magnetic fluxes given in Eq. (4.5.1) and, therefore, 
can be located at the corners of the polygon in Fig. 4.5a. 

In the highly quantum regime, at mm! = 0, both strings and monopoles carry no 
average SU(N) magnetic flux, see (4.9.1). The confined monopoles are seen as 
kinks interpolating between the “neighboring” quantum vacua of the CP(N — 1) 
model (a.k.a. strings) in the closed necklace configuration in Fig. 4.5a. 

AS was mentioned, the monopoles/kinks acquire flavor global quantum numbers. 
They become fundamentals in SU(V)c+ . Thus, the “baryon” is in the 


N 
[]™ 
1 


representation of SU(V)c+. Note that both quarks and monopoles do not carry 
baryon numbers. Therefore, our “baryon” has no baryon number too. The reason 
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for this is that the U(1) baryon current is coupled to a gauge boson in the U(N) 
gauge theory that we consider here. This means, in particular, that the “baryons” 
can decay into the monopole “mesons” or gauge/quark multiplets. 

We mentioned that the “neighboring” elementary strings can form a non-BPS 
bound state, a composite string. It is plausible then that in practice the monopole 
“baryon” actually resembles a configuration shown in Fig. 4.5b. 

Let us emphasize that all states seen in the physical spectrum of the theory are 
gauge singlets. This goes without saying. While color charges of the gauge/quark 
multiplets are screened by the Higgs mechanism, the monopoles are confined by 
non-Abelian strings. 

Let us also stress in conclusion that in the limit m! = 0 the global group 
SU(N)c+r is restored in the bulk and both strings and confined monopoles 
become non-Abelian. One might argue that this restoration could happen only 
at the classical level. One could suspect that in quantum theory a “dynamical 
Abelization” (i.e. a cascade breaking of the gauge symmetry U(N)>U()" > 
discrete subgroup ) might occur. This could have happened if the adjoint VEV’s that 
classically vanish at mm’ = 0 (see (4.1.11)) could develop dynamically in quantum 
theory. 

At m! Æ 0 the global SU(N)c+r group is explicitly broken down to U(1)%~! 
by the quark masses. At mm! = O this group is classically restored. If it could 
be proven to be dynamically broken at mm! = 0, this would mean a sponta- 
neous symmetry breaking, with obvious consequences, such as the corresponding 
Goldstone modes. 

We want to explain why this cannot and does not happen in the theory at hand. 
First of all, if a global symmetry is not spontaneously broken at the tree level then it 
cannot be broken by quantum effects at weak coupling in “isolated” vacua. Second, 
if the global group SU(N)c+ were broken spontaneously at m! = 0 this would 
imply massless Goldstone bosons. However, we know that there are no massless 
states in the spectrum of the bulk theory, see Section 4.1. 

Finally, the breaking of SU(N)c+r in the m! = O limit would mean that the 
twisted masses of the world sheet CP(N — 1) model would not be given by 7’; 
instead they would be shifted, say, 


Fe = im! + c Acpww—1); 
where c! are some coefficients. In Section 4.6 it was shown [132, 133] that the BPS 
spectrum of the CP(N — 1) model on the string should coincide with the BPS spec- 
trum of the four-dimensional bulk theory on the Coulomb branch. The BPS spectrum 
of the CP(N — 1) model is determined by fits while the BPS spectrum of the 


bulk theory on the Coulomb branch is determined by 7’. In [30] it was shown that 
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the BPS spectra of both theories coincide at TE = m!'. Thus, we conclude that 
d= 0, and the twisted masses vanish in the m! = 0 limit. 

Hence, the global SU(N )c+r group is not broken in the bulk and both strings 
and confined monopoles become non-Abelian at ñ’ = 0. 


5 


Less supersymmetry 


Let us move towards less supersymmetric theories. In this chapter we will review 
non-Abelian strings in four-dimensional gauge theories with M = 1. In Chapter 6 
we will deal with V = 0. 

As was discussed in the Introduction to Part II, the Seiberg-Witten mechanism of 
confinement [2, 3] relies on a cascade gauge symmetry breaking: the non-Abelian 
gauge group breaks down to an Abelian subgroup at a higher scale by condensation 
of the adjoint scalars, and at a lower scale the Abelian subgroup breaks down to a 
discrete subgroup by condensation of quarks (or monopoles, depending on the type 
of vacuum considered). This leads to formation of the ANO flux tubes and ensures 
an Abelian nature of confinement of the monopoles (or quarks, respectively). The 
gauge group acting in the infrared, where the confinement mechanism becomes 
operative, is Abelian. 

On the other hand, non-supersymmetric QCD-like theories as well as V = 1 
SQCD have no adjoint scalars and, as a result, no cascade gauge symmetry 
breaking occurs. The gauge group acting in the infrared is non-Abelian. Confine- 
ment in these theories is non-Abelian. This poses a problem of understanding 
confinement in theories of this type. Apparently, a straightforward extrapola- 
tion of the Seiberg—Witten confinement scenario to these theories does not 
work. 

The discovery of the non-Abelian strings [130, 131, 132, 133] suggests a novel 
possibility of solving this problem. In the M = 2 gauge theory (4.1.7) the SU(N) 
subgroup of the U(V) gauge group remains unbroken after the squark condensation; 
the vacuum expectation value (a“) = 0, see (4.1.11). This circumstance demon- 
strates that the formation of the non-Abelian strings does not rely on the presence of 
adjoint VEVs. This suggests, in turn, that we can give masses to the adjoint fields, 
make them heavy, and eventually decouple the adjoint fields altogether, without 
losing qualitative features of the non-Abelian confinement mechanism reviewed 
above. 
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This program — moving towards less supersymmetry — was initiated in Ref. [189] 
which we will discuss in this section. In [189] we considered M = 2 gauge theory 
(4.1.7), with the gauge group U(N). This theory was deformed by a mass term u 
for the adjoint matter fields breaking M = 2 supersymmetry down to VV = 1. The 
breaking terms do not affect classical solutions for the non-Abelian strings. The 
latter are still 1/2 BPS-saturated. However, at the quantum level the strings “feel” 
the presence of \V = 2 supersymmetry breaking terms. Effects generated by these 
terms first show up in the sector of the fermion zero modes. 

Upon breaking M = 2 supersymmetry in the bulk theory down to M = 1, the 
fermionic sector of the world sheet theory modifies. The number of the fermion 
zero modes on the string (and hence the number of the fermion fields in the world 
sheet theory) does not change. It is determined by the index theorem [104] which 
we discuss in Section 5.4. However, supersymmetry of the world sheet model 
changes. The M = (2,2) supersymmetry of the undeformed CP(N — 1) model is 
broken down to V = (0,2) by the bulk mass term u [190, 191]. Moreover, the 
superorientational sector of the model gets mixed with the supertranslational one. 
The world sheet model emerging after deformation is called the heterotic CP(N — 1) 
model. We will review in this section how the heterotic world sheet model emerges, 
as well as the physics of the heterotic CP(N — 1) model which happens to be 
solvable in the large-N expansion [192]. The solution exhibits supersymmetry 
breaking at the quantum level. 

If the adjoint mass parameter u is kept finite, the non-Abelian string in the 
N = 1 model at hand is well-defined and supports confined monopoles. How- 
ever, at uy — œ, as the adjoint superfield becomes very heavy (i.e. we approach 
the limit of M = 1 SQCD) an infrared problem develops. This is due to the 
fact that in M = 1 SQCD defined in a standard way the vacuum manifold is 
no longer an isolated point. Rather, a flat direction develops (a Higgs branch). 
The presence of the massless states obscures physics of the non-Abelian strings. 
In particular, the strings become infinitely thick [189]. Thus, one arrives at a 
dilemma: either one must abandon the attempt to decouple the adjoint super- 
field, or, if this decoupling is performed, confining non-Abelian strings cease to 
exist [189]. 

A way out was suggested in [104]. A relatively insignificant modification of the 
benchmark M = 2 model cures the infrared problem. All we have to do is to add 
a neutral meson superfield M coupled to the quark superfields through a super- 
potential term. Acting together with the mass term of the adjoint superfield, M 
breaks NV = 2 down to N = 1. The limit u —> oo in which the adjoint superfield 
completely decouples, becomes well-defined. No flat directions emerge. The lim- 
iting theory is M = 1 SQCD supplemented by the meson superfield. It supports 
non-Abelian strings. The junctions of these strings present confined monopoles, 
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or, better to say, what becomes of the monopoles in the theory where there are no 
adjoint scalar fields. There is a continuous path following which one can trace the 
monopole evolution in its entirety: from the ’t Hooft-Polyakov monopoles which 
do not exist without the adjoint scalars to the confined monopoles in the adjoint-free 
environment. 


5.1 Breaking M = 2 supersymmetry down to V = 1 


In Section 5.1 we will outline main results of Ref. [189, 190, 191] where non- 
Abelian strings were considered in an M = 1 gauge theory obtained as a 
deformation of the NV = 2 theory (4.1.7) by mass terms of the adjoint matter. 


5.1.1 Deformed theory and string solutions 
Let us add a superpotential mass term to our V = 2 SQCD, 


Wya =, => 2 A H E (ADP, (5.1.1) 


where jz; and u2 are mass parameters for the chiral superfields belonging to V = 2 
gauge supermultiplets, U(1) and SU(N), respectively, while the factor ./N/2 is 
included for convenience. Clearly, the mass term (5.1.1) splits these supermultiplets, 
breaking N = 2 supersymmetry down to N = 1. 

The bosonic part of the SU(V)xU(1) theory has the form (4.1.7) with the 
potential 


2 
2 
= g 1 z x = = 
Va^ aat, aN = > (> fhaa + GaT* q’ —GaT4 i') 
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+ |a + arao at] ; (5.1.2) 


where the sum over repeated flavor indices A is implied. The potential (5.1.2) differs 
from the one in (4.1.9) in two ways. First, we use SU(2)pg invariance of the original 


5.1 Breaking N = 2 supersymmetry down to N = 1 145 


N = 2 theory with the potential (4.1.9) to rotate the FI term. In Eq. (5.1.2) it is the 
FI D term, while in Chapter 4 we considered the FI F term. 

Second, there are M = 2 supersymmetry breaking contributions from F 
terms in Eq. (5.1.2) proportional to the mass parameters jz; and u2. Note that 
we set the quark mass differences at zero and redefine a to absorb the average value 
of the quark mass parameters. 

As in Eq. (4.1.9), the FI term triggers spontaneous breaking of the gauge 
symmetry. The vacuum expectation values of the squark fields can be chosen as 


1 0 .. 
qA =E toe ate che Le go, 
0 1 
k=1,....N, A=1,...,N, (5.1.3) 
while the adjoint field VEVs are 
(af) =0, (a). = 0, (5.1.4) 


see (4.1.11). 

We see that the quark VEVs have the color-flavor locked form (see (4.1.14)) 
implying that the SU(V)c+F global symmetry is unbroken in the vacuum. Much 
in the same way as in M = 2 SQCD, this symmetry leads to the emergence of the 
orientational zero modes of the Zy strings. 

Note that VEVs (5.1.3) and (5.1.4) do not depend on supersymmetry breaking 
parameters u and u2. This is due to the fact that our choice of parameters in (5.1.2) 
ensures vanishing of the adjoint VEVs, see (5.1.4). In particular, we have the same 
pattern of symmetry breaking all the way up to very large jz; and u2, where the 
adjoint fields decouple. As in V = 2 SQCD we assume ~VE >> Asuc2) to ensure 
weak coupling. 

Now, let us discuss the mass spectrum in the M = 1 theory at hand. Since both 
U(1) and SU(N) gauge groups are broken by squark condensation, all gauge bosons 
become massive. Their masses are given in Eqs. (4.1.16) and (4.1.17). 

To obtain the scalar boson masses we expand the potential (5.1.2) near the vacuum 
(5.1.3), (5.1.4) and diagonalize the corresponding mass matrix. Then, N* compo- 
nents of 2N? (real) component scalar field g*4 are eaten by the Higgs mechanism 
for the U(1) and SU(N) gauge groups. Other N* components are split as follows. 
One component acquires mass (4.1.17) and becomes the scalar component of a mas- 
sive M = 1 vector U(1) gauge multiplet. Moreover, N? — 1 components acquire 
masses (4.1.16) and become scalar superpartners of the SU(N) gauge bosons in 
N = 1 massive gauge supermultiplets. 
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Other 4N? real scalar components of the fields ĝ 4g, a“ and a produce the follow- 
ing states: two states acquire mass 


N 
mbo = 81 =e aT, (5.1.5) 


while the mass of other two states is given by 


= N. 
Mya) = 81y ca his (5.1.6) 


where a are two roots of the quadratic equation 
2 —A;(2+07)4+1=0, (5.1.7) 


for i = 1, where we introduced two M = 2 supersymmetry breaking parameters 
@ 1,2 associated with the U(1) and SU(N) gauge groups, respectively, 


_ 8b _ 822 
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Other 2(N* — 1) states acquire mass 


MSUN) = gr JEA, (5.1.9) 


while the remaining 2(N 2 _ 1) states become massive, with mass 


Msyny = 82 E3 > (5.1.10) 


where GG are two roots of the quadratic equation (5.1.7) for i = 2. Note that all 
states come either as singlets or adjoints with respect to the unbroken SU(N) c+F. 

When the SUSY breaking parameters w; vanish, the masses (5.1.5) and (5.1.6) 
coincide with the U(1) gauge boson mass (4.1.17). The corresponding states form 
the bosonic part of a long N = 2 massive U(1) vector supermultiplet [35], see also 
Section 4.1.2. 

If œ # 0 this supermultiplet splits into an M = 1 vector multiplet, with mass 
(4.1.17), and two chiral multiplets, with masses (5.1.5) and (5.1.6). The same hap- 
pens with the states with masses (5.1.9) and (5.1.10). In the limit of vanishing w’s 
they combine into bosonic parts of (N? — 1) M = 2 vector supermultiplets with 
mass (4.1.16). If w; 4 0 these multiplets split into (N? — 1) M = 1 vector mul- 
tiplets (for the SU(N) group) with mass (4.1.16) and 2(N 2 — 1) chiral multiplets 
with masses (5.1.9) and (5.1.10). Note that the same splitting pattern was found in 
[35] in the Abelian case. 


w1 (5.1.8) 
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Now let us take a closer look at the spectrum obtained above in the limit of large 
N = 2 supersymmetry breaking parameters wi, w; >> 1. In this limit the larger 
masses mim and MUN) become 


N 
mic) = My(1)1 = giy aH MUN) = mgyny2 = 52. (5.1.11) 


In the limit u; — œ these are the masses of the heavy adjoint scalars a and a°. At 
wi > | these fields decouple and can be integrated out. 

The low-energy theory in this limit contains massive gauge VV = 1 multiplets 
and chiral multiplets with the lower masses m~. Equation (5.1.7) gives for these 
masses 


- _muyay_ |N & -  _ msuay _ § 
muy = Sda Mua) = Gg: 6D 


In particular, in the limit of infinite u; these masses tend to zero. This reflects the 
presence of a Higgs branch in M = 1 SQCD. To see the Higgs branch and calculate 
its dimension, please observe that our theory (4.1.7) with the potential (5.1.2) in 
the limit u; —> œo flows to V = 1 SQCD with the gauge group SU(N) x U(1) and 
the FI D term. The bosonic part of the action of the latter theory is 


1 1 2 ZAIZ 
S= | dtx{— (F$, + — (Fu) + [Vues + Vagi 
J = fa) + a Ew + [Raa P+ [Vu 
85 -A2 8g z 2 
Po aTa —GaT* GA) + Ca aa — NE)" | G.1.13) 


All F terms disappear in this limit, and we are left with the D terms. We have 4N? 
real components of the q and q fields while the number of the D term constraints 
in (5.1.13) is N?. Moreover, N? phases are eaten by the Higgs mechanism. Thus, 
the dimension of the Higgs branch in Eq. (5.1.13) is 


4N? — N? - N? =2N?. 


The vacuum (5.1.3) corresponds to the base point of the Higgs branch withg = 0. 
In other words, flowing from M = 2 theory (4.1.7), we do not recover the entire 
Higgs branch of M = 1 SQCD. Instead, we arrive at a single vacuum — a base point 
of the Higgs branch. 


The scale of M = 1 SQCD 
AN=1 
SU(N) 
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is expressed in terms of the scale Asu(y) of the deformed M = 2 theory as follows: 


N=1 )\2N N AN 
(A SUN) ) = Wz ASUN) . (5.1.14) 


To keep the bulk theory at weak coupling in the limit of large u; we assume that 


VE > AMG - (5.1.15) 


Now, considering the theory (4.1.7) with the potential (5.1.2), let us return to the 
case of arbitrary u; and discuss non-Abelian string solutions. The BPS saturation is 
maintained. By the same token, as for the BPS strings in M = 2 we use the ansatz 


Geiser. Gua. (5.1.16) 
The adjoint fields are set to zero. Note that Eq. (5.1.16) is an SU(2) r-rotated version 
of (4.2.1). The FI F term considered in Chapter 4 is rotated into the FI D term 
in (5.1.2). 

With these simplifications the M = 1 model (4.1.7) with the potential (5.1.2) 
reduces to the model (4.2.2) which was exploited in Chapter 4 to obtain non- 
Abelian string solutions. The reason for this is that the adjoint fields play no role in 
the string solutions, and we let them vanish, see Eq. (5.1.4). Then M = 2 breaking 
terms vanish, and the potential (5.1.2) reduces to the one in Eq. (4.1.9) (up to an 
SU(2)pR rotation). 

This allows us to parallel the construction of the non-Abelian strings carried out 
in Section 4.3. In particular, the elementary string solution is given by Eq. (4.4.4). 
Moreover, the bosonic part of the world sheet theory is nothing but the CP(N — 1) 
sigma model (4.4.9), with the coupling constant 6 determined by the coupling g2 
of the bulk theory via Eq. (4.4.15) at the scale ./€. The latter scale plays the role 
of the UV cut off in the world sheet theory. 

At small values of the deformation parameter, 


wr < JE, 


the coupling constant g2 of the four-dimensional bulk theory is determined by the 
scale Asuy) of the N = 2 theory. Then Eq. (4.4.15) implies (see (4.4.35)) 


he= Asun) 7 (5.1.17) 
where we take into account that the first coefficient of the 6 function is N both in 


the M = 2 limit of the four-dimensional bulk theory and in the two-dimensional 
CP(N — 1) model, see (4.4.34). 


5.1 Breaking N = 2 supersymmetry down to N = 1 149 


Instead, in the limit of large u2, 


wm JE, 


the coupling constant g2 of the bulk theory is determined by the scale RN of 
N = 1 SQCD (5.1.13), see (5.1.14). In this limit Eq. (4.4.15) gives 


Es? 
(AS) 


RAE 


where we take into account the fact that the first coefficient of the 6 function in 
N = 1SQCD is 2N. 


Ag = (5.1.18) 


5.1.2 Heterotic CP(N — 1) model 


In this section we will discuss the fermionic sector of the low-energy effective theory 
on the world sheet of the non-Abelian string in the deformed bulk theory (4.1.7) 
with the potential (5.1.2), as well as supersymmetry of the world sheet theory. First, 
we note that our string is classically 1/2 BPS-saturated. Therefore, in the M = 2 
limit (with M = 2 breaking parameters u; vanishing) four supercharges out of 
eight present in the bulk theory are automatically preserved on the string world 
sheet. They become supercharges in the CP(V — 1) model. 

What happens when we break M = 2 supersymmetry of the bulk model by 
switching on parameters u; (for simplicity we consider the case uw; = u2 = u 
here)? The 1/2 “BPS-ness” of the string solution requires only two supercharges 
on the world sheet. However, as we will show in Section 5.4, the number of the 
fermion zero modes in the string background does not change. This number is fixed 
by the index theorem. Thus, the number of (classically) massless fermion fields in 
the world sheet model does not change. 

It is well known that the M = (2,2) supersymmetric sigma model with the 
CP(N — 1) target space does not admit M = (0,2) supersymmetric deformations 
[156]. A way out was indicated in [190]: the world-sheet theory is in fact CP(V — 
1) x C rather than the CP(N — 1) model. The factor C comes from the translational 
sector. In the M = 2 limit the translational and the orientational sectors of the 
world-sheet theory are totally decoupled. Breaking M = 2 supersymmetry in the 
bulk mixes fermions from these two sectors on the world sheet. 

The translational sector of the effective theory on the string in the M = 2 limit 
contains the bosonic field xo;, i = 1, 2 (position of string’s center in the (1,2) plane), 
and two fermion fields ¢z and ¢g. Two supercharges that survive on the string world 
sheet at non-zero u protect xo; and ¢z. The world-sheet fields xo; (t, z) and ¢7 (t, z) 
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remain free fields decoupled from all others. This is no longer the case with regards 
to €r which gets an interaction with fermions of the orientational sector. 

As a result, the heterotic M = (0,2) model in the gauged formulation (see 
(4.4.32)) takes the form [190] 


1- S 
S= f ax | 5 ëriðn te + [2VBi dintr +H.c.] 


1 1 1 
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+ [iV2o Ere, tiv2i (AREL — AALER) + H.c.] +86 aP oP} (5.1.19) 


where we omitted the fields xọo;(t,z) and ¢z(t,z) as irrelevant for the present 
consideration, while 3z ,R = ðo F i 03. Here & A z are fermionic superpartners of 
the bosonic orientational fields n’. For convenience we change the normalization 
of n! as compared with the one in (4.4.32) absorbing the coupling constant 2 in 
the kinetic term for n’s. 

Much in the same way as the M = (2,2) CP(N — 1) model, this heterotic model 
should be considered in the strong coupling limit e? —> oo. The gauge multiplet 
consists of the U(1) gauge field Ay, complex scalar o, fermions Ar 7, and axillary 
field D. Integrating over D gives constraint (4.4.3) modified due to the change of 
normalization of n as follows: 


ln’ |? = 2B. (5.1.20) 


The terms in Eq. (5.1.19) containing the deformation parameter ô break N = 
(2,2) supersymmetry down to V = (0, 2). The parameter ô is complex and dimen- 
sionless. It was calculated in terms of the deformation parameter u of the bulk 
theory in [191]. We review this result below. 

Integrating over the axillary fields A we arrive at the constraints 


EL =0, Ern = 26 ôtr, (5.1.21) 


replacing those in Eq. (4.4.24) (the latter equation in the gauged formulation for 
arbitrary N takes the form n; Ẹ l 0). We see that the constraint (4.4.24) is modified 
for the right-handed fermions €z implying that the supertranslational sector of the 
world sheet theory is no longer decoupled from the orientational one. The general 
structure of the deformation in (5.1.19) is dictated by VV = (0, 2) supersymmetry. 

Integrating over Ag and o produces four-fermion interactions in the model 
(5.1.19). Once the coefficient in front of |ø |? is modified by the MN = 2 breaking 
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deformation the coefficient in front of the four-fermion interaction is modified as 
well (as compared with Eq. (4.4.31)). 

The model (5.1.19) has a U(1) axial symmetry which is broken by the chiral 
anomaly down to the discrete subgroup Z2, [159]. The o field is related to the 
fermion bilinear operator by the following formula: 


l Z gl 
= : 5.1.22 
War F A 


Moreover, it transforms under the above Z2y symmetry as 


2ak ; 


o—>eN'o, k=1,...,N—1. (5.1.23) 


We will see below that the Z2y symmetry is spontaneously broken by a condensate 
of o, down to Z2, much in the same way as in the conventional M = (2, 2) model 
[159]. This is equivalent to saying that the fermion bilinear condensate (i LEL) 
develops, breaking the discrete Zəy symmetry down to Z2. 

We can rewrite the indirect interactions between superorientational and super- 
translational sectors of the theory coded in the constraint (5.1.21) by shifting the 
field Er as follows: 


5 E 1 
Er > ERr — ô nR. (5.1.24) 
v26 
Then we return to unmodified constraints 

ñl =0, rn =0. (5.1.25) 


Performing a rather straightforward algebraic analysis based on the relation 
between the gauged and O(3) formulations (see Appendix B.4) we get 


1 À Lo. c? 
Sig. = o (a S“) +5 xR OL ART 5 XE LOR XE — ORXE 


cs Ni XR(i ðL S? (aR + GER) + ie Si Ay S (ER — &ER)) 


- , c2 5 . 
+ sy ini ðL ER + a E Enea ie shee} (5.1.26) 
where 
2 1 
= EA (5.1.27) 


we restrict ourselves to N = 2 and rename xf, of Section 4.4.2, Xf > XR L 
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The relation of the deformation parameter introduced here and the one in the 
gauged formulation of the theory (see Eqs. (5.1.19)) is as follows: 


= —Č_ (5.1.28) 


Ji- a 
As a result of the shift (5.1.24), crucial bifermionic terms of the type XRƏLSER 
appear in the second line of Eq. (5.1.26). 

Now the problem is to actually derive the heterotic world sheet CP(N — 1) 
model from the bulk theory. The general structure of the theory (5.1.19) is fixed 
by N = (0,2) supersymmetry. In order to derive this theory as an effective low- 
energy theory on the string we have to calculate the deformation parameter 6 in 
terms of the bulk parameters. The kinetic cross-terms xrd SCR in the formula- 
tion (5.1.26), bilinear in the fermion fields, allow us to do so. In Ref. [191] the 
-deformation of the fermion zero modes was considered. Both supertranslational 
and superorientational fermion zero modes on the string were found in the limits 
of small and large u by solving the Dirac equations. The overlap of the transla- 
tional and orientational fermion zero modes gives the kinetic cross-term %10 SCR 
in (5.1.19). 

This derivation provides us with a relation between the bulk and world sheet 
deformation parameters, namely [191], 


gên 


const Matin small u, 
ô = (5.1.29) 
const & ,/In alu large 
a Msun) ” Se M, 


where the mass of the gauge boson Msuqx) is given in Eq. (4.1.16). The constants 
here are determined by the profile functions of the string solution [191]. 

The physical reason for the logarithmic behavior of the world sheet deformation 
parameter at large u is as follows. In the large-u limit certain states in the bulk 
theory become light [189, 191], see Section 5.1.1. This reflects the presence of the 
Higgs branch in M = 1 SQCD to which our bulk theory flows in the u —> œ limit. 
The argument of the logarithm in (5.1.29) is the ratio of Msu(y) and the small mass 
of the light states associated with this would-be Higgs branch [191]. 

To conclude this section, let us mention that more general deformations of N = 2 
theory (4.1.7) preserving V = 1 supersymmetry were also considered in [190, 191]. 
In particular, deformations of (4.1.7) with unequal quark masses with a polynomial 
superpotential 


N 
Ck k+l 
W =T —— ® 5.1.30 
Da Cy) 
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do not spoil the BPS nature of string solutions if the critical points of the super- 
potential coincide with the quark mass parameters. Associated M = (0, 2) heterotic 
deformations of the CP(N — 1) world-sheet theory were derived in [191]. For 
polynomial deformations (5.1.30) a non-polynomial (logarithmic) response was 
found in the world-sheet model. The heterotic CP(N — 1) model in the geometric 
formulation is presented in Appendix B.5. 


5.1.3 Large-N solution 


The V = (2,2) model as well as the non-supersymmetric C P(N — 1) model were 
solved by Witten in the large-N limit [159]. The same method was used in [192] to 
study the M = (0,2) heterotic CP(N — 1) model. In this section we will briefly 
review this analysis. 

Since the action (5.1.19) is quadratic in the fields n’ and ¿! we can integrate 
out these fields and then minimize the resulting effective action with respect to 
the fields from the gauge multiplet. The large-N limit ensures the corrections to 
the saddle point approximation to be small. In fact, this procedure boils down to 
calculating a small set of one-loop graphs with the n! and é! fields propagating in 
loops. After integrating n! and é! out, we must check self-consistency. 

Integration over n’ and é! in (5.1.19) yields the following determinants: 


[det (—a7 + iD + 2Io|?)] ™ [det (32 + 210 7)], (5.1.31) 


where we dropped the gauge field Ag. The first determinant here comes from the 
boson loops while the second from fermion loops. Note, that the n’ mass is given 
by iD +2|o|? while that of the fermions é! is 2|o|?. If supersymmetry is unbroken 
(i.e. D = 0) these masses are equal, and the product of the determinants reduces to 
unity, as it should be. 

Calculation of the determinants in Eq. (5.1.31) is straightforward. We easily get 
the following contribution to the effective action: 


N M? M? 
re {(i + 2\o|*) [h PERTE + 1 — 2]o|? [in Zee + i}. (5.1.32) 
where quadratically divergent contributions from bosons and fermions do not 
depend on D and ø and cancel each other. Here Muy is an ultraviolet cut off. 
Remembering that the action in (5.1.19) presents an effective low-energy theory on 
the string world sheet one can readily identify the UV cut off in terms of the bulk 
parameters, 


My = Msw) - (5.1.33) 
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Invoking Eq. (4.4.15) we conclude that the bare coupling constant £ in (5.1.19) can 
be parameterized as 

N M? 
— ]n uv f 
82 AŽ 


p= (5.1.34) 
Substituting this expression in (5.1.19) and adding the one-loop correction (5.1.32) 
we see that the term proportional to iD In MŽ, is canceled out, and the effective 
action is expressed in terms of the renormalized coupling constant, 


N . iD+2J|o/? 


Bren = 8a In rE (5.1.35) 


Assembling all contributions together we get the effective potential as a function 
of the D and ø fields in the form 


N , iD +20? 
Va = | dx — - (iD 2 Ai EN ARE ET) 
eff J x TE | iD + 2ļ|o|4 ) In re +i 
2\o| 
AG 


2 
+ 2\o|? In + 2\o|7u | : (5.1.36) 


where instead of the deformation parameter 5 we introduced a more convenient 
(dimensionless) parameter u which does not scale with N, 
16x 2 
u = — £ |d|*. 5.1.37 
N B lô] ( ) 


Minimizing this potential with respect to D and o we arrive at the following 
relations: 


N , iD+2|o|? _ 


Bren = 8x In A2 3 
iD + 2\a|? 
In a =e (5.1.38) 
oO 


Equations (5.1.38) represent the master set which determines the vacua of the 
theory. Solutions can be readily found, 
1 u 2wik 
2 a A2 —u , E OS se 
lo| oE OS p( 37N 
iD = A2 (1 — e™”). (5.1.39) 


). k=0,...,.N—-1, 


The phase factor of o does not follow from (5.1.38), but we know of its existence 
from the fact of the spontaneous breaking of the discrete chiral Z2y down to Z2, 
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see the discussion in Section 5.1.2. Substituting this solution in Eq. (5.1.36) we get 
the expression for the vacuum energy density [192], 

t= = iD = = AZ (= e™”). (5.1.40) 
We see that the vacuum energy does not vanish! The M = (0,2) supersymmetry 
is spontaneously broken. The breaking of M = (0,2) supersymmetry was first 
conjectured in Ref. [193]. Of course, the large-N solution presented above is the 
most clear-cut demonstration of its spontaneous breaking. However, even in the 
absence of this solution one can present general arguments in favor of this scenario. 
Indeed, addition of the extra right-handed field fr in the CP(N — 1) model changes 
Witten’s index from N to zero [191]. 

Another argument comes from the bulk theory in the limit of large deformation 
parameter u. The breaking of supersymmetry for the V = (0, 2) world-sheet theory 
could be argued from consistency with the absence of localized BPS solutions of 
the required type in M = 1 gauge theories. The argument could go along the 
following lines: If the M = (0,2) world-sheet theory is to have supersymmetric 
vacua, it would need to have N degenerate vacua due to the breaking of the discrete 
Zyn symmetry. This is likely to imply the existence of BPS kinks preserving one 
supercharge. From the bulk point of view, these configurations would be 1/4 BPS- 
saturated confined monopoles. However, such solutions are not supported by the 
allowed central charges in the NV = 1 superalgebra and, therefore, are not expected. 
Thus, the breaking of world sheet supersymmetry is consistent with the absence of 
such bulk BPS configurations. 

Needless to say, the linear N dependence of the vacuum energy we see in 
Eq. (5.1.40) was expected. 

It is instructive to discuss the first condition in (5.1.38). That Bren = 0 was a 
result of Witten’s analysis [159] too. This fact, Bren = 0, implies that in quantum 
theory (unlike the classical one) 


(Int?) =0, (5.1.41) 


i.e. the global SU(N) symmetry is not spontaneously broken in the vacuum and, 
hence, there are no massless Goldstone bosons. All bosons get a mass. 

If the deformation parameter u vanishes, the vacuum energy vanishes too and 
supersymmetry is not broken, in full accord with Witten’s analysis [159] and with 
the fact that the Witten index is N in this case [123]. The o field develops a 
vacuum expectation value (5.1.39) breaking Z2y symmetry.' As we switch on the 


1 The vacuum structure (5.1.39) of the M = (2,2) model at u = 0 was also obtained by Witten for arbitrary N 
in [157] using a superpotential of the Veneziano-Yankielowicz type [194]. 
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deformation parameter u, the D component develops a VEV; hence, N = (0, 2) 
supersymmetry is spontaneously broken. The vacuum energy density no longer 
vanishes. 

In the limit u — oo, the deformation parameter u behaves logarithmically 


with u, 
M 2 
u = const (In — ) (in gall | (5.1.42) 
Agu) Msw) 


where the constant above does not depend on N. At any finite u the o-field con- 
densate does not vanish, labeling N distinct vacua as indicated in Eq. (5.1.39). In 
each vacuum Z2y symmetry is spontaneously broken down to Z2. As we explain 
in Section 5.1.4 we cannot trust the world-sheet theory at very large values of u 
due to the presence of the Higgs branch in V = 1 SQCD. Therefore, the vacuum 
structure outlined above persists in the whole window of the allowed values of the 
deformation parameter u. 

The mass spectrum of the heterotic CP(N — 1) model was determined in Ref. [192] 
in the large-N limit. In the regime of large u the masses of the n! bosons and é! 
fermions become drastically different. They are 


m, =ViD+2lo2=Ag, mg = V2\o|= Ag exp (—), (5.1.43) 


where we used Eqs. (5.1.39). The fermions are much lighter than their bosonic 
counterparts. 

Much in the same way as in the M = (2,2) CP(N — 1) model [159], the fields 
belonging to the U(1) gauge multiplet, introduced as axillary fields in (5.1.19), 
acquire kinetic terms at one loop and become dynamical. Moreover, the photon 
acquires mass proportional to the VEV of the o field due to the chiral anomaly. 
The o field also becomes massive, with mass determined by (oc) in (5.1.39). 

Due to the spontaneous supersymmetry breaking the theory always has a mass- 
less Goldstino. At small u its role is played by r with a small admixture of 
other fermions, while in the large u limit the gaugino Ar becomes massless. In 
the large u limit when (co) is small the low-energy effective theory contains the 
light (but massive!) photon, two light o states and only one fermion: the massless 
Goldstino Ap. 

As was shown above, in the M = (0, 2) theory supersymmetry is spontaneously 
broken. The vacuum energy density does not vanish, see (5.1.40). This means that 
strings under consideration are no longer BPS and their tensions get a shift (5.1.40) 
with respect to the classical value Ta = 27&. However, this shift is the same for 
all N elementary strings. Their tensions are strictly degenerate; Z2ņy symmetry is 
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spontaneously broken down to Z2. The order parameter (the o field VEV) remains 
nonvanishing at any finite value of the bulk parameter ju. 

The kinks that interpolate between different vacua of the world sheet theory are 
described by the n’ fields. Their masses are given in Eq. (5.1.43). In the M = (0, 2) 
theory the masses of the boson and fermion superpartners are split. The bosonic 
kinks have masses ~ Ag in the large-j limit, while the fermionic kinks become 
light. Still their masses remain finite and nonvanishing at any finite u. 

We already know that, from the standpoint of the bulk theory, these kinks are 
confined monopoles [189, 104, 192]. The fact that tensions of all elementary strings 
are the same ensures that these monopoles are free to move along the string, since 
with their separation increasing, the energy of the configuration does not change. 
This means they are in the deconfinement phase on the string.” The kinks are 
deconfined both in V = (2,2) and NV = (0,2) C P(N — 1) theories. In other words, 
individual kinks are present in the physical spectrum of (1+1) dimensional theory. 
The monopoles, although attached to strings, are free to move on the strings. We 
will see in Chapter 6 that this is not the case for monopoles in non-supersymmetric 
theories. Kinks in non-supersymmetric CP(N — 1) models are in the confinement 
phase on the string, therefore a monopole and an antimonopole attached to the 
string come close to each other forming a meson-like configuration. 


5.1.4 Limits of applicability 


As was discussed above, both the string solution and the bosonic part of the world 
sheet theory for the non-Abelian strings in M = 1 with the potential (5.1.2) are 
identical to those in M = 2. However, the occurrence of the Higgs branch in 
the limit u — oo manifests itself at the quantum level [189]. At the classical 
level light fields appearing in the bulk theory in the large-jz limit do not enter the 
string solution. The string is “built” of heavy fields. However, at the quantum level 
couplings to the light fields lead to a dramatic effect: an effective string thickness 
becomes large due to long-range tails of the string profile functions associated with 
the light fields. As a matter of fact, we demonstrated [189, 191] that in the fermion 
sector this effect is seen already at the classical level. Some of the fermion zero 
modes on the string solution acquire long-range tails and become non-normalizable 
in the limit u —> oo. 

Below we will estimate the range of validity of the description of non-Abelian 
string dynamics by the CP(N — 1) model (5.1.19). To this end let us note that higher 
derivative corrections to (5.1.19) run in powers of 


A dz, (5.1.44) 


2 We stress that these monopoles are confined in the bulk theory being attached to strings. 
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where A is the string transverse size (thickness). At small u it is quite clear that 
A ~ 1/g,/& . Atypical energy scale on the string world sheet is given by the scale 
Ag of the CP(N — 1) model which, in turn, is given by (5.1.17) at small u. Thus, 
ə — Ag, and higher-derivative corrections run in powers of A, /g./é. At small u 
the higher-derivative corrections are suppressed by powers of A,/g/& <« 1 and 
can be ignored. However, with u increasing, the fermion zero modes acquire long- 
range tails [189, 191]. This means that an effective thickness of the string grows. 
The thickness is determined by masses of the lightest states (5.1.12) of the bulk 
theory, 


he Se (5.1.45) 


The higher-derivative terms are small if (A A,) « 1. Substituting here the scale 
of the CP(N — 1) model given at large u by (5.1.18) and the scale of V = 1 SQCD 
(5.1.14) we arrive at the constraint 


uH“, (5.1.46) 
where the critical value of u is 
2 M3 
83E SU(N 
gu = = SM 2 (5.1.47) 
a (A sU) 


If the condition (5.1.46) is met, the MV = 2 CP(N —1) model gives a good description 
of world-sheet physics. A hierarchy of relevant scales in our theory is displayed in 
Fig. 5.1. 

If we increase u above the critical value (5.1.47) the non-Abelian strings become 
thick and their world-sheet dynamics is no longer described by N = 2 CP(N — 1) 
sigma model. The higher-derivative corrections on the world-sheet explode. Note 
that the physical reason for the growth of the string thickness A is the presence of 
the Higgs branch in M = 1 SQCD. Although the classical string solution (4.4.20) 
retains a finite transverse size, the Higgs branch manifests itself at the quantum 
level. In particular, the fermion zero modes feel the Higgs branch and acquire 
long-range logarithmic tails. 

Now, let us abstract ourselves from the fact that the theory (5.1.19) is a low- 
energy effective model on the world sheet of the non-Abelian string. Let us consider 


energy 


| | | | 
Acp(1) Anet é u3 


Figure 5.1. Relevant scale hierarchy in the limit u > /€. 
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this model per se, with no reference to the underlying four-dimensional theory. 
Then, of course, the parameter u can be viewed as arbitrary. One can address a 
subtle question: what happens in the limit u — oo? In this limit the o field VEV 
tends to zero (see Eq. (5.1.39)) and N degenerate vacua coalesce. Moreover, the 
U(1) gauge field, o and the fermionic kinks € become massless (in addition to 
the AR field which, being the Goldstino in this limit, is necessarily massless). The 
model seemingly becomes conformal. It is plausible to interpret this conformal 
fixed point as a phase transition point from the kink deconfinement phase to the 
Coulomb/confining phase. 

A similar phenomenon occurs in two-dimensional conformal VV = (4, 4) super- 
symmetric gauge theory [195]. In this theory the same tube metric |do|*/|o|* 
appears (as in (5.1.19), see [192]) and the point o = 0 is interpreted as a transition 
point between two distinct phases. 


5.2 The M model 


In Section 5.1 we learned that the occurrence of the Higgs branch in V = 1 SQCD 
obscures physics of the non-Abelian strings. Thus, it is highly desirable to get rid of 
the Higgs branch, keeping M = 1. This was done in [104]. Below we will review 
key results pertinent to the issue. 

To eliminate light states we will introduce a particular M = 2 breaking defor- 
mation in the U(N) theory with the potential (5.1.2). Namely, we uplift the quark 
mass matrix m? (see Eq. (4.1.9) where this matrix is assumed to be diagonal) to 
the superfield status, 

m? >M A ; 


and introduce the superpotential 


Wu = QMQ. (5.2.1) 
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The matrix M represents N? chiral superfields of the mesonic type (they are color 
singlets). Needless to say, we have to add a kinetic term for M 2 : 


4 2 25 2 y 
Sain = fa xd Ban TM (5.2.2) 


where h is a new coupling constant (it supplements the set of the gauge couplings). 
In particular, the kinetic term for the scalar components of M takes the form 


1 1 
fas [lamo + reams? (5.2.3) 
where we use the decomposition 
1 
MA = 5 54 MÌ + (THA M°. (5.2.4) 


At h = 0 the matrix field M becomes sterile, it is frozen and in essence returns 
to the status of a constant numerical matrix. The theory acquires flat directions 
(a moduli space). With nonvanishing A these flat directions are lifted, and M is 
determined by the minimum of the scalar potential, see below. 

The uplift of the quark mass matrix to superfield is a crucial step which allows 
us to lift the Higgs branch which would develop in this theory in the large- limit 
if M were a constant matrix. We will refer to this theory as the M model. 

The potential Viq4, qa a", a, M?, M*) of the M model is 


2 
2 
1 7 
V(q4,Ga,a"%,a, M?, M”) = = (> f% aba +Trå Tq -Trå T’ i 
2 
gi = 2 83 2 
+ = (Iraq —Tr qq — Né) + 5 |2TräT*q + V2p2a"| 
2 


1 
(a+ 2T% a")g + —q(M? +2T"M®) 
pert 


2 
~ 1 
F S Träq + VNmaļf? + 5 | 


z 1 - 
+ (a+ 2T% a%)gG + —G(M° + 2T“M*) 
q Tat 


2 
h 7 z 
+ git 4al? +h\TrqT“q\’. 
(5.2.5) 


The last two terms here are F terms of the M field. In Eq. (5.2.5) we also introduced 
the FI D-term for the U(1) field, with the FI parameter &. 

The FI term triggers the spontaneous breaking of the gauge symmetry. The VEV’s 
of the squark fields and adjoint fields are given by (5.1.3) and (5.1.4), respectively, 
while the VEV’s of M field vanish, 


(M*)=0, (M°)=0. (5.2.6) 
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The color-flavor locked form of the quark VEV’s in Eq. (5.1.3) and the absence of 
VEVs of the adjoint field a“ and the meson fields MĦ in Eqs. (5.1.4) and (5.2.6) result 
in the fact that, while the theory is fully Higgsed, a diagonal SU(N) c+ symmetry 
survives as a global symmetry, much in the same way as in -deformations of 
N = 2 SQCD. Namely, the global rotation 


q—>UqU"', aT! > Ua*T*U"!, M —> UTIMU, (5.2.7) 


is not broken by the VEVs (5.1.3), (5.1.4) and (5.2.6). Here U is a matrix from 
SU(N). As usual, this symmetry leads to the emergence of orientational zero modes 
of the Zy strings in the theory with the potential (5.2.5). 

At large u one can readily integrate out the adjoint fields A? and A. The bosonic 
part of the action of the M model takes the form 


1 2 1 2 
s= |as — (Fi) + Fw) + Tr Vag? + Tr Va]? 
483 481 
1 02,1 EE ee ee 
+ zlðuM | + 5 la.M | +> (TaT q —TrqT“@) 
2 
4 “(Taq ~Tr gq — NE)? + Tr|qM|? + Trig? 


h 
kalta +almearvap (5.2.8) 


The vacuum of this theory is given by Eqs. (5.1.3) and (5.2.6). The mass spectrum 
of elementary excitations over this vacuum consists of the M = 1 gauge multiplets 
for the U(1) and SU(N) sectors, with masses given in Eqs. (4.1.16) and (4.1.17). 
In addition, we have chiral multiplets g and M, with masses 


hN 
mud) = “ (5.2.9) 
for the U(1) sector, and 
h 
MSU(N) = E (5.2.10) 


for the SU(N) sector. 

It is worth emphasizing that there are no massless states in the bulk theory. At 
h = 0 the theory with the potential (5.2.5) develops a Higgs branch in the large-u 
limit (see Section 5.1). If h 4 0, M becomes a fully dynamical field. The Higgs 
branch is lifted, as follows from Eqs. (5.2.9) and (5.2.10). 
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The V = 1 SQCD with the M field, the M model, belongs to the class of theories 
introduced by Seiberg [196] to provide a dual description of conventional NV = 1 
SQCD with the SU(N.) gauge group and N flavors of fundamental matter, where 


Ne =Nf -N 


(for reviews see Refs. [197, 198]). There are significant distinctions, however. 

Let us outline the main differences of the M model (5.2.8) from those introduced 
[196] by Seiberg: 

(i) The theory (5.2.8) has the U(N) gauge group rather than SU(N); 

(ii) It has the FI D term instead of a linear in M superpotential in Seiberg’s 
models; 

Gii) Following [104] we consider the case Nf = N which would correspond to 
Seiberg’s Ne = 0 in the original SQCD. The theory (5.2.8) is asymptotically free, 
while Seiberg’s dual theories are most meaningful (i.e. have the maximal predictive 
power with regards to the original strongly coupled M = 1 SQCD) below the 
left edge of the conformal window, in the range Nf < (3/2) Nc, which would 
correspond to Ns > 3N rather than Nf = N. Note that at Nf > 3N the theory 
(5.2.8) is not asymptotically free and is thus uninteresting from our standpoint. 

In addition, itis worth noting that at Nf > N the vacuum (5.1.3), (5.2.6) becomes 
metastable: supersymmetry is broken [199]. The Ne = Nf — N supersymmetry- 
preserving vacua have vanishing VEV’s of the quark fields and a non-vanishing 
VEV of the M field.? The latter vacua are associated with the gluino condensation 
in pure SU(N) theory, (AA) Æ 0, arising upon decoupling Np flavors [197]. In the 
case Nf = N to which we limit ourselves the vacuum (5.1.3), (5.2.6) preserves 
supersymmetry. Thus, despite a conceptual similarity between Seiberg’s models 
and ours, dynamical details are radically different. 

Now, it is time to pass to solutions for non-Abelian BPS strings in the M model 
[104]. Much in the same way as in Section 5.1 we use the ansatz (5.1.16). Moreover, 
we set the adjoint fields and the M fields to zero. With these simplifications the 
N = 1 model with the potential (5.2.5) reduces to the model (4.2.2) which we used 
previously in the original construction of the non-Abelian strings. 

In particular, the solution for the elementary string is given by (4.4.4). More- 
over, the bosonic part of the effective world-sheet theory is again described by the 
CP(N — 1) sigma model (4.4.9) with the coupling constant 6 determined by (4.4.15). 
The scale of this CP(N — 1) model is given by Eq. (5.1.18) in the limit of large m. 

The full construction of the world-sheet theory in the M model has not been yet 
carried out. One can conjecture as to what the fermion part of this theory is. There 
are good reasons to expect that we will get the heterotic M = (0,2) CP(N — 1) 


3 This is correct for the version of the theory with the €-parameter introduced via superpotential. 
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theory much in the same way as in Section 5.1.2 (see also Appendix B.5). The 
relation between the bulk and world sheet deformation parameters are likely to 
change, but all consequences (such as spontaneous SUSY breaking at the quantum 
level) presumably will stay intact. 

To conclude this section let us note a somewhat related development: non-BPS 
non-Abelian strings were considered in metastable vacua of a dual description of 
N = 1SQCD at Np > N in Ref. [200]. 


5.3 Confined non-Abelian monopoles 


As was mentioned, the effective low-energy Lagrangian describing world-sheet 
physics of the non-Abelian string in the M model, must be supersymmetric, pre- 
sumably, M = (0,2). The heterotic sigma model dynamics is known (see Section 
5.1.3); in particular, we will have N degenerate vacua and kinks that interpolate 
between them, similar to the kinks that emerge in M = 2 SQCD. These kinks are 
interpreted as (confined) non-Abelian monopoles [165, 132, 133], the descendants 
of the °t Hooft-Polyakov monopole. 

Let us discuss what happens with these monopoles as we deform our theory 
and eventually end up with the M model. It is convenient to split this deformation 
into several distinct stages. We will describe what happens with the monopoles 
as one passes from one stage to another. Some of these steps involving deforma- 
tions of M = 2 SQCD were already discussed in Section 4.5. Here we focus on 
deformations of N = 2 SQCD leading to the M model. 

A qualitative evolution of the monopoles under consideration as a function of 
the relevant parameters is presented in Fig. 4.3. 

(i) We start from NM = 2 SQCD turning off the M = 2 breaking parameters 
h and p’s as well as the FI parameter in the potential (5.2.5), i.e. we start from the 
Coulomb branch of the theory, 


u=m=0, h=0, E=0, MHO. (5.3.1) 
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As was explained in Section 5.2, the field M is frozen in this limit and can take 
arbitrary values (the notorious flat direction). The matrix M A plays the role of a 
fixed mass matrix for the quark fields. As a first step let us consider the diagonal 
matrix M, with distinct diagonal entries, 


Mĝ = diag {M1,..., My}. (5.3.2) 


Shifting the field a one can always make 5°, M4 = O in the limit uı = 0. 
Therefore M? = 0. If all M,’s are different the gauge group SU(N) is broken 
down to U(1)“— by a VEV of the SU(N) adjoint scalar (see (4.1.11), 


(ak) = ee 5k M]. (5.3.3) 
l /2 l 
Thus, as was already discussed in Section 4.5, there are °t Hooft-Polyakov 
monopoles embedded in the broken gauge SU(N). Classically, on the Coulomb 
branch the masses of (N — 1) elementary monopoles are proportional to 


(Ma — Ma+1) 1/82. 


In the limit (M4 — M4+1) — 0 the monopoles tend to become massless, for- 
mally, in the classical approximation. Simultaneously their size becomes infinite 
[112]. The mass and size are stabilized by highly quantum confinement effects. The 
monopole confinement occurs in the Higgs phase, at E£ 4 0. 

(ii) Now let us make the FI parameter € non-vanishing. This triggers the squark 
condensation. The theory is in the Higgs phase. We still keep M = 2 breaking 
parameters h and w’s vanishing, 


Wi ="u2=0, h=0, E40, MFO. (5.3.4) 


The squark condensation leads to formation of the Zy strings. Monopoles become 
confined by these strings. As we discussed in Section 4.5, (N — 1) elementary 
monopoles become junctions of pairs of elementary strings. 

Now, if we reduce |A Mal, 


Acro- K |AMa| K VE, (5.3.5) 


the size of the monopole along the string ~ |(M4 — Ma+1) |7! becomes larger 
than the transverse size of the attached strings. The monopole becomes a bona fide 
confined monopole (the lower left corner of Fig. 4.3). At nonvanishing AM, the 
effective theory on the string world sheet is the CP(N — 1) model with twisted mass 
terms [165, 132, 133], see Section 4.4.4. Two Zy strings attached to an elementary 
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monopole correspond to two “neighboring” vacua of the CP(N — 1) model. The 
monopole (a.k.a. the string junction of two Zy strings) manifests itself as a kink 
interpolating between these two vacua. 

(iii) Next, we switch off the mass differences AM, still keeping the V = 2 
breaking parameters vanishing, 


u=m=0, h=0, E40, M=0. (5.3.6) 


The values of the twisted masses in CP(N — 1) model coincide with AM, while 
the size of the twisted-mass sigma-model kink/confined monopole is of the order 
of ~ |(M4 — Mai) |7}. 

As we decrease AM, approaching Acpiy—1) and then getting below the scale 
Acp(n—1), the monopole size grows, and, classically, it would explode. This is 
where quantum effects in the world sheet theory take over. It is natural to refer to 
this domain of parameters as the “regime of highly quantum dynamics.” While the 
thickness of the string (in the transverse direction) is ~ & —!/2 the z-direction size 
of the kink representing the confined monopole in the highly quantum regime is 
much larger, ~ Nene N-1> See the lower right corner in Fig. 4.3. 

In this regime the confined monopoles become non-Abelian. They no longer 
carry average magnetic flux since 


(n') =0, (5.3.7) 


in the strong coupling limit of the CP(N — 1) model [159]. The kink/monopole 
belongs to the fundamental representation of the SU(V)c+F group [159, 120]. 

(iv) Thus, with vanishing AM, we still have confined “monopoles” (interpreted 
as kinks) stabilized by quantum effects in the world sheet CP(N — 1) model. Now 
we can finally switch on the M = 2 breaking parameters u; and h, 


wi #0, h#0, €40, M=O. (5.3.8) 


Note that the last equality here is automatically satisfied in the vacuum, see 
Eq. (5.2.6). 

As was discussed in Section 5.2 the effective world sheet description of the non- 
Abelian string is given by a heterotic deformation of the supersymmetric CP(N — 1) 
model. This two-dimensional theory has N vacua which should be interpreted as 
N elementary non-Abelian strings in the quantum regime, with kinks interpolating 
between these vacua. These kinks should be interpreted as non-Abelian confined 
monopoles/string junctions. 

Note that although the adjoint fields are still present in the theory (5.2.5) their 
VEV’s vanish (see (5.1.4)) and the monopoles cannot be seen in the semiclassical 
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approximation. They are seen solely as world sheet kinks. Their mass and inverse 
size are determined by A, which in the limit of large u; is given by Eq. (5.1.18). 

(v) At the last stage, we take the limit of large masses of the adjoint fields in 
order to eliminate them from the physical spectrum altogether, 


jo, h#0, £40, M=O. (5.3.9) 


The theory flows to V = 1 SQCD extended by the M field. 

In this limit we get a remarkable result: although the adjoint fields are eliminated 
from our theory and the monopoles cannot be seen in any semiclassical descrip- 
tion, our analysis shows that confined non-Abelian monopoles still exist in the 
theory (5.2.8). They are seen as kinks in the effective world sheet theory on the 
non-Abelian string. 

(vi) The confined monopoles are in the highly quantum regime, so they carry 
no average magnetic flux (see Eq. (5.3.7)). Thus, they are non-Abelian. Moreover, 
they acquire global flavor quantum numbers. In fact, they belong to the fundamen- 
tal representation of the global SU(N )c+r group (see Refs. [159, 120] where this 
phenomenon is discussed in the context of the CP(N — 1)-model kinks). 

It is quite plausible that the emergence of these non-Abelian monopoles can 
shed light on mysterious objects introduced by Seiberg: “dual magnetic” quarks 
which play an important role in the description of M = 1 SQCD at strong coupling 
[196, 197]. 


5.4 Index theorem 


In this section we will discuss an index theorem establishing the number of the 
fermion zero modes on the string. For definiteness we will consider the M model 
[104]. Similar theorems can be easily proved for ordinary M = 1 SQCD (5.1.13) 
as well as for theories with potentials (5.1.2) or (5.2.5) at intermediate values of u. 
They generalize index theorems obtained long ago for simple non-supersymmetric 
models [201]. 
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The fermionic part of the action of the model (5.2.8) is 


Sie fas {ib + iin +Tr[ wi] +Tr[ vine] 
1 


£2 
+ tiae] +E Tfaa) — Gnd + Da - G0) 
h V2 
+ = Tr[G2T? Ay) — (A9) 27? G + (WA) 274 q — G27 AS$) 
+iTr[G(We) + hae) + GE) +. GD) 
+iTr(ỌYM + iii], (5.4.1) 


where the matrix color-flavor notation is used for the matter fermions (W%)kA 
and (wr) 4x, and the traces are performed over the color-flavor indices. Moreover, 


¢ denotes the fermion component of the matrix M superfield, 
1 
cA = 58 CST aes. (5.4.2) 


In order to find the number of the fermion zero modes in the background of the 
non-Abelian string solution (4.4.4) we have to carry out the following program. 
Since our string solution depends only on two coordinates x; (i = 1,2), we can 
reduce our theory to two dimensions. Given the theory defined on the (x1, x2) plane 
we have to identify an axial current and derive the anomalous divergence for this 
current. In two dimensions the axial current anomaly takes the form 


ði jis ~ F*, (5.4.3) 


where F* = (1/2)e;; Fj; is the dual U(1) field strength in two dimensions. 

Then, the integral over the left-hand side over the (x1,.x2) plane gives us the 
index of the 2D Dirac operator v coinciding with the number of the 2D left-handed 
minus 2D right-handed zero modes of this operator in the given background field. 
The integral over the right-hand side is proportional to the string flux. This will 
fix the number of the chiral fermion zero modes* on the string with the given flux. 
Note that the reduction of the theory to two dimensions is an important step in this 
program. The anomaly relation in four dimensions involves the instanton charge 
F* F rather than the string flux and is therefore useless for our purposes. 


4 Chirality is understood here as the two-dimensional chirality. 
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Table 5.1. The U(1)r and U(1) g charges of fields of the two-dimensional reduction 
of the theory. 


Field Vy wh wv sh by | 


q 
U())r charge —1 1 =I 1 —1 1 —1 1 0 0 
U(1)ġ charge —1 1 1 -1 -1 1 1 -1 0 0 


The reduction of M = 1 gauge theories to two dimensions is discussed in detail 
in [157] and here we will be brief. Following [157] we use the rules 


Wow), Wow .W), 
MM > (AAT), «6% S077). (5.4.4) 


With these rules the Yukawa interactions in (4.4.22) take the form 


LYukawa = i2 Tr[-4 Â- y+ ct A4W-) + (Way os W4rA)q + H.c.] 
— i Tr[ġ (h-t — yat) + (V-ar — Wagt_) +H], (5.4.5) 


where the color matrix 4 = (1/2)à + T2. 

It is easy to see that Lyukawa is classically invariant under the chiral U(1)r 
transformations with the U(1)g charges presented in Table 5.1. The axial current 
associated with this U(1)r is not anomalous [157]. This is easy to understand. In 
two dimensions the chiral anomaly comes from the diagram shown in Fig. 5.2. 
The U(1)r chiral charges of the fields w and Ww are the same while their elec- 
tric charges are opposite. This leads to cancellation of their contributions to this 
diagram. 

It turns out that for the particular string solution we are interested in the clas- 
sical two-dimensional action has more symmetries than generically, for a general 
background. To see this, please note that the field g vanishes on the string solution 
(4.4.4), see (5.1.16). Then the Yukawa interactions (5.4.5) reduce to 


iV2Tr[|-GA_w4 —Ayw_)] -—iTr[ Wt, — Wige_-]+He. (5.4.6) 


The fermion yw interacts only with 2’s while the fermion yr interacts only with ¢. 
Note also that the interaction in the last line in (5.4.1) is absent because M = 0 on 
the string solution. This property allows us to introduce another chiral symmetry 
in the theory, the one which is relevant for the string solution. We will refer to this 
extra chiral symmetry as U(1),. 
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Figure 5.2. Diagram for the chiral anomaly in two dimensions. The solid lines 
denote fermions w, y, the dashed line denotes the photon, while the cross denotes 
insertion of the axial current. 


The U(1)j charges of our set of fields are also shown in Table 5.1. Note that 
y and W have the opposite charges under this symmetry. The corresponding current 
then has the form 


Boo WW -ypy — viet a te 
Jis = ie ee ee oe as 7 (5.4.7) 
—ip- y- — iva hy tip_w— +ip yt: 

where the ellipses stand for terms associated with the A and ¢ fields which do not 
contribute to the anomaly relation. 

It is clear that the U(1) symmetry is anomalous in quantum theory. The con- 
tributions of the fermions y and yy double in the diagram in Fig. 5.2 rather than 
cancel. It is not difficult to find the coefficient in the anomaly formula 


b N2 
0; Ji5 = ae (5.4.8) 


which can be normalized e.g. from [202]. The factor N? appears due to the presence 
of 2N? fermions w*4 and Wag. 

Now, taking into account the fact that the flux of the Zy string under con- 
sideration is 


4 
J dx F* = Z, (5.4.9) 
N 


(see the expression for the U(1) gauge field for the solution (4.2.6) or (4.4.4)) we 
conclude that the total number of the fermion zero modes in the string background’ 


v= 4N. (5.4.10) 
This number can be decomposed as 
v= 4N= 4(N —-1)+4, (5.4.11) 


5 Equations (5.4.9) and (5.4.10) are very similar in essence to analogous four-dimensional relations connecting 
the instanton topological charge with the number of the fermion zero modes in the instanton background. For a 
review see [203]. 
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where 4 is the number of the supertranslational modes while 4(N — 1) is the number 
of the superorientational modes. Four supertranslational modes are associated with 
four fermion fields in the two-dimensional effective theory on the string world sheet, 
which are superpartners of the bosonic translational moduli xo and yo. Furthermore, 
4(N — 1) corresponds to 4(N — 1) fermion fields in the M = 2 CP(N — 1) model on 
the string world sheet. CP(N — 1) describes dynamics of the orientational moduli 
of the string. For N = 2 the latter number (4(N — 1) = 4) counts four fermion 
fields xf, x5 in the model (4.4.31). 

A similar theorem can be formulated for M = 1 theory with the potential (5.1.2) 
as well; it implies 4(N — 1) orientational zero modes in this case too, i.e. the 
doubling of the number of the fermion zero modes on the string as compared with 
the one which follows from “BPS-ness.” 

In [189] and [104] four orientational fermion zero modes were found explicitly 
in NV = 1 SQCD and the M model, by solving the Dirac equations in the string 
background. Note that these fermion zero modes in the M model are perfectly 
normalizable provided we keep the coupling constant h non-vanishing. Instead, in 
conventional M = 1 SQCD without the M field the second pair of the fermion 
zero modes (proportional to xï) become non-normalizable in the large-j limit 
[189]. This is related to the presence of the Higgs branch and massless bulk states 
in conventional M = 1 SQCD. As was already mentioned more than once, in the 
M model, Eq. (5.2.8), we have no massless states in the bulk. 

Note that in both translational and orientational sectors the number of the fermion 
zero modes is twice larger than the one dictated by 1/2 “BPS-ness.” Fermion 
supertranslational zero modes of the non-Abelian string in M = 1 theory with 
the potential (5.1.2) were found in [191]. Just like superorientational modes, they 
acquire long-range tails in the large-j limit and become non-normalizable. 


6 
Non-BPS non-Abelian strings 


In this chapter we will review non-BPS non-Abelian strings. In particular, they 
appear in non-supersymmetric theories. We will see that, although for BPS strings 
in supersymmetric theories the transition from quasiclassical to quantum regimes in 
the world sheet theory on the string goes smoothly (see Section 4.4.4), for the non- 
Abelian strings in non-supersymmetric theories these two regimes are separated by 
a phase transition. 

Next, we will show that the same behavior is typical for non-BPS strings in 
supersymmetric gauge theories. As an example we consider non-Abelian strings in 
the so-called M = 1* theory which is a deformed M = 4 supersymmetric theory 
with supersymmetry broken down to VV = 1 ina special way. 


6.1 Non-Abelian strings in non-supersymmetric theories 


In this section we will review some results reported in [154, 164] treating non- 
Abelian strings in non-supersymmetric gauge theories. The theory studied in [154] 
is essentially a bosonic part of M = 2 supersymmetric QCD with the gauge group 
SU(N) xU(1) described in Chapter 4 in the supersymmetric setting.! The action of 
this model is 


1 2 1 2 1 2 
S= | at — (F° Y + — (Fu) ED 
J li ( i) 4g? ( wv) Z H | 
85 2 g? 2 
+Ivo P + 2 (paT) + = (94)? - we) 


T 
' TR (6.1.1) 


1 2 
+ 5 |(a°T* + V2ma) o| toa pan a 


1 In addition to the substitution (4.2.1) we discard the f4°¢ ab a° term in Eq. (4.1.9). This term plays no role in 
the consideration presented below. 
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where Fiy = (1/2) £€uvag Fap and 0 is the vacuum angle. This model is a bosonic 
part of the M = 2 supersymmetric theory (4.1.7) where, instead of two squark 
fields q% and gx, only one fundamental scalar y* is introduced for each flavor 
A=1,...,Ny,see the reduced model (4.2.2) in Section 4.2. We also limit ourselves 
to the case Nf = N and drop the neutral scalar field a present in (4.1.7) as it plays 
no role in the string solutions. To keep the theory at weak coupling we consider 
large values of the parameter & in (6.1.1), E > Asucy)- 
We assume here that 


N 
X ma =0. (6.1.2) 
A=1 


Later on it will be convenient to make a specific choice of the parameters m4, 
namely, 


m^ = mokdiagle Ne og cet EN 1, (6.1.3) 
where m is a single common parameter. Then the constraint (6.1.2) is automatically 
satisfied. We can (and will) assume m to be real and positive. We also introduce a 
0 term in the model (6.1.1). 

Clearly the vacuum structure of the model (6.1.1) is the same as of the theory 
(4.1.7), see Section 4.1. Moreover, the Zy string solutions are the same; they are 
given in Eq. (4.2.6). The adjoint field plays no role in this solution and is given by 
its VEV (4.1.11). The tensions of these strings are given classically by Eq. (4.2.12). 
However, in contrast with the supersymmetric theory, now the tensions of Zy 
strings acquire quantum corrections in loops. 

If masses of the fundamental matter vanish in (6.1.1) this theory has unbroken 
SU(N)c+F much in the same way as the theory (4.1.7). In this limit the Zy strings 
acquire orientational zero modes and become non-Abelian. The corresponding solu- 
tion for the elementary non-Abelian string is given by Eq. (4.3.1). Below we will 
consider two-dimensional effective low-energy theory on the world sheet of such 
non-Abelian string. Its physics appears to be quite different as compared with the 
one in the supersymmetric case. 


6.1.1 World-sheet theory 


Derivation of the effective world-sheet theory for the non-Abelian string in the 
model (6.1.1) can be carried out much in the same way as in the supersymmetric 
case [154], see Section 4.4. The world-sheet theory now is two-dimensional non- 
supersymmetric CP(N — 1) model (4.4.9). Its coupling constant 6 is given by 
the coupling constant g of the bulk theory via the relation (4.4.10). Classically 


6.1 Non-Abelian strings in non-supersymmetric theories 173 


the normalization integral J is given by (4.4.11). Then it follows that J = 1 as in 
supersymmetric case. However, now we expect quantum corrections to modify this 
result. In particular, J can become a function of N in quantum theory. 

Now, let us discuss the impact of the 0 term which we introduced in our bulk 
theory (6.1.1). At first sight, seemingly it cannot produce any effect because our 
string is magnetic. However, if one allows for slow variations of n’ in z and t, one 
immediately observes that the electric field is generated via Ao, in Eq. (4.4.5). 
Substituting Fy; from (4.4.7) into the @ term in the action (6.1.1) and taking into 
account the contribution from Fkn times F;; (k,n = 0,3 andi, j = 1,2) we get the 
topological term in the effective CP(N — 1) model (4.4.9) in the form 


o 
sary = fa dz {26 [ (@an* dn) + (n*dan)?] — E totay 0an}, 
IT 


(6.1.4) 
where Tọ is another normalizing integral given by the formula 
d d 
n=- farlas — 2 + Qo — pL 
dr dr 
d 
= | ar “(240s - 0° fval (6.1.5) 


As is clearly seen, the integrand here reduces to a total derivative, and is determined 
by the boundary conditions for the profile functions p and fy 4. Substituting (4.4.6), 
(4.4.8), and (4.2.8), (4.2.7) we get 


pai (6.1.6) 


independently of the form of the profile functions. This latter circumstance is 
perfectly natural for the topological term. 

The additional term in the CP(V — 1) model (6.1.4) we have just derived is the 
0 term in the standard normalization. The result (6.1.6) could have been expected 
since physics is 27r-periodic with respect to 0 both in the four-dimensional bulk 
gauge theory and in the two-dimensional world sheet CP(N — 1) model. The result 
(6.1.6) is not sensitive to the presence of supersymmetry. It will hold in supersym- 
metric models as well. Note that the complexified bulk coupling constant converts 
into the complexified world sheet coupling constant, 


4 9 9 
pa AGS SOR (6.1.7) 
8 27 Qn 


Now let us introduce small masses for the fundamental matter in (6.1.1). Clearly 
the diagonal color-flavor group SU(N )c+r is now broken by adjoint VEV’s down 
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to U(1)"—! x Zy. Still, the solutions for the Abelian (or Zy) strings are the same as 
was discussed in Section 4.4.4 since the adjoint field does not enter these solutions. 
In particular, we have N distinct Zy string solutions depending on what particular 
squark winds at infinity, see Section 4.4.4. Say, the string solution with the winding 
last flavor is still given by Eq. (4.2.6). 

What is changed with the color-flavor SU(N) c+ F explicitly broken by m4 4 0, 
is that the rotations (4.3.1) no longer generate zero modes. In other words, the fields 
n become quasimoduli: a shallow potential (4.4.49) for the quasi-moduli n’ on the 
string world sheet is generated [132, 133, 154]. Note that we can replace m, by 
ma due to the condition (6.1.2). This potential is shallow as long as ma < J. 

The potential simplifies if the mass terms are chosen according to (6.1.3), 


N 2 
Væ- = 2B m* 4 1 — |S e7 N in’? (6.1.8) 
é=1 
This potential is obviously invariant under the cyclic Zy substitution 
L> Ltk, nf —> n, we, (6.1.9) 


with k fixed. This property will be exploited below. 

Now our effective two-dimensional theory on the string world sheet becomes a 
massive CP(N — 1) model (see Appendix B). As in the supersymmetric case the 
potential (6.1.8) has N vacua at 


né =8®, fy =1,2,...,N. (6.1.10) 


These vacua correspond to N distinct Abelian Zy strings with y" winding at 
infinity, see Eq. (4.4.4). 


6.1.2 Physics in the large-N limit 


The massless non-supersymmetric CP(N — 1) model (6.1.4) was solved a long 
time ago by Witten in the large-N limit [159]. The massive case with the potential 
(6.1.8) was considered at large N in [154, 164] in connection with the non-Abelian 
strings. Here we will briefly review this analysis. 

As was discussed in Section 4.4.4, the CP(N — 1) model can be understood as a 
strong coupling limit of a U(1) gauge theory. The action has the form 


1 1 0 
_ 2 £2 2 2 
s= fa + {26 kn | e a | — 5x Err Ik Ap 


aia 
+48 E nt? + 2e? nt- 12t, (6.1.11) 
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where we also included the 0 term. As in the supersymmetric case, in the limit 
e? > oo the o field can be eliminated via the algebraic equation of motion which 
leads to the theory (6.1.4) with the potential (4.4.49). 
The Zy-cyclic symmetry (6.1.9) now takes the form 
ose Wo, nfn, ve, (6.1.12) 
where k is fixed. 

It turns out that the non-supersymmetric version of the massive CP(N — 1) model 
(6.1.11) has two phases separated by a phase transition [154, 164]. At large values 
of the mass parameter m we have the Higgs phase while at small m the theory is in 
the Coulomb/confining phase. 


The Higgs phase 


At large m, m >> Ag, the renormalization group flow of the coupling constant 6 in 
(6.1.11) is frozen at the scale m. Thus, the model at hand is at weak coupling and the 
quasiclassical analysis is applicable. The potential (6.1.8) has N degenerate vacua 
which are labeled by the order parameter (o), the vacuum configuration being 


_ Mey 

Fok 
as in the supersymmetric case, see (4.4.53). In each given vacuum the Zy symmetry 
(6.1.12) is spontaneously broken. 

These vacua correspond to Abelian Zy strings of the bulk theory. N vacua of 
the world-sheet theory have strictly degenerate vacuum energies. From the four- 
dimensional point of view this means that we have N strictly degenerate Zy strings. 

There are 2(N — 1) elementary excitations. Here we count real degrees of free- 
dom. The action (6.1.11) contains N complex fields nf. The common phase of n™ is 
gauged away. The condition |n“|? = 1 eliminates one more field. These elementary 
excitations have physical masses 


nt = 860, fo =1,...,N, (6.1.13) 


Me = |me = mgl, £ x Lo. (6.1.14) 


Besides, there are kinks (domain “walls” which are particles in two dimensions) 
interpolating between these vacua. Their masses scale as 


MEX ~ B Mp. (6.1.15) 


The kinks are much heavier than elementary excitations at weak coupling. Note that 
they have nothing to do with Witten’s n solitons [159] identified as solitons at strong 
coupling. The point of phase transition separates these two classes of solitons. 
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As was already discussed in the supersymmetric case (see Section 4.5) the flux 
of the Abelian ’t Hooft—Polyakov monopole is the difference of the fluxes of two 
“neighboring” strings, see (4.5.1). Therefore, the confined monopole in this regime 
is obviously a junction of two distinct Zy strings. It is seen as a quasiclassical kink 
interpolating between the “neighboring” @oth and (£o + 1)th vacua of the effective 
massive CP(N — 1) model on the string world sheet. A monopole can move freely 
along the string as both attached strings are tension-degenerate. 


The Coulomb/confining phase 


Now let us discuss the Coulomb/confining phase of the theory occurring at 
small m. As was mentioned, at m = 0 the CP(N — 1) model was solved by Witten 
in the large-N limit [159]. The model at small m is very similar to Witten’s solu- 
tion. (In fact, in the large-N limit it is just the same.) The paper [164] presents a 
generalization of Witten’s analysis to the massive case which is then used to study 
the phase transition between the Zy asymmetric and symmetric phases. Here we 
will briefly summarize Witten’s results for the massless model. 

The non-supersymmetric CP(V — 1) model is asymptotically free (as its super- 
symmetric version) and develops its own scale A,. If m = 0, classically the field 
nf can have arbitrary direction; therefore, one might naively expect spontaneous 
breaking of SU(N) and the occurrence of massless Goldstone modes. This cannot 
happen in two dimensions. Quantum effects restore the full symmetry making the 
vacuum unique. Moreover, the condition |n“|? = 1 gets in effect relaxed. Due to 
strong coupling we have more degrees of freedom than in the original Lagrangian, 
namely all N fields n become dynamical and acquire masses Ag. 

This is not the end of the story, however. In addition, one gets another composite 
degree of freedom. The U(1) gauge field Ag acquires a standard kinetic term at 
one-loop level,” of the form 


N A~? Fep Fip. (6.1.16) 


Comparing Eq. (6.1.16) with (6.1.11) we see that the charge of the n fields with 
respect to this photon is 1/./N. The Coulomb potential between two charges in 
two dimensions is linear in separation between these charges. The linear potential 
scales as 


As 
V(R)~ Ww ® (6.1.17) 


where R is separation. The force is attractive for pairs n and n, leading to formation 
of weakly coupled bound states (weak coupling is the manifestation of the 1/N 


2 By loops here we mean perturbative expansion in 1/N perturbation theory. 
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Figure 6.1. Linear confinement of the n-n* pair. The solid straight line represents 
the string. The dashed line shows the vacuum energy density (normalizing Eo to 
zero). 


suppression of the confining potential). Charged states are eliminated from the 
spectrum. This is the reason why the n fields were called “quarks” by Witten. The 
spectrum of the theory consists of nn- “mesons.” The picture of confinement of n’s 
is shown in Fig. 6.1. 

The validity of the above consideration rests on large N. If N is not large Witten’s 
solution [159] ceases to be applicable. It remains valid in the qualitative sense, how- 
ever. Indeed, at N = 2 the model was solved exactly [204, 205] (see also [206]). 
Zamolodchikovs found that the spectrum of the O(3) model consists of a triplet of 
degenerate states (with mass ~ A,). At N = 2 the action (6.1.11) is built of dou- 
blets. In this sense one can say that Zamolodchikovs’ solution exhibits confinement 
of doublets. This is in qualitative accord with the large-N solution [159]. 

Inside the nn mesons, we have a constant electric field, see Fig. 6.1. Therefore 
the spatial interval between n and n has a higher energy density than the domains 
outside the meson. 

Modern understanding of the vacuum structure of the massless CP(V — 1) model 
[207] (see also [208]) allows one to reinterpret confining dynamics of the n fields 
in different terms [155, 154]. Indeed, at large N, along with the unique ground 
state, the model has ~ N quasi-stable local minima, quasi-vacua, which become 
absolutely stable at N = oo. The relative splittings between the values of the energy 
density in the adjacent minima are of the order of 1/N, while the probability of 
the false vacuum decay is proportional to N~! exp(—N) [207, 208]. The n quanta 
(n quarks-solitons) interpolate between the adjacent minima. 

The existence of a large family of quasi-vacua can be inferred from the study 
of the @ evolution of the theory. Consider the topological susceptibility, i.e. the 
correlation function of two topological densities 


[ x (00. Q(0)), (6.1.18) 
where 


i 1 * £ 
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Figure 6.2. The vacuum structure of CP(N — 1) model at 0 = 0. 


The correlation function (6.1.18) is proportional to the second derivative of the 
vacuum energy with respect to the 0 angle. From (6.1.19) it is not difficult to deduce 
that this correlation function scales as 1/N in the large N limit. The vacuum energy 
by itself scales as N. Thus, we conclude that, in fact, the vacuum energy should be 
a function of 0/N. 

On the other hand, on general grounds, the vacuum energy must be a 27 -periodic 
function of 0. These two requirements are seemingly self-contradictory. A way 
out reconciling the above facts is as follows. Assume that we have a family of 
quasi-vacua with energies 


Qnk+0\* 
Ex(@) ~ was {1 coms (222) l k=0,...,N—1. (6.1.20) 


A schematic picture of these vacua is given in Fig. 6.2. All these minima are entan- 
gled in the 0 evolution. If we vary 0 continuously from 0 to 27 the depths of the 
minima “breathe.” At 0 = x two vacua become degenerate, while for larger values 
of 0 the former global minimum becomes local while the adjacent local minimum 
becomes global. It is obvious that for the neighboring vacua which are not too far 
from the global minimum 
A2 
Eg — Ex ~ —. 6.1.21 
k+1 k~ ( ) 


This is also the confining force acting between n and n. 

One could introduce order parameters that would distinguish between distinct 
vacua from the vacuum family. An obvious choice is the expectation value of the 
topological charge. The kinks n“ interpolate, say, between the global minimum and 
the first local one on the right-hand side. Then n’s interpolate between the first local 
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minimum and the global one. Note that the vacuum energy splitting is an effect 
suppressed by 1/N. At the same time, these kinks have masses which scale as N°, 


MEK ~ Ag. (6.1.22) 


The multiplicity of such kinks is N [67], they form an N-plet of SU(N). This is in 
full accord with the fact that the large-N solution of (6.1.11) exhibits N quanta of 
the complex field n°. 

Thus we see that the CP(N — 1) model has a fine structure of “vacua” which are 
split, with the splitting of the order of AZ /N. In four-dimensional bulk theory these 
“vacua” correspond to elementary non-Abelian strings. Classically all these strings 
have the same tension (4.2.12). Due to quantum effects in the world sheet theory 
the degeneracy is lifted: the elementary strings become split, with the tensions 


2rk+0\? 
r= ore teina (itea (2) l, (6.1.23) 


where cı and c2 are numerical coefficients. Note that (i) the splitting does not 
appear to any finite order in the coupling constant; (ii) since E >> Ag, the splitting 
is suppressed in both parameters, A, / vÆ and 1/N. 

Kinks of the world-sheet theory represent confined monopoles (string junctions) 
in the four-dimensional bulk theory. Therefore kink confinement in CP(N — 1) model 
can be interpreted as follows [155, 154]. The non-Abelian monopoles, in addition to 
the four-dimensional confinement (which ensures that the monopoles are attached 
to the strings) acquire a two-dimensional confinement along the string: a monopole— 
antimonopole forms a meson-like configuration, with necessity, see Fig. 6.1. 

In summary, the CP(N — 1) model in the Coulomb/confining phase, at small m, 
has a vacuum family with a fine structure. For each given 0 (except 0 = zr, 377, etc.) 
the true ground state is unique, but there is a large number of “almost” degenerate 
ground states. The Zy symmetry is unbroken. The classical condition (4.4.3) is 
replaced by (nf) = 0. The spectrum of physically observable states consists of 
kink-anti-kink mesons which form the adjoint representation of SU(N). 

Instead, at large m the theory is in the Higgs phase; it has N strictly degenerate 
vacua (6.1.13); the Zy symmetry is broken. We have N — 1 elementary excitations 
n! with masses given by Eq. (6.1.14). Thus we conclude that these two regimes 
should be separated by a phase transition at some critical value m, [154, 164]. This 
phase transition is associated with the Z y symmetry breaking: in the Higgs phase the 
Zy symmetry is spontaneously broken, while in the Coulomb phase it is restored. 
For N = 2 we deal with Z2 which makes the situation akin to the Ising model. 

In the world-sheet theory this is a phase transition between the Higgs and 
Coulomb/confining phase. In the bulk theory it can be interpreted as a phase 
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Figure 6.3. Schematic dependence of string tensions on the mass parameter m. At 
small m in the non-Abelian confinement phase the tensions are split while in the 
Abelian confinement phase at large m they are degenerative. 


transition between the Abelian and non-Abelian confinement. In the Abelian con- 
finement phase at large m, the Zy symmetry is spontaneously broken, all N strings 
are strictly degenerate, and there is no two-dimensional confinement of the 4D- 
confined monopoles. In contrast, in the non-Abelian confinement phase occurring 
at small m, the Zy symmetry is fully restored, all N elementary strings are split, 
and the 4D-confined monopoles combine with antimonopoles to form a meson-like 
configuration on the string, see Fig. 6.1. We show schematically the dependence of 
the string tensions on m in these two phases in Fig. 6.3. 

In [164] the phase transition point is found using large- NV methods developed by 
Witten in [159]. It turns out that the critical point is 


my = Ao. (6.1.24) 


The vacuum energy is calculated in both phases and is shown to be continuous at the 
critical point. If one approaches the critical point, say, from the Higgs phase some 
composite states of the world sheet theory (6.1.11), such as the photon and the kinks, 
become light. One is tempted to believe that these states become massless at the 
critical point (6.1.24). However, this happens only in a very narrow vicinity of the 
phase transition point where 1/N expansion fails. Thus, the large- NV approximation 
is not powerful enough to determine the critical behavior. 
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To conclude this section we would like to stress that we encounter a crucial 
difference between the non-Abelian confinement in supersymmetric and non- 
supersymmetric gauge theories. For BPS strings in supersymmetric theories we 
have no phase transition separating the phase of the non-Abelian strings from that 
of the Abelian strings [132, 133]. Even for small values of the mass parameters 
supersymmetric theory strings are strictly degenerate, and the Zy symmetry is 
spontaneously broken. In particular, at Am 4 = 0 the order parameter for the broken 
Zn, which differentiates the N degenerate vacua of the supersymmetric CP(N — 1) 
model, is the bifermion condensate of two-dimensional fermions living on the string 
world sheet of the non-Abelian BPS string, see Section 4.4.3 and Section 5.1.3. 

Moreover, the presence of the phase transition between Abelian and non-Abelian 
confinement in non-supersymmetric theories suggests a solution for the problem of 
enrichment of the hadronic spectrum mentioned in the beginning of Section 4, see 
also a more detailed discussion in Section 4.9. In the phase of Abelian confinement 
we have N strictly degenerative Abelian Zy strings which give rise to too many 
“hadron” states, not present in actual QCD. Therefore, the Abelian Zy strings can 
hardly play a role of prototypes for QCD confining strings. Although the BPS strings 
in supersymmetric theories become non-Abelian as we tune the mass parameters 
ma, to a common value, still there are N strictly degenerative non-Abelian strings 
and, therefore, still too many “hadron” states in the spectrum. 

As was explained in this section, the situation in non-supersymmetric theories 
is quite different. As we make the mass parameters m, equal we enter the non- 
Abelian confinement phase. In this phase N elementary non-Abelian strings are 
split. Say, at 0 = 0 we have only one lightest elementary string producing a single 
two-particle meson with the given flavor quantum numbers and spin, exactly as 
observed in nature. If N is large, the splitting is small, however. If N is not-so- 
large the splitting is of the order of Az: Therefore, the mesons produced by excited 
strings are unstable and may appear invisible experimentally. 
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6.2 Non-Abelian strings in MV = 1* theory 


So far in our quest for the non-Abelian strings we focused ona particular model, with 
the SU(N) x U(1) gauge group and fundamental matter. However, it is known that 
solutions for Zy strings were first found in simpler models, with the SU(N) gauge 
group and adjoint matter [134, 135, 136, 137] (in fact, the gauge group becomes 
SU(N)/Zy if only adjoint matter is present in the theory). A natural question 
which immediately comes to one’s mind is: can these Zy strings under some special 
conditions develop orientational zero modes and become non-Abelian? The answer 
to this question is yes. Solutions for non-Abelian strings in the simplest theory with 
the SU(2) gauge group and adjoint matter were found in [155] (actually, the gauge 
group of this theory is SO(3)). Here we will briefly review the results of this paper. 

Although the model considered in [155] is supersymmetric the price one has to 
pay for its simplicity is that the strings which appear in this model are not BPS. 
The reason is easy to understand. One cannot introduce the FI term in the theory 
with the gauge group SU(N) and, therefore, one cannot construct the string central 
charge [27]. 

The model considered in [155] is the so-called M = 1* supersymmetric theory 
with the gauge group SU(2). It is a deformed M = 4 theory with the mass terms for 
three M = 1 chiral superfields. Let us take two equal masses, say mı = m2 = m, 
while the third mass m3 is assumed to be distinct. Generally speaking, NM = 4 
supersymmetry is broken down to V = 1, unless m3 = 0. If m3 = 0 the theory 
has M = 2 supersymmetry. It exemplifies M = 2 gauge theory with the adjoint 
matter (two VV = 1 flavors of adjoint matter with equal masses). 

Classically the vacuum structure of this theory was studied in [209], while quan- 
tum effects were taken into account in [210]. The M = 4 theory with the SU(2) 
gauge group has three vacua, and if the coupling constant of the M = 4 theory is 
small,’ g? < 1, one of these vacua is at weak coupling. All three adjoint scalars 
condense in this vacuum. Therefore, it is called the Higgs vacuum [209, 210]. Two 
other vacua of the theory are always at strong coupling. For small m3 they corre- 
spond to the monopole and dyon vacua of the perturbed M = 2 theory [2]. Here 
we will concentrate on the Higgs vacuum in the weak coupling regime. 

In this vacuum the gauge group SU(2) is broken down to Z2 by the adjoint scalar 
VEV’s. Therefore there are stable Z2 non-BPS strings associated with 


mı (SU(2)/Z2) = Z2. (6.2.1) 
If we choose a special value of m3, 
m3 =m, 


3 Note that the coupling of the unbroken M = 4 theory g? does not run since the M = 4 theory is conformal. 
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there is a diagonal O(3)c+ subgroup of the global gauge group SU(2), and the 
flavor O(3) group, unbroken by vacuum condensates. In parallel with Refs. [131, 
130, 132, 133] (see also Chapter 4), the presence of this group leads to emergence of 
orientational zero modes of the Z2-strings associated with rotation of the color mag- 
netic flux of the string inside the SU(2) gauge group, which converts the Z2 string 
into non-Abelian. 

Let us discuss this model in more detail. In terms of M = 1 supermultiplets, 
the M = 4 supersymmetric gauge theory with the SU(2) gauge group contains 
a vector multiplet, consisting of the gauge field Aj, and gaugino A“, and three 
chiral multiplets ®4, A = 1,2,3, all in the adjoint representation of the gauge 
group, with a = 1,2,3 being the SU(2) color index. The superpotential of the 
N = 4 gauge theory is 


2 
Wy=4 = EN or obo% (6.2.2) 
g 


One can deform this theory, breaking M = 4 supersymmetry down to M = 2, by 
adding two equal mass terms m, say, for the first two flavors of the adjoint matter, 


Wv2=-5 (04). (6.2.3) 
28 A=1,2 


Then, the third flavor combines with the vector multiplet to form an M = 2 vector 
supermultiplet, while the first two flavors (6.2.3) can be treated as M = 2 massive 
adjoint matter. If one wishes, one can further break supersymmetry down to N = 1, 
by adding a mass term to the ®3 multiplet, 


Wyatt = oe (29). (6.2.4) 


The bosonic part of the action is 


1 1 
Sie afe (; (FY + >> D D 
A 


1 S m z 
+5 Di [(®493)(P4PB) — (P492) (Prda)] 


A,B 
1 2 
+> ma -mað ) (6.2.5) 
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where Dy ®4 = 0,04 + Ebe Ab DG, and we use the same notation ®4 for the 
scalar components of the corresponding chiral superfields. 
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AS was mentioned above, we are going to study the so-called Higgs vacuum of 
the theory (6.2.5), where all three adjoint scalars develop VEVs of the order of 
m, ,/mm3. The scalar condensates ®4 can be written in the form of the following 
3x3 color-flavor matrix (convenient for the SU(2) gauge group and three chiral 
flavor superfields) 


0 
(®4) = — 0 J/mm3 0 |. (6.2.6) 
0 


These VEV’s break the SU(2) gauge group completely. The W-bosons masses are 


my» =m + mm3 (6.2.7) 


for AR, while the mass of the photon field A} is 


2— 


y = 2mm3. (6.2.8) 


m 

In what follows, we will be especially interested in a particular point in the 
parameter space: m3 = m. For this value of m3, (6.2.6) presents a symmetric 
color-flavor locked vacuum 


m 1 0 0 
(64) =—]|] 0 1 O |. (6.2.9) 
v2 0 0 1 


This symmetric vacuum respects the global O(3)c+- symmetry, 
p> OPO, Ai > 0%A?, (6.2.10) 


which combines transformations from the global color and flavor groups, similarly 

to the SU(N )c+r group of the U(N) theories, see Chapter 4. It is this symmetry that 

is responsible for the presence of the non-Abelian strings in the vacuum (6.2.9). 
Note that at m3 = m all gauge bosons have equal masses, 


m = 2m’, (6.2.11) 
as is clearly seen from (6.2.7) and (6.2.8). This means, in particular, that in the point 


m3 = m we lose all traces of the “Abelization” in our theory, which are otherwise 
present at generic values of m3. 
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Let us also emphasize that the coupling g* in Eq. (6.2.5) is the M = 4 coupling 
constant. It does not run in the M = 4 theory at scales above m, and we assume it 
to be small, 


g <i. (6.2.12) 


At the scale m the gauge group SU(2) is broken in the vacuum (6.2.9) by the 
scalar VEVs. Much in the same way as in the U(N) theory (see Chapter 4), 
the running of the coupling constant below the scale m is determined by the 
B function of the effective two-dimensional sigma model on the world sheet of 
the non-Abelian string. 

Skipping details we present here the solution for the non-Abelian string in the 
model (6.2.5) found in [155]. When m3 approaches m, the theory acquires addi- 
tional symmetry. In this case the scalar VEVs take the form (6.2.9), preserving 
the global combined color-flavor symmetry (4.1.15). On the other hand, the Z2 
string solution itself is not invariant under this symmetry. The symmetry (4.1.15) 
generates orientational zero modes of the string. The string solution in the singular 
gauge is 


ES 
WAA 0 0 5 
p4 =O 0 ano 0 O 
0 0 ao 
E a açåÅ & 
= —$64, + S°S (« a= ) 
a a EijXj Pa 
Af =S f(r), i,j = 1,2, (6.2.13) 


l r2 
where we introduced the unit orientational vector S“, 
a __ a b3 — a 
S° = 08” = 03. (6.2.14) 


It is easy to see that the orientational vector S“ defined above coincides with the 
one we introduced in Section 4, see Eq. (4.4.21). The solution (6.2.13) interpolates 
between the Abelian Z2 strings for which S= {0, 0, +1}. We see that the string 
flux is determined now by an arbitrary vector $% in the color space, much in the 
same way as for the non-Abelian strings in the U(N) theories. 
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Since this string is not BPS-saturated, the profile functions in (6.2.13) satisfy 
now the second-order differential equations, 


ig i i 
"+ -$' —Sho=o (<?0 - V2m3a0) + 2¢ (o - =) 


1 m3 m 
Pe ys he nop I AAA af 2072 = 
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1 
fl — F =R fe", (6.2.15) 


where the primes stand for derivatives with respect to r, and the boundary condi- 
tions are 


~(0)=0, o(co) = ——, 
ay(0) =0, a(oo) = 
fO=1, f(w)=0. (6.2.16) 


The string tension is 
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(6.2.17) 


The second-order equations for the string profile functions were solved in [155] 
numerically and the string tension was found as a function of the mass ratio m3 /m. 
Note that for the BPS string (which appears in the limit m3 — 0) the tension is 


Taps = 21 mm3/g”. 


The effective world sheet theory for the non-Abelian string (6.2.13) was shown 
to be the non-supersymmetric CP(1) model [155]. Its coupling constant 6 is 
related to the coupling constant g* of the bulk theory via (4.4.10), where now 
the normalization integral 

I ~ 0.78. 


In this theory there is a °t Hooft-Polyakov monopole with the unit magnetic charge. 
Since the Z-string charge is 1/2, it cannot end on the monopole, much in the same 
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way as for the monopoles in the U (N) theories, see Section 4.5. Instead, the confined 
monopole appears to be a junction of the Z2 string and anti-string. In the world 
sheet CP(1) model it is seen as a kink interpolating between the two vacua. 

At small values of the mass difference m3 — m the world sheet theory is in 
the Coulomb/confining phase, see Section 6.1.2, although, strictly speaking, the 
large-N analysis is not applicable in this case. Still, the monopoles, in addition 
to four-dimensional confinement ensuring that they are attached to a string, also 
experience confinement in two dimensions, along the string [155]. This means that 
each monopole on the string must be accompanied by an antimonopole, with a 
linear potential between them along the string. As a result, they form a meson-like 
configuration, see Fig. 6.1. As was mentioned in Section 6.1.2, this follows from 
the exact solution of the CP(1) model [204, 205]: only the triplets of SU(2)c+F are 
seen in the spectrum. 


7 
Strings on the Higgs branches 


One common feature of supersymmetric gauge theories is the presence of moduli 
spaces — manifolds on which scalar fields can develop arbitrary VEVs without 
violating the zero energy condition. If on these vacuum manifolds the gauge group is 
broken, either completely or partially, down to a discrete subgroup, these manifolds 
are referred to as the Higgs branches. 

One may pose a question: what happens with the flux tubes and confinement in 
theories with the Higgs branches? The Higgs branch represents an extreme case of 
type-I superconductivity, with vanishing Higgs mass. One may ask oneself whether 
or not the ANO strings still exist in this case, and if yes, whether they provide 
confinement for external heavy sources. 

This question was posed and studied first in [102] where the authors concluded 
that the vortices do not exist on the Higgs branches due to infrared problems. In 
Refs. [211, 212] the V = 1 SQED vortices were further analyzed. It was found that 
at a generic point on the Higgs branch strings are unstable. The only vacuum which 
supports string solutions is the base point of the Higgs branch where the strings 
become BPS-saturated. The so-called “vacuum selection rule” was put forward in 
[211, 212] to ensure this property. 

On the other hand, in [103, 175] it was shown that infrared problems can be 
avoided provided certain infrared regularizations are applied. Say, in [103, 175] the 
infrared divergences were regularized through embedding of V = 1 SQED insoftly 
broken VV = 2 SQED. Another alternative is to consider a finite length-L string 
instead of an infinitely long string. In this case the impact of the Higgs branch was 
shown to “roughen” the string, making it logarithmically “thick.” Still, the string 
solutions do exist and produce confinement for heavy trial sources. However, now 
the confining potential is not linear in separation; rather it behaves as 


L 
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at large L. Below we will briefly review the string solutions on the Higgs branches, 
starting from the simplest case of the flat Higgs branch and then considering a more 
common scenario, when the Higgs branch is curved by the FI term. 


7.1 Extreme type-I strings 


In this section we will review the classical solutions for the ANO vortices (flux 
tubes) in the theories with the flat Higgs potential which arises in supersymmetric 
settings [103]. Let us start from the Abelian Higgs model, 


1 2 
Su = f atx | 5 Fle + Wua Ha (la? — 0°) l; (7.1.1) 
for a single complex field q with the quartic coupling à — 0. Here 
Vu = ðu — ineAy, 


where ne is the electric charge of the field q. Following [103], we will first consider 
this model with a small but nonvanishing à and then take the limit A = 0. 

Obviously, the field g develops a VEV, g = v, spontaneously breaking the U(1) 
gauge group. The photon acquires the mass 


2 262.2 
m; = 2ng", (7.1.2) 
while the Higgs particle mass is 
m? = 40’. (7.1.3) 


The model (7.1.1) is the standard Abelian Higgs model which supports the ANO 
strings [36]. For generic values of à the Higgs mass differs from that of the photon. 
The ratio of the photon mass to the Higgs mass is an important parameter — in 
the theory of superconductivity it characterizes the type of the superconductor in 
question. Namely, for mg < my we have the type-I superconductor in which two 
well-separated ANO strings attract each other. On the other hand, for mg > my, 
we have the type-II superconductor in which two well-separated strings repel each 
other. This is due to the fact that the scalar field gives rise to attraction between two 
vortices, while the electromagnetic field gives rise to repulsion. 

Now, let us consider the extreme type-I limit in which 


Mg K my. (7.1.4) 


We will assume the weak coupling regime in the model (7.1.1), 4 K 8? <1. 
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The general guiding idea which will lead us in the search for the string solution 
in the extreme type-I limit is a separation of different fields at distinct scales which 
are obviously present in the problem at hand due to the “extremality” condition 
(7.1.4). This method goes back to the original paper by Abrikosov [36] in which 
the tension of the type-II string had been calculated under the condition mg >> my. 
A similar idea was used in [103] to calculate the tension of the type-I string under 
the condition mg & my. 

To the leading order in In my /mzg the vortex solution has the following structure 
in the plane orthogonal to the string axis: The electromagnetic field is confined in 
a core with the radius 


1 
Ro in (7.1.5) 


At the same time, the scalar field is close to zero inside the core. Outside the core 
the electromagnetic field is vanishingly small, while the scalar field behaves as 


— = Ko(mqr) ia 
q=v fi woe} eu, (7.1.6) 


where r and « are polar coordinates in the orthogonal plane (Fig. 3.6). Here Ko is 
the (imaginary argument) Bessel function! with the exponential fall-off at infinity 
and logarithmic behavior at small arguments, 


Ko(x) ~ In(1/x) atx — 0. 


The reason for this behavior is that in the absence of the electromagnetic field 
outside the core the scalar field satisfies the free equation of motion, and (7.1.6) 
presents the appropriate solution to this equation. From (7.1.6) we see that the scalar 
field slowly (logarithmically) approaches its boundary value v. 

The tension of this string is [103] 


2 
ee (7.1.7) 
In (my /mq) 


The main contribution to the tension in (7.1.7) comes from the logarithmic “tail” 
of the scalar field q. It is given by the kinetic term for the scalar field in (7.1.1). 
This term contains a logarithmic integral over r. Other terms in the action are 


' Tt is also known as the McDonald function. 
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suppressed by inverse powers of In (m, /mq) as compared with the contribution 
quoted in (7.1.7). 

The results in Eqs. (7.1.5) and (7.1.7) imply that if we naively take the limit 
mg — 0 the string becomes infinitely thick and its tension tends to zero [103]. This 
apparently means that there are no strings in the limit mg = 0. As was mentioned 
above, the absence of the ANO strings in the theories with the flat Higgs potential 
was first noted in [102]. 

One might think that the absence of the ANO strings means that there is no 
confinement of monopoles in the theories with the Higgs branches. 

We hasten to say that this is a wrong conclusion. 

As we will see shortly confinement does not disappear [103]. It is the formulation 
of the problem that has to be changed a little bit in the case at hand. 

So far we considered infinitely long ANO strings. However, an appropriate setup 
in the confinement problem is in fact slightly different [103]. We have to consider 
a monopole—antimonopole pair at a large but finite separation L. Our aim is to take 
the limit mg — 0. This limit will be perfectly smooth provided we consider the 
ANO string of a finite length L, such that 


a KLE ES (7.1.8) 
my Mq 

Then it turns out [103] that 1/L plays the role of the infrared (IR) cutoff in Eqs. 
(7.1.5) and (7.1.7), rather than m,. The reason for this is that for r « L the problem 
is two-dimensional and the solution of the two-dimensional free equation of motion 
for the scalar field given by (7.1.6) is logarithmic. If we naively put mg = 0 in this 
solution the McDonald function reduces to the logarithmic function which cannot 
reach a finite boundary value at infinity. Thus, as we mentioned above, infinitely 
long flux tubes do not exist. 

However, for r >> L, the problem becomes three-dimensional. The solution to 
the three-dimensional free scalar equation of motion behaves as 


(q — v) ~ 1] [x 


where xn (n = 1,2,3) are the spatial coordinates in the three-dimensional space. 
With this behavior the scalar field reaches its boundary value at infinity. Clearly, 
1/L plays the role of an IR cutoff for the logarithmic behavior of the scalar field. 
Now we can safely put mg = 0. The formula for the radius of the electromagnetic 
core of the vortex takes the form 


Re ~ a (m,L), (7.1.9) 
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while the string tension now becomes [103] 


Qn v? 


r= R (7.1.10) 


The ANO string becomes “thick.” Nevertheless, its transverse size Rg is much 
smaller than its length L, 
Re & L, 


so that the string-like structure is clearly identifiable. As a result, the potential acting 
between the probe well-separated monopole and antimonopole confines but is no 
longer linear in L. At large L [103] 


V(L) ae a, (7.1.11) 
In (my, L) 

The potential V(L) is an order parameter which distinguishes different phases 
of a given gauge theory (see, for example, [71]). We conclude that on the Higgs 
branches one deals with a new confining phase, which had never been observed 
previously. It is clear that this phase can arise only in supersymmetric theories 
because we have no Higgs branches without supersymmetry. 


7.2 Example: V = 1 SQED with the FI term 


Initial comments regarding this model are presented in Part I, see Section 3.2.2. 
The SQED Lagrangian in terms of superfields is presented in Eq. (3.2.1), while the 
component expression can be found in (3.2.5). For convenience we reiterate here 
crucial features of M = 1 SQED, to be exploited below. 

The field content of M = 1 SQED is as follows. The vector multiplet contains 
the U(1) gauge field A, and the Weyl fermion à“, a = 1,2. The chiral matter 
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multiplet contains two complex scalar fields q and g as well as two complex Weyl 
fermions y“ and Wg. The bosonic part of the action is 


1 = _ = = = 3 
SSQED = fats [ath + Wud Vug + Vid Vung + vah, (7.2.1) 


where 


i 7 i 
Vu = Bn -54w Vu = n+ 5An. 


Thus, we assume the matter fields to have electric charges ne = +1/2. The scalar 
potential of this theory comes from the D term and reduces to 


g 
V(q.q) = 5 (lat? — |g’ — £X. (7.2.2) 


The parameter & is the Fayet—Iliopoulos parameter introduced through 3. 
The vacuum manifold of the theory (7.2.1) is the Higgs branch determined by 
the condition 


lal’ — 14)? =£. (7.2.3) 


The dimension of this Higgs branch is two. To see this please observe that in the 
problem at hand we have two complex scalars (four real variables) subject to one 
constraint (7.2.3). In addition, we have to subtract one gauge phase; thus, we have 
4-1-1=2. 

In general, the physics of the massless modes in theories with the Higgs branches 
can be described in terms of an effective low-energy sigma model 


i= J E aa, (7.2.4) 


where y™ are massless scalar fields parametrizing the given Higgs branch and gy 
is the metric which depends on ø. 

For example, the squark fields in M = 1 SQED subject to the constraint (7.2.3) 
can be parametrized as follows: 


q = VE e'**? cosh p, 


q = Jé el? sinh p, (7.2.5) 


where « is an (irrelevant) gauge phase while p(x) and B(x) are two massless fields 
living on the Higgs branch. With this parametrization the sigma model (7.2.4) on 
the Higgs branch takes the form [175] 


SLE = £ J d*x{ cosh 2p[ (8,0)? + (8,8) tanh? 2p]}. (7.2.6) 
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From this expression one can immediately read off the two-by-two metric tensor. 
The mass spectrum of M = 1 SQED with the FI term, as it is defined in Eqs. 
(7.2.1) and (7.2.2), consists of one massive vector M = 1 multiplet, with mass 


1 
Doe Sina SIND 
m; = 58 vî, (7.2.7) 
(four bosonic + four fermionic states) and one chiral massless field associated with 
fluctuations along the Higgs branch. The VEV of the scalar field above is given by 


v? = ig)? + KEN. (7.2.8) 


Next, following [175], let us consider strings supported by this theory. First we 
will choose the scalar field VEV to lie on the base point of the Higgs branch, 


qgq=vVJé, G=0. (7.2.9) 


Then the massless field g plays no role in the string solution and can be set to zero. 
This case is similar to the case of non-Abelian strings in M = 1 SQCD described 
in detail in Section 5.1. On the base of the Higgs branch we do have (classically) 
the BPS ANO strings with the tension given by (4.2.12). In particular, their profile 
functions are determined by (3.2.18) and satisfy the first-order equations (3.2.19). 

Now consider a generic vacuum on the Higgs branch. The string solution has 
the following structure [175]. The electromagnetic field, together with the massive 
scalar, form a string core of size ~ 1/(g./€). The solution for this core is essentially 
given by the BPS profile functions for the gauge field and massive scalar g. Outside 
the core the massive fields almost vanish, while the light (massless) fields living 
on the Higgs branch produce a logarithmic “tail.” Inside this “tail” the light scalar 
fields interpolate between the base point (7.2.9) and the VEVs of scalars q and q on 
the Higgs branch (7.2.3). The tension of the string is given by the sum of tensions 
coming from the core and “tail” regions, 


2m— 2 
In(gV&L) ’ 


where / is the length of the geodesic line on the Higgs branch between the base 
point and the VEV, 


T =27£ + (7.2.10) 


1 
l= j dt gun (a9) (a9), (7.2.11) 


where gyn is the metric on the Higgs branch, while yg stand for massless scalars 
living on the Higgs branch (see e.g. (7.2.6)). For example, for v? >> & 


P =v, 
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and the “tail” contribution in (7.2.10) matches the result (7.1.10) for the string 
tension on the flat Higgs branch. 

In (7.2.10) we consider the string of a finite length L to ensure infrared regular- 
ization. It is also possible [175] to embed VV = 1 SQED (7.2.1) in softly broken 
N = 2 SQED much in the same way as it was done in Section 5.1 for non-Abelian 
strings. This procedure slightly lifts the Higgs branch making even infinitely long 
strings well defined. Note, however, that within this procedure the string is not 
BPS-saturated at a generic point on the Higgs branch. 


8 


Domain walls as D-brane prototypes 


D branes are extended objects in string theory on which strings can end [10]. 
Moreover, the gauge fields are the lowest excitations of open superstrings, with 
the endpoints attached to D branes. SU(N) gauge theories are obtained as a 
field-theoretic reduction of a string theory on the world volume of a stack of 
N D branes. 

Our task is to see how the above assertions are implemented in field theory. We 
have already thoroughly discussed field-theoretic strings. Solitonic objects of the 
domain wall type were also extensively studied in supersymmetric gauge theories in 
1+3 dimensions. The original impetus was provided by the Dvali—Shifman observa- 
tion [11] of the critical (BPS-saturated) domain walls in M = 1 gluodynamics, with 
the tension scaling as MA3. The peculiar N dependence of the tension prompted 
[12] a D-brane interpretation of such walls. Ideas as to how flux tubes can end on 
the BPS walls were analyzed [213] at the qualitative level shortly thereafter. Later 
on, BPS-saturated domain walls and their junctions with strings were discussed 
[214, 215] in a more quantitative aspect in M = 2 sigma models. Some remarkable 
parallels between field-theoretical critical solitons and the D-brane string theory 
construction were discovered. 

In this and subsequent chapters we will review the parallel found between the 
field-theoretical BPS domain walls in gauge theories and D branes/strings. In other 
words, we will discuss BPS domain walls with the emphasis on localization of the 
gauge fields on their world volume. In this sense the BPS domain walls become 
D-brane prototypes in field theory. 

AS was mentioned, research on field-theoretic mechanisms of gauge field local- 
ization on the domain walls attracted much attention. The only viable mechanism 
of gauge field localization was outlined in Ref. [11] where it was noted that if a 
gauge field is confined in the bulk and is unconfined (or less confined) on the brane, 
this naturally gives rise to a gauge field on the wall (for further developments see 
Refs. [216, 217]). Although this idea seems easy to implement, in fact it requires 
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a careful consideration of quantum effects (confinement is certainly such an effect) 
which is hard to do at strong coupling. 

Building on these initial proposals models with localization of gauge fields on 
the world volume of domain walls at weak coupling in M = 2 supersymmetric 
gauge theories were suggested in [142, 37, 218]. Using a dual language, the basic 
idea can be expressed as follows: the gauge group is completely Higgsed in the bulk 
while inside the wall the charged scalar fields almost vanish. In the bulk magnetic 
flux tubes are formed while inside the wall the magnetic fields can propagate freely. 
In Ref. [142] domain walls in the simplest M = 2 SQED theory were considered 
while Refs. [218, 37, 219] deal with the domain walls in non-Abelian M = 2 gauge 
theories (4.1.7), with the gauge group U(N). Below we will review some results 
obtained in these papers. 

The moduli space of the multiple domain walls in M = 2 supersymmetric gauge 
theories and corresponding sigma models were studied in [220, 221, 222, 223, 224]. 
Note that the domain walls can intersect [84, 85, 88]. In particular, in [86, 87] 
honeycomb webs of walls were obtained in Abelian and non-Abelian gauge 
theories, respectively. We briefly discussed this phenomenon in Part I, Section 3.1.5. 

We start our discussion of the BPS domain walls as D-brane prototypes in the 
simplest Abelian theory — M = 2 SQED with 2 flavors [142]. It supports both 
the BPS-saturated domain walls and the BPS-saturated ANO strings if the Fayet- 
Tliopoulos term is added to the theory. 


8.1 N = 2 supersymmetric QED 


N = 1 SQED (four supercharges) was discussed in Section 3.2. Now we will 
extend supersymmetry to M = 2 (eight supercharges). Some relevant features of 
this model are summarized in Appendix C. 

The field content of M = 2 SQED is as follows. In the gauge sector we have the 
U(1) vector MN = 2 multiplet. In the matter sector we have Nf matter hypermulti- 
plets. In this section we will limit ourselves to Nf = 2. This is the simplest case 
which admits domain wall interpolating between quark vacua. The bosonic part of 
the action of this theory is 


1 1 es = z = 
S= fats erat + zzlôpal? + Vaga Vuq| + Vaa Vagi 
2 


2 1 
= (^P — |gal? EN + E laa’? + 5(a4P +1@4P)a+ Vama), 


(8.1.1) 
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where 

i = i 
= 5 Au Vu = ðu + 5 Au (8.1.2) 
With this convention the electric charges of the matter fields are +1/2 (in the units 
of g). Parameter € in Eq. (8.1.1) is the coefficient in front of the Fayet—Iliopoulos 
term. It is introduced as in Eq. (4.1.5) with F3 = D and F12 = 0. In other words, 
here we introduce the Fayet—Iliopoulos term as the D term. Furthermore, g is the 
U(1) gauge coupling. The index A = 1, 2 is the flavor index. 

The mass parameters mı, mz are assumed to be real. In addition we will assume 


Am = m; — m © gE. (8.1.3) 


Simultaneously, Am <« (mı + m2)/2. There are two vacua in this theory: in the 
first vacuum 


a=-V2m, n=Vé g@=0, (8.1.4) 


and in the second one 


a=—-V2m,, qi=0, Q= v£. (8.1.5) 


The vacuum expectation value of the field g vanishes in both vacua. Hereafter in 
the search for domain wall solutions we will stick to the ansatz q = 0. 

Now let us discuss the mass spectrum in both quark vacua. Consider for definite- 
ness the first vacuum, Eq. (8.1.4). The spectrum can be obtained by diagonalizing 
the quadratic form in (8.1.1). This is done in Ref. [35]; the result is as follows: one 
real component of the field g! is eaten up by the Higgs mechanism to become the 
third component of the massive photon. Three components of the massive photon, 
one remaining component of q! and four real components of the fields ĝı and a 
form one long M = 2 multiplet (8 boson states + 8 fermion states), with mass 


1 
m? = nee (8.1.6) 


The second flavor q”, G2 (which does not condense in this vacuum) forms one 
short V = 2 multiplet (4 boson states + 4 fermion states), with mass Am which is 
heavier than the mass of the vector supermultiplet. The latter assertion applies to 
the regime (8.1.3). In the second vacuum the mass spectrum is similar — the roles 
of the first and the second flavors are interchanged. 

If we consider the limit opposite to that in Eq. (8.1.3) and tend Am — O, the 
“photonic” supermultiplet becomes heavier than that of q?, the second flavor field. 
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Therefore, it can be integrated out, leaving us with the theory of massless moduli 
from q*, G2, which interact through a nonlinear sigma model with the Kahler term 
corresponding to the Eguchi—Hanson metric. The manifold parametrized by these 
(nearly) massless fields is obviously four-dimensional. Both vacua discussed above 
lie at the base of this manifold. Therefore, in considering the domain wall solutions 
in the sigma model limit Am — 0 [220, 221, 215] one can limit oneself to the base 
manifold, which is, in fact, a two-dimensional sphere. In other words, classically, 
it is sufficient to consider the domain wall in the CP(1) model deformed by a 
twisted mass term (related to a nonvanishing Am), see Fig. 3.11. This was first 
done in [221]. A more general analysis of the domain walls on the Eguchi-Hanson 
manifold can be found in [225]. An interesting M = 1 deformation of the model 
(8.1.1) which was treated in the literature [226] in the quest for “confinement on 
the wall” automatically requires construction of the wall on the Eguchi—Hanson 
manifold, rather than the CP(1) wall, since in this case the two vacua of the model 
between which the wall interpolates do not lie on the base. 


8.2 Domain walls in V = 2 SQED 


A BPS domain wall interpolating between the two vacua of the bulk theory (8.1.1) 
was explicitly constructed in Ref. [142]. Assuming that all fields depend only on the 
coordinate z = x3, it is possible to write the energy by performing the Bogomol ’nyi 
completion [5], 


b= fanl 


1 2 
V3q" + ar @ +V2ma) 


oe Of 
-É aya (14^ [2 -2)| Satna (8.2.1) 


Requiring the first two terms above to vanish gives us the BPS equations for the 
wall. Assuming that Am > 0 we choose the upper sign in (8.2.1) to get 


Via = -° (a + V2ma), 
TE -& (144? = £). (8.2.2) 


These first-order equations should be supplemented by the following boundary 
conditions: 
q'(-00) =$, q°(œ)=0, a(—00) = —v2m;; 
q'(œ)=0,  |q*(co)| = v5, al) = -v 2m, (8.2.3) 
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which show that our wall interpolates between the two quark vacua. Here we use 
a U(1) gauge rotation to make q! in the left vacuum real. 

The tension is given by the total derivative term (the last one in Eq. (8.2.1)) which 
can be identified as the (1, 0) central charge of the supersymmetry algebra, 


Ty = E Am. (8.2.4) 


We can find the solution to the first-order equations (8.2.2) compatible with the 
boundary conditions (8.1.3). The range of variation of the field a inside the wall is 
of the order of Am (see Eq. (8.2.3)). Minimization of its kinetic energy implies that 
this field slowly varies. Therefore, we may safely assume that the wall is thick; its 
size R > 1/g,/E. This fact will be confirmed shortly. 

We arrive at the following picture of the domain wall at hand. The wall solution 
has a three-layer structure [142], see Fig. 8.1. In the two outer layers — let us call 
them edges, they have thickness O((g./£)~!) which means that they are thin — the 
squark fields drop to zero exponentially; in the inner layer the field a interpolates 
between its two vacuum values. 

Then to the leading order we can put the quark fields to zero in (8.2.2) inside the 
inner layer. The second equation in (8.2.2) tells us that a is a linear function of z. 
The solution for a takes the form 


ESEN (r S Nme =), (8.2.5) 


field profile 
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Figure 8.1. Internal structure of the domain wall: two edges (domains E1,2) of 
the width ~ (g./& )—! are separated by a broad middle band (domain M) of the 
width R, see Eq. (8.2.7). 
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where the collective coordinate zo is the position of the wall center (and Am is 
assumed positive). The solution is valid in a wide domain of z 


lz — zol < (8.2.6) 


2 ’ 
except narrow areas of size ~ 1/g./€ near the edges of the wall at z — zo = +R/2. 
Substituting the solution (8.2.5) in the second equation in (8.2.2) we get 


pare _ 2Am (8.2.7) 
VE ma ; 2. 


Since Am/g,./& > 1, see Eq. (8.1.3), this result shows that R >> 1/g./€, which 
justifies our approximation. This approximation will be referred to as the thin-edge 
approximation. 

Furthermore, we can now use the first relation in Eq. (8.2.2) to determine tails of 
the quark fields inside the wall. As was mentioned above, we fix the gauge imposing 
the condition that q! is real at z —> —ov, see a more detailed discussion in [142]. 

Consider first the left edge (domain E; in Fig. 8.1)atz—zo = —R/2. Substituting 
the above solution for a in the equation for q! we get 


m 


2 R 2 
gee me), (8.2.8) 


where my is given by (8.1.6). This behavior is valid in the domain M, at (z — zo + 
R/2) > 1/g,/€, and shows that the field of the first quark flavor tends to zero 
exponentially inside the wall, as was expected. 

By the same token, we can consider the behavior of the second quark flavor near 
the right edge of the wall at z — zo = R/2. The first equation in (8.2.2) for A = 2 
implies 


=f et lu) io (8.2.9) 


which is valid in the domain M provided that (R/2 — z + zo) > 1/g,/&. Here ø is 
an arbitrary phase which cannot be gauged away. Inside the wall the second quark 
flavor tends to zero exponentially too. 

It is not difficult to check that the main contribution to the wall tension comes 
from the middle layer while the edge domains produce contributions of the order 
of £3/2 which makes them negligibly small. 

Now let us comment on the phase factor in (8.2.9). Its origin is as follows [142]. 
The bulk theory at Am Æ 0 has the U(1)xU(1) flavor symmetry corresponding 
to two independent rotations of two quark flavors. In both vacua only one quark 
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develops a VEV. Therefore, in both vacua only one of these two U(1)’s is broken. 
The corresponding phase is eaten by the Higgs mechanism. However, on the wall 
both quarks have nonvanishing values, breaking both U(1) groups. Only one of the 
corresponding two phases is eaten by the Higgs mechanism. The other one becomes 
a Goldstone mode living on the wall. 

Thus, we have two collective coordinates characterizing our wall solution, the 
position of the center zo and the phase ø. In the effective low-energy theory on 
the wall they become scalar fields of the world volume (2+1)-dimensional theory, 
zo(t, x, y) and o (t, x, y), respectively. The target space of the second field is $1. 

This wall is a 1/2 BPS solution of the Bogomol’nyi equations. In other words, 
four out of eight supersymmetry generators of the M = 2 bulk theory are broken. 
As was shown in [142], the four supercharges selected by the conditions 


=i, g =ie!!, (8.2.10) 


act trivially on the wall solution. They become the four supersymmetries acting in 
the (2+1)-dimensional effective world volume theory on the wall. Here 2f and 
E f are eight supertransformation parameters. 


8.3 Effective field theory on the wall 


In this section we will review the (2+1)-dimensional effective low-energy theory 
of the moduli on the wall [142]. To this end we will make the wall collective 
coordinates zo and o (together with their fermionic superpartners) slowly varying 
fields depending on x, (n = 0, 1, 2), For simplicity let us consider the bosonic fields 
zo(xn) and o (xn); the residual supersymmetry will allow us to readily reconstruct 
the fermion part of the effective action. 

Because zo(xn) and o (xn) correspond to zero modes of the wall, they have no 
potential terms in the world sheet theory. Therefore, in fact our task is to derive their 
kinetic terms, much in the same way as it was done for strings, see Section 4.4. For 
Zo(X,) this procedure is very simple. Substituting the wall solution (8.2.5), (8.2.8), 
and (8.2.9) in the action (8.1.1) and taking into account the x„ dependence of this 
modulus we immediately get 


~ J d’ x(3nzo). (8.3.1) 
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As far as the kinetic term for o (xn) is concerned more effort is needed. We start 
from Eqs. (8.2.8) and (8.2.9) for the quark fields. Then we will have to modify our 
ansatz introducing nonvanishing components of the gauge field, 


An = X(Z) Ono (Xn). (8.3.2) 


These components of the gauge field are needed to make the world volume action 
well-defined. They are introduced in order to cancel the x dependence of the quark 
fields far away from the wall (in the quark vacua at z — oo) emerging through the 
x dependence of o (xn), see Eq. (8.2.9). 

Thus, we introduce a new profile function x (z). It has no role in the construction 
of the static wall solution per se. It is unavoidable, however, in constructing the 
kinetic part of the world sheet theory of the moduli. This new profile function is 
described by its own action, which will be subject to minimization procedure. This 
is quite similar to derivation of the world sheet effective theory for non-Abelian 
strings, see Section 4.4. 

The gauge potential in Eq. (8.3.2) is pure gauge far away from the wall and is 
not pure gauge inside the wall. It does lead to a nonvanishing field strength. 

To ensure proper vacua at z — +00 we impose the following boundary 
conditions on the function x (z) 


x(z) 7 0, z> —œ, 


xz) > =2, z> +. (8.3.3) 


Remember, the electric charge of the quark fields is +1 /2. 
Next, substituting Eqs. (8.2.8), (8.2.9) and (8.3.2) in the action (8.1.1) we arrive at 


So = | J dex T 
1 
x fa (500+ eaP e+ rel, (8.3.4) 


The expression in the second line must be considered as an “action” for the x profile 
function. 

Our next task is to explicitly find the function x. To this end we have to minimize 
(8.3.4) with respect to x. This gives the following equation: 


—a x + e7xlq'P +9724 lg =0. (8.3.5) 


The equation for x is of the second order. This is because the domain wall is 
no longer BPS state once we switch on the dependence of the moduli on the 
“longitudinal” variables xp. 
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To the leading order in g./E/Am the solution of Eq. (8.3.5) can be obtained in 
the same manner as it was done previously for other profile functions. Let us first 
discuss what happens outside the inner part of the wall. Say, at z — zo >> R/2 the 
profile |q!| vanishes while |q?] is exponentially close to ./€ and, hence, 


xX > —2 + const ev &-20), (8.3.6) 


Atzo—z >> R/2 the profile function x falls off exponentially to zero. Thus, outside 
the inner part of the wall, at |z — zo| >> R/2, the function x approaches its boundary 
values with the exponential rate of approach. 

Of most interest, however, is the inside part, the middle domain M (see Fig. 8.1). 
Here both quark profile functions vanish, and Eq. (8.3.5) degenerates into a? x =0. 
As aresult, the solution takes the form 


Z— £0 


x=-1-2 (8.3.7) 
In the narrow edge domains E42 the exact x profile smoothly interpolates between 
the boundary values, see Eq. (8.3.6), and the linear behavior (8.3.7) inside the wall. 
These edge domains give small corrections to the leading term in the action. 

Substituting the solution (8.3.7) in the x action, the second line in Eq. (8.3.4), 
we finally arrive at 


oC _ E 3 1 2 
S544 = Ah Ja X 7 (0,0) ; (8.3.8) 


As well-known [227], the compact scalar field o (t,x, y) can be reinterpreted 
to be dual to the (2+1)-dimensional Abelian gauge field living on the wall. The 
emergence of the gauge field on the wall is easy to understand. The quark fields 
almost vanish inside the wall. Therefore the U(1) gauge group is restored inside the 
wall while it is Higgsed in the bulk. The dual U(1) is in the confinement regime in 
the bulk. Hence, the dual U(1) gauge field is localized on the wall, in full accordance 
with the general argument of Ref. [11]. The compact scalar field o (xn) living on 
the wall is a manifestation of this magnetic localization. 

The action in Eq. (8.3.8) implies that the coupling constant of our effective U(1) 
theory on the wall is given by 


e = 4r? —. (8.3.9) 
In particular, the definition of the (2+1)-dimensional gauge field takes the form 


2 
FD — = baie: (8.3.10) 
TT 
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This finally leads us to the following effective low-energy theory of the moduli 
fields on the wall: 
S241 = J dx [TE onzo)? ce A (FE)? + fermion tems}. (8.3.11) 
2 Agee 
The fermion content of the world volume theory is given by two three-dimensional 
Majorana spinors, as is required by M = 2 in three dimensions (four supercharges, 
see (8.2.10)). The full world volume theory is a U(1) gauge theory in (2+1) dimen- 
sions, with four supercharges. The Lagrangian and the corresponding superalgebra 
can be obtained by reducing four-dimensional M = 1 SQED (with no matter) to 
three dimensions. 
The field zo in (8.3.11) is the M = 2 superpartner of the gauge field A,,. To make 
it more transparent we make a rescaling, introducing a new field 


a2+1 = 20& Z0- (8.3.12) 


In terms of a241 the action (8.3.11) takes the form 


1 2, 1 2 ; 
S241 = J d’x {573 (bua) + qa lF) + fermions]. (8.3.13) 
The gauge coupling constant e? has dimension of mass in three dimensions. A char- 
acteristic scale of massive excitations on the world volume theory is of the order of 
the inverse thickness of the wall 1/ R, see (8.2.7). Thus, the dimensionless parameter 
that characterizes the coupling strength in the world volume theory is e? R, 


1672 


2 
e R = : 
g2 


(8.3.14) 


This can be interpreted as a feature of the bulk—wall duality: the weak coupling 
regime in the bulk theory corresponds to strong coupling on the wall and vice 
versa [142, 228]. Of course, finding explicit domain wall solutions and deriving 
the effective theory on the wall assumes weak coupling in the bulk, g? < 1. In this 
limit the world volume theory is in the strong coupling regime and is not very useful. 

The fact that each domain wall has two bosonic collective coordinates — its center 
and the phase — in the sigma model limit was noted in [214, 221]. 

To summarize, we showed that the world volume theory on the domain wall is 
the U(1) gauge theory (8.3.13) with extended supersymmetry, M = 2. Thus, the 
domain wall in the theory (8.1.1) presents an example of a field-theoretic D brane: it 
localizes a gauge field on its world volume. In string theory gauge fields are localized 
on D branes because fundamental open strings can end on D branes. It turns out 
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that this is also true for field-theoretic “D branes.” In fact, various junctions of field- 
theoretic strings (flux tubes) with domain walls were found explicitly [215, 142, 37]. 
We will review 1/4-BPS junctions in Chapter 9. Meanwhile, in Section 8.4 we will 
consider non-Abelian generalizations of the localization effect for the gauge fields. 


8.4 Domain walls in the U(N ) gauge theories 


In this section we will review the domain walls in M = 2 SQCD (see Eq. (4.1.7)) 
with the U(N) gauge group. We assume that the number of the quark flavors in 
this theory Nf > N, so the theory has many vacua of the type (4.1.11), (4.1.14) 
depending on which N quarks out of N+ develop VEVs. We can denote different 
vacua as (Aj, A2,..., Ay) specifying which quark flavors develop VEVs. Mostly, 
we will consider a general case assuming all quark masses to be different. 

Let us arrange the quark masses as follows: 


mı > m >: > Myy- (8.4.1) 
In this case the theory (4.1.7) has 


Nf! 
= E (8.4.2) 
NNf =N)! 
isolated vacua. 

Domain walls interpolating between these vacua were classified in [218]. Below 
we will briefly review this classification. 

The Bogomol’nyi representation of the action (4.1.7) leads to the first-order 
equations for the wall configurations [229], see also [37], 


ao? = = (aar! +a+ V2ma) g4, 
d,a° = a (Gar*o"), 
d= E (Iv? z 26), (8.4.3) 


where we used the ansatz (4.2.1) and introduced a single quark field g*4 instead of 
two fields g*4 and Gx. These walls are 1/2 BPS saturated. The wall tensions are 
given by the surface term 


Ty = V2E J dz za. (8.4.4) 
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They can be written as [218] 


Tw =E Em, (8.4.5) 
where we use Eq. (4.1.11) and define m = (m,... ,MN;), while 
Nr-l 
= bD kiĝi. (8.4.6) 
i=1 


Here k; are integers while «œ; are simple roots of the U(N f) algebra, ! 


a = (1,—1,0,...,0), 
a2 = (0, 1,—1,...,0), 


E i 


ON pl = (0,...,0, 1,—1). (8.4.7) 


Elementary walls arise if one of the k;’s reduces to unity while all other integers in 
the set vanish. The tensions of the elementary walls are 


Tj, = & (mj — mi). (8.4.8) 


The ith elementary wall interpolates between the vacua (...,i,...) and (...,2+1,...). 
All other walls can be considered as composite states of elementary walls. 

As an example let us consider the theory (4.1.7) with the gauge group U(2) and 
Ny = 4. Explicit solutions for the elementary walls in the limit 


(mi — mi41) > VE (8.4.9) 


were obtained in [37]. They have the same three-layer structure as in the Abelian 
case, see Section 8.2. Say, the elementary wall interpolating between the vacua 
(1,2) and (1,3) has the following structure. At the left edge the quark g varies 
from its VEV ./£ to zero exponentially, while at the right edge the quark y evolves 
from zero to its VEV ./£. In the broad middle domain the fields a and a? linearly 
interpolate between their VEVs in two vacua. A novel feature of the domain wall 
solution as compared to the Abelian case (see Section 8.2) is that the quark field o! 
does not vanish both outside and inside the wall. 


' Bach @ in Eq. (8.4.7) is an N -component vector, rather than (Nf — 1)-component vector of SU(N f). The 
Cartan generators H; (i = 1,2,..., Ny) are Nf x Np diagonal matrices, (Hj )x = 54; ôli, while the relevant 
non-Cartan generators Eg, are defined as (Za iii = 1, with all other entries vanishing. 
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The solution for the elementary wall has two real moduli much in the same way 
as in the Abelian case: the wall center zo and a compact phase. The phase can be 
rewritten as a U(1) gauge field. Therefore, the effective theory on the elementary 
wall is of the type (8.3.13), as in the Abelian case. The physical reason behind the 
localization of the U(1) gauge field on the wall world volume is easy to understand. 
Since the quark ø! does not vanish inside the wall only an appropriately chosen 
U(1) field, namely (Ay — A3), which does not interact with this quark field can 
propagate freely inside the wall. 

In the case of generic quark masses the effective world volume theory for compos- 
ite domain walls contains U(1) gauge fields associated with each elementary wall. 
However, the metric on the moduli space can be more complicated. For example 
the metric for the &ı +&2 composite wall was shown [221, 230] to have a cigar-like 
geometry. 

We conclude this section noting that the case of the degenerate quark masses 
was considered in [37, 219]. In particular, in [37] the N = 2 case was studied 
and it was argued that the composite wall made of two elementary walls localizes 
a non-Abelian U(2) gauge field. In [219] non-localized zero modes which were 
called “non-Abelian clouds” were found on the composite wall. 


9 


Wall-string junctions 


In Chapter 8 we reviewed the construction of D-brane prototypes in field theory. 
In string theory D branes are extended objects on which fundamental strings can 
end. To make contact with this string/brane picture one may address a question 
whether or not solitonic strings can end on the domain wall which localizes gauge 
fields. The answer to this question is yes. Moreover, the string endpoint plays a 
role of a charge with respect to the gauge field localized on the wall surface. This 
issue was studied in [215] in the sigma-model setup and in [217] for gauge theories 
at strong coupling. A solution for a 1/4-BPS wall-string junction in the N = 2 
supersymmetric U(1) gauge theory at weak coupling was found in [142], while 
[37] deals with its non-Abelian generalization. Further studies of the wall-string 
junctions were carried out in [172] where all 1/4-BPS solutions to Eqs. (4.5.5) 
were obtained, and in [218, 231] where the energy associated with the wall-string 
junction (boojum) was calculated, and in [232, 228] where a quantum version of 
the effective theory on the domain wall world volume which takes into account 
charged matter (strings of the bulk theory) was derived. Below we will review the 
wall-string junction solutions and then briefly discuss how the presence of strings 
in the bulk modifies the effective theory on the wall. 


9.1 Strings ending on the wall 


To begin with, let us review the solution for the simplest 1/4-BPS wall-string junc- 
tion in M = 2 SQED obtained in [142]. As was discussed in Chapter 8, in both 
vacua of the theory the gauge field is Higgsed while it can spread freely inside the 
wall. This is the physical reason why the ANO string carrying a magnetic flux can 
end on the wall [11, 213]. 

Assume that at large distances from the string endpoint which lies at r = 0, 
z = 0 the wall is almost parallel to the (x1, x2) plane while the string is stretched 
along the z axis. As usual, we look for a static solution assuming that all relevant 
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fields can depend only on xn, (n = 1,2,3). The Abelian version of the first-order 
equations (4.5.5) for various 1/4-BPS junctions in the theory (8.1.1) is [142] 


Fi —i Fš — /2(a; —id2)a =0, 

2 

Eg 
Fi - Elat- 8) - Vana =0, 

1 

V3q4 = ——q4(a+ V2ma), 
3q Wri ( A) 
(Vi —iV2)q4 =0. (9.1.1) 


These equations generalize the first-order equations for the wall (8.2.2) and the 
Abelian ANO string. 

Needless to say, the solution of the first-order equations (9.1.1) for a string ending 
on the wall can be found only numerically especially near the endpoint of the string 
where both the string and the wall profiles are heavily deformed. However, far away 
from the string endpoint, deformations are weak and we can find the asymptotic 
behavior analytically. 

Let the string be on the z > 0 side of the wall, where the vacuum is given by 
Eq. (8.1.5). First note that in the region z — oo far away from the string endpoint 
atz ~ 0 the solution to (9.1.1) is given by an almost unperturbed ANO string. 
Now consider the domain r —> œ at small z. In this domain the solution to (9.1.1) 
is given by a perturbation of the wall solution. Let us use the ansatz in which the 
solutions for the fields a and q^ are given by the same equations (8.2.5), (8.2.8) 
and (8.2.9) in which the size of the wall is still given by (8.2.7), and the only 
modification is that the position of the wall zo and the phase o now become slowly 
varying functions of r and œ, the polar coordinates on the (x1, x2) plane. It is quite 
obvious that zo will depend only on r, as schematically depicted in Fig. 9.1. 

Substituting this ansatz into the first-order equations (9.1.1) one arrives at the 
equations which determine the adiabatic dependence of the moduli zo and o on 
r and a [142], 


1 
0-Z9 = — 7 9.1.2 
29 Amr ( ) 
do 00 
— =], —=0. 9.1.3 
oa or ( ) 


Needless to say our adiabatic approximation holds only provided the r derivative 
is small, i.e. sufficiently far from the string, Vér >> 1. The solution to Eq. (9.1.2) 
is straightforward, 


1 
zo = —— lnr + const. (9.1.4) 
Am 
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Figure 9.1. Bending of the wall due to the string-wall junction. The flux tube ex- 
tends to the right infinity. The wall profile is logarithmic at transverse distances 
larger than €~'/? from the string axis. At smaller distances the adiabatic 
approximation fails. 


We see that the wall is logarithmically bent according to the Coulomb law in 2 + 1 
dimensions (see Fig. 9.1). This bending produces a balance of forces between the 
string and the wall in the z direction so that the whole configuration is static. The 
solution to Eq. (9.1.3) is 


o=aQ. (9.1.5) 


This vortex solution is certainly expected and welcome. One can identify the com- 
pact scalar field o with the electric field living on the domain wall world volume 
via (8.3.10). Equation (9.1.5) implies 


2 
Q+) _ & Xi 


for this electric field, where the (2 + 1)-dimensional coupling is given by (8.3.9). 

This is the field of a point-like electric charge in 2 + 1 dimensions placed at 
x; = 0. The interpretation of this result is that the string endpoint on the wall plays 
a role of the electric charge in the dual U(1) theory on the wall. From the standpoint 
of the bulk theory, when the string ends on the wall, the magnetic flux it brings 
with it spreads out inside the wall in accordance with the Coulomb law in (2 + 1) 
dimensions. 

From the above discussion it is clear that in the world volume theory (8.3.13), 
the fields (9.1.4) and (9.1.6) can be considered as produced by classical point-like 
charges which interact in a standard way with the electromagnetic field A, and the 
scalar field a241, 


1 1 ; 
S241 = fas | gatas? + ga Enn Y + An jn — a241 e] > (9.1.7) 
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where the classical electromagnetic current and the charge density of static 
charges are 


n(x) = nef (x),0,0}, (x) = 158% (x). (9.1.8) 


Here ne and ny are electric and scalar charges associated with the string endpoint 
with respect to the electromagnetic field A, and the scalar field a, respectively 
[228], 


ne = +1, incoming flux, 


ne = —l, outgoing flux, (9.1.9) 
while their scalar charges are 


ns = +1, string from the right, 
ns =—1, string from the left. (9.1.10) 


These rules are quite obvious from the perspective of the bulk theory. The anti- 
string carries the opposite flux to that of a string in (9.1.6) and the bending of the 
wall produced by the string coming from the left is opposite to the one in (9.1.4) 
associated with the string coming from the right. 


9.2 Boojum energy 


Let us now calculate the energy of the wall-string junction, the boojum. There are 
two distinct contributions to this energy [231]. The first contribution is due to the 
gauge field (9.1.6), 


G 1 2 
Eo+) = 2e2 (Foi) 2nr dr 
2+1 
TĚ dr TĚ 
= = 5 In (g/L). (9.2.1) 
m 


Am r 


The integral f dr /r is logarithmically divergent both in the ultraviolet and infrared. 
It is clear that the UV divergence is cut off at the transverse size of the string 
~ 1/g,/é and presents no problem. However, the infrared divergence is much 
more serious. We introduced a large size L to regularize it in (9.2.1). 

The second contribution, due to the zo field (9.1.4), is proportional to f dr/r too, 


T, 2 
E= | Zo zo) 2xr dr 


= ZË in (g VEL). (9.2.2) 
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Figure 9.2. String and anti-string ending on the wall from different sides. Arrows 
denote the direction of the magnetic flux. 


Both contributions are logarithmically divergent in the infrared. Their occurrence 
is an obvious feature of charged objects coupled to massless fields in (2 + 1) 
dimensions due to the fact that the fields A, and a2+1 do not die off at infinity, 
which means infinite energy. 

The above two contributions are equal (with the logarithmic accuracy), even 
though their physical interpretation is different. The total energy of the string 
junction is 


ESTEE TTE in (g/L). (9.2.3) 


We see that in our attempt to include strings as point-like charges in the world 
volume theory (9.1.7) we encounter problems already at the classical level. The 
energy of a single charge is IR divergent. It is clear that the infrared problems will 
become even more severe in quantum theory. 

A way out was suggested in [231, 228]. For the infrared divergences to cancel 
we should consider strings and anti-strings with incoming and outgoing fluxes as 
well as strings coming from the right and from the left. Clearly, only configurations 
with vanishing total electric and scalar charges have finite energy (see (9.1.9) and 
(9.1.10)). 

In fact, it was shown in [231] that the configuration depicted in Fig. 9.2 is a 
non-interacting 1/4-BPS configuration. All logarithmic contributions are canceled; 
the junction energy in this geometry is given by a finite negative contribution 


8 
E=- Am, (9.2.4) 
g 
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which is called the boojum energy [218]. In fact this energy was first calculated 
in [172]. A procedure allowing one to separate this finite energy from logarithmic 
contributions described above (and make it well-defined) was discussed in [231]. 


9.3 Finite-size rigid strings stretched between the walls. 
Quantizing string endpoints 


Now, after familiarizing ourselves with the junctions of the BPS walls with the 
semi-infinite strings, the boojums, we can ask whether or not the junction can 
acquire a dynamical role. Is there a formulation of the problem in which one can 
speak of a junction as of a particle sliding on the wall? 

The string energy is its tension (4.2.12) times its length. If we have a single wall, 
all strings attached to it have half-infinite length; therefore, they are infinitely heavy. 
In the wall world volume theory (9.1.7) they may be seen as classical infinitely 
heavy point-like charges. The junctions are certainly non-dynamical objects in this 
case. 

In order to be able to treat junctions as “particles” we need to make strings “light” 
and deprive them of their internal dynamics, i.e. switch off all string excitations. It 
turns out a domain in the parameter space is likely to exist where these goals can 
be achieved. 

In this section we will review a quantum version of the world volume theory 
(9.1.7) with additional charged matter fields. The latter will represent the junctions 
on the wall world volume [232, 228] (of course, the junctions have strings of the 
bulk theory attached to them; these strings will be rigid). 

Making string masses finite is a prerequisite. To this end one needs at least two 
domain walls at a finite distance from each other with strings stretched between 
them. This scenario was suggested in [232]. A quantum version of the wall world 
volume theory in which the strings were represented by a charged chiral matter 
superfield in 1 + 2 dimensions was worked out. However, in the above scenario the 
strings were attached to each wall from one side. From the discussion in Section 9.2 
it must be clear that this theory is not free from infrared problems. The masses of 
(1 + 2)-dimensional charged fields are infinite. 

To avoid these infinities we need a configuration with strings coming both from 
the right and from the left sides of each wall. This configuration was suggested in 
[228], see Fig. 9.3. 

Let us describe this set-up in more detail. First, we compactify the x3 = z 
direction in our bulk theory (8.1.1) on a circle of length L. Then we consider 
a pair “wall plus antiwall” oriented in the {x1, x2} plane, separated by a dis- 
tance / in the perpendicular direction, as shown in Fig. 9.3. The wall and antiwall 
experience attractive forces. Strictly speaking, this is not a BPS configuration — 
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Figure 9.3. A wall and antiwall connected by strings on the cylinder. The 
circumference of the circle (the transverse slice of the cylinder) is L. 


supersymmetry in the world volume theory is broken. However, the wall-antiwall 
interaction due to overlap of their profile functions is exponentially suppressed at 
large separations, 


L~I>R, (9.3.1) 


where R is the wall thickness (see Eq. (8.2.7)). In what follows we will neglect 
exponentially suppressed effects. If so, we neglect the effects which break super- 
symmetry in our (2 + 1)-dimensional world volume theory. Thus, it continues to 
have four conserved supercharges (VV = 2 supersymmetry in (2 + 1) dimensions) 
as was the case for the isolated single wall. 

Let us denote the wall position as zı while that of the antiwall as z2. Then 


l=7z-Z1. 


On the wall world volume z1,2 become scalar fields. The kinetic terms for these 
fields in the world volume theory are obvious (see (8.3.11)), 


SPs 


a 1 
[ nz)? + (n22)"| = saa (0na) 45 Gen] (9.3.2) 
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where we use (8.3.12) to define the fields wee The sum of these fields, 


1 
(2) (1) 
Flat + ahi); 


ay = 
with the corresponding superpartners, decouples from other fields forming a free 
field theory describing dynamics of the center-of-mass of our construction. This is 
a trivial part which will not concern us here. 
An interesting part is associated with the field 


1/ o a 
a= gh - a$), ). (9.3.3) 


The factor 1/./2 ensures that a_ has a canonically normalized kinetic term. By 
definition, it is related to the relative wall-antiwall separation, namely, 


_ 2, 
= 


Needless to say, a— has all necessary M = 2 superpartners. In the bosonic sector 
we introduce the gauge field 


(9.3.4) 


AD = (4? 5 AD), (9.3.5) 
with the canonically normalized kinetic term. The strings stretched between the 
wall and antiwall, on both sides, will be represented by two chiral superfields, 
Sand S, respectively. We will denote the corresponding bosonic components by s 
and s. 

In terms of these fields the quantum version of the theory (9.1.7) is completely 
determined by the charge assignments (9.1.9) and (9.1.10) and M = 2 supersym- 
metry. The charged matter fields have the opposite electric charges and distinct 
mass terms, see below. A mass term for one of them is introduced by virtue of a 
“real mass,” a three-dimensional generalization [96] of the twisted mass in two 
dimensions [32]. It is necessary due to the fact that there are two inter-wall dis- 
tances, / and L — L. The real mass breaks parity. The bosonic part of the action has 
the form 


Wty do 1 2 ~ 
Sbos = J d’x {soa Fn Fin t gaha) + [Dns |? + (Das? 


+ 2aŽ5 s +2(m —a_)*55 + e7(\s/? — s?) . (9.3.6) 
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According to our discussion in Section 9.1, the fields s and s have charges +1 and 
—1 with respect to the gauge fields AP and AY? , respectively. Hence, 


Dn = 8, —i(AD — AP) = a, —iV2A7, 
Dn = dn + i(AD — A?) = a, +iV2A;. (9.3.7) 


The electric charges of boojums with respect to the field A, are +,/2. The last 
term in (9.3.6) is the D term dictated by supersymmetry. 

So far, m is a free parameter whose relation to L will be determined shortly. 
Moreover, Fan = Om A, — On Am- The theory (9.3.6) with the pair of chiral multi- 
plets S and S is free of IR divergences and global Z2 anomalies [96, 98] (see also 
Section 3.2.1). At the classical level it is clear from our discussion in Section 9.2. 
A version of the world volume theory (9.3.6) with a single supermultiplet S was 
considered in Ref. [232] but, as was mentioned, this version is not free of IR 
divergences. 

It is in order to perform a crucial test of our theory (9.3.6) by calculating the 
masses of the charged matter multiplets S and §. From (9.3.6) we see that the mass 
of S is 


ms = V2 (a_). (9.3.8) 
Substituting here the relation (9.3.4) we get 
ms = 27E 1. (9.3.9) 


The mass of the charged matter field S reduces to the mass of the string of the 
bulk theory stretched between the wall and antiwall at separation /, see (4.2.12). 
A great success! Of course, this was expected. Note that this is a nontrivial check 
of consistency between the world volume theory and the bulk theory. Indeed, the 
charges of the strings’ endpoints (9.1.9) and (9.1.10) are unambiguously fixed by 
the classical solution for the wall-string junction. 

Now, imposing the relation between the free mass parameter m in (9.3.6) and 
the length of the compactified z-direction L in the form 


m= —L (9.3.10) 


we get the mass of the chiral field S to be 


mz = 2né(L—1). (9.3.11) 
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Figure 9.4. Mass scales of the bulk and world volume theories. 


The mass of the string 5 connecting the wall with the antiwall from the other side 
of the cylinder is the string tension times (L — l), in full accordance with our 
expectations, see Fig. 9.3. 

The theory (9.3.6) can be considered as an effective low-energy (2 + 1)- 
dimensional description of the wall-antiwall system dual to the (3+ 1)-dimensional 
bulk theory (8.1.1) under the choice of parameters specified below (Fig. 9.4). Most 
importantly, we use the quasiclassical approximation in our bulk theory (8.1.1) 
to find the solution for the string-wall junction [142] and derive the wall-antiwall 
world volume effective theory (9.3.6). This assumes weak coupling in the bulk, 
g? < 1. According to the duality relation (8.3.14) this implies strong coupling in 
the world volume theory. 

In order to be able to work with the world volume theory we want to continue 
the theory (9.3.6) to the weak coupling regime, 

eX 2 (9.3.12) 
R 
which means strong coupling in the bulk theory, g? >> 1. The general idea is that 
at g? < 1 we can use the bulk theory (8.1.1) to describe our wall-antiwall system 
while at g? >> 1 we better use the world volume theory (9.3.6). In [228] this set-up 
was termed bulk—brane duality. In spirit — albeit not in detail — it is similar to the 
AdS/CFT correspondence. 

In order for the theory (9.3.6) to give a correct low-energy description of the wall- 
antiwall system the masses of strings (including boojums) in this theory should be 
much less than the masses of both the wall and string excitations. These masses are 
of order of 1/R and mgg =k/l ~ k/(L — 1), respectively, where k is an integer. 
The high mass gap for the string excitations make strings rigid. 

These constraints were studied in [228]. It was found that for the constraints to 
be satisfied different scales of the theory must have a hierarchy shown in Fig. 9.4. 

The scales Am, y£ and e +1 ~ &/Am are determined by the string and wall 
tensions in our bulk theory, see (4.2.12) and (8.2.4). In particular, the (2 + 1)- 
dimensional coupling e? is determined by the ratio of the wall tension to the square 
of the string tension, as follows from Eqs. (8.3.11) and (8.3.12). Since the strings and 
walls in the bulk theory are BPS-saturated, they receive no quantum corrections. 
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Equations (4.2.12) and (8.2.4) can be continued to the strong coupling regime in 
the bulk theory. Therefore, we can always take such values of the parameters Am 
and ./€ that the conditions 


e K E K Am (9.3.13) 


are satisfied. 
To actually prove duality between the bulk theory (8.1.1) and the world volume 
theory (9.3.6) we only need to prove the condition 


VE K = (9.3.14) 


which ensures that strings are lighter than the wall excitations. This will give us 
the hierarchy of the mass scales shown in Fig. 9.4. With the given values of the 
parameters Am and ./é we have another free parameter of the bulk theory to ensure 
(9.3.14), namely, the coupling constant g*. However, the scale 1/R (the mass scale 
of various massive excitations of the wall) is not protected by supersymmetry and 
we cannot prove that the regime (9.3.14) can be reached at strong coupling in the 
bulk theory. Thus, the above bulk—brane duality is in fact a conjecture essentially 
equivalent to the statement that the regime (9.3.14) is attainable under a certain 
choice of parameters. Note, that if the condition (9.3.14) is not met, the wall exci- 
tations become lighter than the strings under consideration, and the theory (9.3.6) 
does not correctly describe low-energy physics of the theory on the walls. 


9.4 Quantum boojums. Physics of the world volume theory 


What is a boojum loop? 
Let us integrate out the string multiplets S and § and study the effective theory 
for the U(1) gauge supermultiplet at scales below my. As long as the string fields 


220 Wall-string junctions 


enter the action quadratically (if we do not resolve the algebraic equations for the 
auxiliary fields) the one-loop approximation is exact. 

Integration over the charged matter fields in (9.3.6) leads to generation of the 
Chern—Simons term [94, 95, 96] with the coefficient proportional to 


1 
7, signa) + sign(m — a)]Enmk A; Om Ag - (9.4.1) 
T 


Another effect related to the one in (9.4.1) by supersymmetry is generation of a 
nonvanishing D-term, 


D D 
zz tlm — a| -— ļa-|] = > (m — 2a), (9.4.2) 
T 27 


where D is the D-component of the gauge supermultiplet. As a result we get from 
(9.3.6) the following low-energy effective action for the gauge multiplet: 


(Emn) 


Sou = J d>x : (d,a_)? + 
oe ia)" T 4e%(e_) 
e*(a_) 
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(2a — m?) , (9.4.3) 
27 


where we also take into account a finite renormalization of the bare coupling 
constant e? [233, 234, 98], 


i e 
ez(a) e? 8nla_| 82|m—a_|’ 


(9.4.4) 


This is a small effect since 1/e? is the largest parameter (see Fig. 9.4). Note that in 
Eq. (9.4.3) the coefficient in front of the Chern—Simons term is an integer number 
(in the units of 1/(27)), as required by gauge invariance. 

The most dramatic effect in (9.4.3) is the generation of a potential for the field a_. 
Remember a_ is proportional to the separation / between the walls. The vacuum 
of (9.4.3) is located at 


(9.4.5) 


There are two extra solutions at a_ = 0 and a_ = m, but they lie outside the limits 
of applicability of our approach. 

We see that the wall and antiwall are pulled apart; they want to be located at the 
opposite sides of the cylinder. Moreover, the potential is quadratically rising with 
the deviation from the equilibrium point (9.4.5). As was mentioned in the beginning 
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v(i) 


Figure 9.5. Classical and quantum wall-antiwall interaction potential. The dashed 
line depicts the classical exponentially small potential while the solid line the 
quantum potential presented in Eq. (9.4.3). 


of this section, the wall and antiwall interact with exponentially small potential due 
to the overlap of their profiles. However, these interactions are negligibly small at 
l > R as compared to the interaction in Eq. (9.4.3). The interaction potential in 
(9.4.3) arises due to virtual pairs of strings (“boojum loops”) and it pulls the walls 
apart. 

Clearly, our description of strings in the bulk theory was purely classical 
and we were unable to see this quantum effect. The classical and quantum 
interaction potential of the wall-antiwall system is schematically shown in Fig. 9.5. 
The quantum potential induced by virtual string loop is much larger than the classi- 
cal exponentially small W W attraction at separations / ~ L/2. The quantum effect 
stabilizes the classically unstable W W system at the equilibrium position (9.4.5). 

Note, that if the wall-antiwall interactions were mediated by particles they would 
have exponential fall-off at large separations / (there are no massless particles in 
the bulk). Quadratically rising potential would never be generated. In our case 
the interactions are due to virtual pairs of extended objects — strings. Strings are 
produced as rigid objects stretched between walls. The string excitations are not 
taken into account as they are too heavy. The fact that the strings come out in our 
treatment as rigid objects rather than local particle-like states propagating between 
the walls is of a paramount importance. This is the reason why the wall-antiwall 
potential does not fall off at large separations. Note that a similar effect, power- 
law interactions between the domain walls in M = 1 SQCD, was obtained via a 
two-loop calculation in the effective world volume theory [235]. 
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The presence of the potential for the scalar field a_ in Eq. (9.4.3) makes this field 
massive, with mass 


(9.4.6) 


a 
Ma = —. 
T 
By supersymmetry, the photon is no longer massless too, it acquires the same mass. 
This is associated with the Chern—Simons term in (9.4.3). As itis clear from Fig. 9.4, 
Ma < ms. This shows that integrating out massive string fields in (9.3.6) to get 
(9.4.3) makes sense. 

Another effect seen in (9.4.3) is the renormalization of the coupling constant 
which results in a non-flat metric. Of course, this effect is very small in our range 
of parameters since ms >> e°. Still we see that the virtual string pairs induce 
additional power interactions between the walls through the nontrivial metric 
in (9.4.3). 
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Conclusions 


This concludes our travel diary in the land of supersymmetric solitons in gauge 
theories. It is time to summarize the lessons. 

Advances in supersymmetric solitons, especially in non-Abelian gauge theories, 
that have taken place since 1996, are impressive. In the bulk of this book we thor- 
oughly discussed many aspects of the subject at a technical level. Important and 
relevant technical details presented above should not overshadow the big picture, 
which has been in the making since 1973. Sometimes people tend to forget about 
this big picture which is understandable: its development is painfully slow and 
notoriously difficult. 

Let us ask ourselves: what is the most remarkable feature of quantum chromo- 
dynamics and QCD-like theories? The fact that at the Lagrangian level one deals 
with quarks and gluons while experimentalists detect pions, protons, glueballs and 
other color singlet states — never quarks and gluons — is the single most salient fea- 
ture of non-Abelian gauge theories at strong coupling. Color confinement makes 
colored degrees of freedom inseparable. In a bid to understand this phenomenon 
Nambu, ’t Hooft and Mandelstam suggested in the mid 1970s (independently but 
practically simultaneously) a “non-Abelian dual Meissner effect.” At that time their 
suggestion was more of a dream than a physical scenario. According to their vision, 
“non-Abelian monopoles” condense in the vacuum resulting in formation of “non- 
Abelian chromoelectric flux tubes” between color charges, e.g. between a probe 
heavy quark and antiquark. Attempts to separate these probe quarks would lead to 
stretching of the flux tubes, so that the energy of the system grows linearly with 
separation. That’s how linear confinement was visualized. However, at that time the 
notions of non-Abelian flux tubes and non-Abelian monopoles (let alone condensed 
monopoles in non-Abelian gauge theories) were nonexistent. Nambu, ’t Hooft and 
Mandelstam operated with nonexistent objects. 
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One may ask where these theorists got their inspiration from. There was one 
physical phenomenon known since long ago and well understood theoretically 
which yielded a rather analogous picture. 

In 1933 Meissner discovered that magnetic fields could not penetrate 
inside superconducting media. The expulsion of the magnetic fields by supercon- 
ductors goes under the name of the Meissner effect. Twenty years later Abrikosov 
posed the question: “What happens if one immerses a magnetic charge and an 
anticharge in type-II superconductors [which in fact he discovered]? One can 
visualize a magnetic charge as an endpoint of a very long and very thin solenoid. 
Let us refer to the N endpoint of such a solenoid as a positive magnetic charge and 
the S endpoint as a negative magnetic charge. 

In the empty space the magnetic field will spread in the bulk, while the energy 
of the magnetic charge-anticharge configuration will obey the Coulomb 1/r law. 
The force between them will die off as 1/r?. 

What changes if the magnetic charges are placed inside a large type-II 
superconductor? 

Inside the superconductor the Cooper pairs condense, all electric charges are 
screened, while the photon acquires a mass. According to modern terminology, the 
electromagnetic U(1) gauge symmetry is Higgsed. The magnetic field cannot be 
screened in this way; in fact, the magnetic flux is conserved. At the same time the 
superconducting medium does not tolerate the magnetic field. 

The clash of contradictory requirements is solved through a compromise. A thin 
tube is formed between the magnetic charge and anticharge immersed in the super- 
conducting medium. Inside this tube superconductivity is ruined — which allows 
the magnetic field to spread from the charge to the anticharge through this tube. 
The tube transverse size is proportional to the inverse photon mass while its tension 
is proportional to the Cooper pair condensate. These tubes go under the name of 
the Abrikosov vortices. In fact, for arbitrary magnetic fields he predicted lattices 
of such flux tubes. A dramatic (and, sometimes, tragic) history of this discovery is 
nicely described in Abrikosov’s Nobel Lecture. 

Returning to the magnetic charges immersed in the type-II superconductor under 
consideration, one can see that increasing the distance between these charges (as 
long as they are inside the superconductor) does not lead to their decoupling — the 
magnetic flux tubes become longer, leading to a linear growth of the energy of 
the system. 

The Abrikosov vortex lattices were experimentally observed in the 1960s. 
This physical phenomenon inspired Nambu, ’t Hooft and Mandelstam’s ideas on 
non-Abelian confinement. Many people tried to quantify these ideas. The first 
breakthrough, instrumental in all current developments, came 20 years later, in 


Conclusions 225 


the form of the Seiberg-Witten solution of M = 2 super-Yang—Mills. This the- 
ory has eight supercharges which makes dynamics quite “rigid” and helps one to 
find the full analytic solution at low energies. The theory bears a resemblance to 
quantum chromodynamics, sharing common “family traits.” By and large, one can 
characterize it as QCD’s “second cousin.” 

An important feature which distinguishes it from QCD is the adjoint scalar field 
whose vacuum expectation value triggers the spontaneous breaking of the gauge 
symmetry SU(2) — U(1). The ’t Hooft—Polyakov monopoles ensue. They are read- 
ily seen in the quasiclassical domain. Extended supersymmetry and holomorphy 
in certain parameters which is associated with it allows one to analytically con- 
tinue in the domain where the monopoles become light — eventually massless — and 
then condense after a certain small deformation breaking V = 2 downto NV = 1 
is introduced. After that, at a much lower scale the (dual) U(1) gauge symmetry 
breaks, so that the theory is fully Higgsed. Electric flux tubes are formed. 

This was the first ever demonstration of the dual Meissner effect in non-Abelian 
theory, a celebrated analytic proof of linear confinement, which caused much 
excitement and euphoria in the community. 

It took people three years to realize that the flux tubes in the Seiberg—Witten solu- 
tion are not those we would like to have in QCD.! Hanany, Strassler and Zaffaroni, 
who analyzed the chromoelectric flux tubes in the Seiberg—Witten solution in 1997, 
showed that these flux tubes are essentially Abelian (of the Abrikosov—Nielsen— 
Olesen type) so that the hadrons they would create would not have much in common 
with those in QCD. The hadronic spectrum would be significantly richer. And, say, in 
the SU(3) case, three flux tubes in the Seiberg—Witten solution would not annihilate 
into nothing, as they should in QCD ... 

Ever since, searches for non-Abelian flux tubes and non-Abelian monopoles 
continued, with a decisive breakthrough in 2003. By that time the program of 
finding field-theory analogs of all basic constructions of string/D-brane theory 
was in full swing. BPS domain walls, analogs of D branes, had been identified 
in supersymmetric Yang—Mills theory. It had been demonstrated that such walls 
support gauge fields localized on them. BPS-saturated string-wall junctions had 
been constructed. And yet, non-Abelian flux tubes, the basic element of the non- 
Abelian Meissner effect, remained elusive. 

They were first found in U(2) super-Yang—Mills theories with extended super- 
symmetry, M = 2, and two matter hypermultiplets. If one introduces a non- 
vanishing Fayet—Iliopoulos parameter & the theory develops isolated quark vacua, 
in which the gauge symmetry is fully Higgsed, and all elementary excitations are 


! The Seiberg-Witten strings hopefully belong to the same universality class as the QCD strings, but this is 
impossible to prove with existing knowledge. 
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Figure 10.1. Various regimes for monopoles and strings in the simplest case of 
two flavors. 


massive. In the general case, two matter mass terms allowed by VV = 2 are unequal, 
mı + m2. There are free parameters whose interplay determines dynamics of the 
theory: the Fayet—Iliopoulos parameter £, the mass difference Am and a dynamical 
scale parameter A, an analog of the QCD scale Agcp. Extended supersymmetry 
guarantees that some crucial dependences are holomorphic, and there is no phase 
transition. 

AS various parameters vary, this theory evolves in a very graphic way, see 
Fig. 10.1 which is almost the same as Fig. 4.3 (the first stage of unconfined ’t Hooft- 
Polyakov monopole is added in the left upper corner). At £ = 0 but Am +Æ 0 (and 
Am > A) it presents a very clear-cut example of a model with the standard 
’t Hooft—Polyakov monopole. The monopole is free to fly — the flux tubes are not 
yet formed. 

Switching on € Æ 0 traps the magnetic fields inside the flux tubes, which are 
weak as long as € < Am. The flux tubes change the shape of the monopole far away 
from its core, leaving the core essentially intact. Orientation of the chromomagnetic 
field inside the flux tube is essentially fixed. The flux tubes are Abelian. 

With |Am| decreasing, fluctuations in the orientation of the chromomagnetic 
field inside the flux tubes grow. Simultaneously, the monopole seen as the string 
junction, loses resemblance with the °t Hooft-Polyakov monopole. It acquires a 
life of its own. 

Finally, in the limit Am — 0 the transformation is complete. A global SU(2) 
symmetry restores in the bulk. Orientational moduli develop on the string world 
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sheet making it non-Abelian. The junctions of degenerate strings present what 
remains of the monopoles in this highly quantum regime. It is remarkable that, 
despite the fact we are deep inside the highly quantum regime, holomorphy allows 
one to exactly calculate the mass of these monopoles. 

What remains to be done? The most recent investigations zero in on M = 1 
theories, which are much closer relatives of QCD than N = 2. 

And then, M = 0 theories — sister theories of QCD — loom large ... 


Appendix A 


Conventions and notation 


The conventions we use in Parts I and II are slightly different. In Part I presenting 
mainly a conceptual introduction to the subject of supersymmetric solitons we 
choose the so-called Minkowski notation. Here our notation is very close (but not 
identical!) to that of Bagger and Wess [40]. The main distinction is the conventional 
choice of the metric tensor guy = diag(+ — ——) as opposed to the diag(— + ++) 
version of Bagger and Wess. Both the spinorial and vectorial indices will be denoted 
by Greek letters. To differentiate between them we will use the letters from the 
beginning of the alphabet for the spinorial indices, e.g. œ, 6 and so on, reserving 
those from the end of the alphabet (e.g. jz, v, etc.) for the vectorial indices. 

Those readers who venture to delve into Part II will have to switch to the so-called 
Euclidean notation which is more convenient for technical studies. The distinctions 
between these two notations are summarized in Section A.7. 


A.1 Two-dimensional gamma matrices 


In two dimensions we choose the gamma matrices as follows 


payon, y! =y =i, vary! =e, (A.1) 


In three dimensions 
y =0, y* =—-io3, y* =io}. (A.2) 
A.2 Covariant derivatives 
The covariant derivative in the Minkowski space is defined as 
Dy = Oy — iA TS (A.3) 
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Then for the spatial derivatives we have 


Di = 4 iAe TA (A.4) 
ox ee ` 


and similar expressions for D23. 


A.3 Superspace and superfields 


The four-dimensional space x“ can be promoted to superspace by adding four 
Grassmann coordinates 0y and 64, (a, @ = 1,2). The coordinate transformations 


{x 0u, 0a}: SOx = £u, 80% = Ea, Xag = —2i OnE — 2i £a  (A.5) 


add SUSY to the translational and Lorentz transformations. 
Here the Lorentz vectorial indices are transformed into spinorial according to 
the standard rule 


1 sisu 
App = Apl jgg AY = 5 Aap ory? (A.6) 
where 
(og =Usthag Ogg = © ap- (A.7) 


We use the notation T for the Pauli matrices throughout the book. The lowering and 
raising of the indices is performed by virtue of the e°? symbol (e°? = i (T2)ap)- 
For instance, 


(EHP = eh? e° (GH) 5, = (1, T} ga: (A.8) 
Note that 
e? = —ep = 1, (A.9) 


and the same for the dotted indices. 
Two invariant subspaces Lee , 9} and {ens Oa} are spanned on 1/2 of the 
Grassmann coordinates, 


ae Ba}: Oa = £w, S(XL)ad = —4i Oa Eà; 
{xk 0a}: 80g = Eas ÔAXR)aa = —4i 0580, (A.10) 
where 


(XL,R)aw = Xow F 2i Oal. (A.11) 
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The minimal supermultiplet of fields includes one complex scalar field @(x) (two 
bosonic states) and one complex Weyl spinor w(x), œ = 1,2 (two fermionic 
states). Both fields are united in one chiral superfield, 


(xp, 0) = (xL) + V20% Wa (xt) + 6° F (xL), (A.12) 


where F is an auxiliary component. The field F appears in the Lagrangian without 
the kinetic term. 
In the gauge theories one also uses a vector superfield, 


es a i De ssa 
V(x,6,0) =C +idx —idy + —0°M — —-6?M 
( ) x X A J 


— 264,80 + [21028 i — Pe x| + Hel 
= 1 
+ 0°80? [> -— yec] (A.13) 
The superfield V is real, V = VÏ, implying that the bosonic fields C, D and 
vl =0 


- à v®“ /2 are real. Other fields are complex, and the bar denotes the complex 
conjugation. The field strength superfield has the form 


Wa = i (àu + i0y D — 0° Fag — i0? Dugh”). (A.14) 


The gauge field strength tensor is denoted by F/,. Sometimes we use the 
abbreviation F? for 


F? = Fa, FH", (A.15) 
while 


PSP i eRe Ee (A.16) 


uv? po’ 


NI] = 


The transformations (A.10) generate the SUSY transformations of the fields 
which can be written as 


ôV =i(Qe + Qz) V (A.17) 


where V is a generic superfield (which could be chiral as well). The differential 
operators Q and Q can be written as 


0 at = 0 a 
a = -i — ðakð”, å =i— — 0% dag» a> Qaj = 2i dag. (A.18 
Ou = -i a + Ou = izg { Qu, Oa} = 2iðaa. (A-18) 
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These differential operators give the explicit realization of the SUSY algebra, 


{Qa, Qu} =2Paa, {Qa Q8} =0, {Qa 0} =0, [Qa, Po] =O, 
(A.19) 


where Qx and Q, are the supercharges while Pyg = i ðwġ is the energy-momentum 
operator. The superderivatives are defined as the differential operators Dy, Dà 
anticommuting with Qg and Q4, 


a = a = 
Da — i090", Da =——=-+i0% Ia, {Do, Da} = 2ideq. (A-20) 


~ 90% aoe 


A.4 The Grassmann integration conventions 
[eo 6 = 1, [ Poes 6767 =1. (A.21) 


A.5 (1,0) and (1,0) sigma matrices 


To convert the two-index spinorial symmetric representation in the vectorial 
representation we will need the following sigma matrices: 


GVI ={0", i,t Joss Cop ={-*, t,o ap, 
GG)" = {r?, —i, -t}yg, @ag ator’, —i, t'ap = (A.22) 


A.6 The Weyl and Dirac spinors 


If we have two Weyl (right-handed) spinors ~” and 1g, transforming in the repre- 
sentations R and R of the gauge group, respectively, then the Dirac spinor Y can 


be formed as 
v= ( 3 J (A.23) 


The Dirac spinor Y has four components, while ~ and ng have two components 
each. 


A.7 Euclidean notation 


As was mentioned, in Part II we switch to a formally Euclidean notation e.g. 


Fi, = 2FG, + F} (A.24) 


tJ? 
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and 
(3a)? = (dpa)? + (Ga), (A.25) 


etc. This is appropriate, since we mostly consider static (time-independent) field 
configurations, and Ag = 0. Then the Euclidean action is nothing but the energy 
functional. 

Then, in the fermion sector we have to define the Euclidean matrices 


(04)%* = (L, -iT) eas (A.26) 
and 
(Fp )ova = (1,87) aa (A.27) 
Lowering and raising of the spinor indices is performed by virtue of the 
antisymmetric tensor defined as 
€12 = €15 = 1, 
e? =e? =], (A.28) 


The same raising and lowering convention applies to the flavor SU(2)r indices 


f, 2, ete. 
When the contraction of the spinor indices is assumed inside the parentheses we 


use the following notation: 


(AW) Show™, Op) =i Ya. (A.29) 


A.8 Group-theory coefficients 


As was mentioned, the gauge group is assumed to be SU(N). For a given repre- 
sentation R of SU(N), the definitions of the Casimir operators to be used below 
are 


Tr(T T?)R = T(R)6®, (T°T*)p = C(R) 1, (A.30) 
where / is the unit matrix in this representation. It is quite obvious that 


dim(G) 
dim(R)’ 


C(R) = T(R) (A.31) 
where dim(G) is the dimension of the group (= the dimension of the adjoint rep- 
resentation). Note that T(R) is also known as (one half of) the Dynkin index, or 
the dual Coxeter number. For the adjoint representation, T (R) is denoted by T (G). 
Moreover, T(SU(N)) = N. 
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A.9 Renormalization-group conventions 


We use the following definition of the 6 function (also known as the Gell-Mann- 
Low function) and anomalous dimensions: 


da Bo 2 Bi 3 
—— = ——q* — —~ vee A.32 
Ma B(a) Fe Go + (A.32) 
while 
y = —dln Z(u)/dln n. (A.33) 


In supersymmetric theories 


a? T(G)a\~! 
i ae pr@-Lraena-w) (1- = ) » (A.34) 


where the sum runs over all matter supermultiplets. This is the so-called Novikov— 
Shifman—Vainshtein—Zakharov (NSVZ) beta function [236]. The anomalous 
dimension of the ith matter superfield is 


CR ie (A.35) 
20 


Sometimes, when one-loop anomalous dimensions are discussed, the coefficient in 
front of —æ / (27r ) in (A.33) is also referred to as an “anomalous dimension.” 
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Many faces of two-dimensional supersymmetric 
CP(N — 1) model 


B.1 O(3) sigma model 


Supersymmetric extension of the O(3) sigma model in the form discussed in this 
section was suggested in Refs. [7, 237]. We refer the reader to the book [238] for 
a pedagogical discussion of the non-supersymmetric O(3) sigma model. 

One can construct supersymmetric sigma model in terms of two-dimensional 
N = 1 superfields as follows. Let us introduce a triplet of real superfields N“, 


x | Rae 
N“(x,0) = S (x) + 0x (x) + gee F%(x), a=1,2,3, (B.1) 


where @ is a two-component Majorana (real) spinor (0 = 8 y?), x@ is a two- 
component Majorana fermion field and F® is an auxiliary boson field which will 
enter in the Lagrangian with no kinetic term. The superfield N° (x, @) is subject to 
the constraint 


N“(x,0)N“(x,0) = 1. (B.2) 


In components this is equivalent to 


1 
SIST =l, S88 = 0, SORE = 5 8X", (B.3) 
The action of the model takes the form 
1 
S=—, | d’xd’0e% (Da N") (DeN°) 
28 
1 1 Bx T y bas 
== [ax 5 (445% ESK O aK + 5 0? | (B.4) 
80 
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where 86 is the (bare) coupling constant and 


ð ; 
Dy= ie i(y"O)a ðn. (B.5) 


This model describes two independent (real) degrees of freedom in the bosonic 
and fermionic sectors. The interaction inherent to this model is due to the con- 
straints (B.3) and the four-fermion term in (B.4). The model is O(3) symmetric, by 
construction. Also by construction it has M = (1, 1) supersymmetry (i.e. one left- 
handed real supercharge, and one right-handed). In fact this model has an extended 
N = 2 supersymmetry (more exactly, N = (2,2). The occurrence of two extra 
supercharges (four altogether) is automatic and is explained by the fact that the 
target space of the bosonic sector is S*, which is a Kahler manifold. Minimal 
N = (1, 1) supersymmetrization of any Kihlerian sigma model automatically pro- 
duces M = (2,2) supersymmetry. Further details can be found in the review paper 
[156]. 


B.2 CP(1) sigma model 


The same model expressed in terms of unconstrained variables is usually referred 
to as the CP(1) model. If the unit vector S° parametrizes the sphere, one can pass to 
unconstrained variables by performing the stereographic projection of the sphere 
onto the complex ¢ plane, 


S! + is? 
= ee (B.6) 


The complex field ¢ replaces two independent components of S°. The unconstrained 
two-component complex fermion field y is introduced as follows: 


o xl +i Sl+is? ,; 


= = : B.7 
v= "Tess 453% me 
The inverse transformations have the form 
2(R 2(1 1— |l? 
s! = (Reg) s2 = (Im¢) s= |p| (B.8) 


1+ 192?’ LHP 14] 


and 


1_2Rey)  2Rep)ipiy +H.c] 
1+ |¢/? AFD 
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2_ 20my) _ 2dm¢)[¢'y +H.) 
Lejer (1 + l4? 
3_ _,l¢'¥ + He] 
d +l? © 
Substituting Eqs. (B.8) and (B.9) in the action (B.4) we get [239] 


’ 


(B.9) 


+ T 2i + 7 L ted 
Lepra) = G long dto +ipy" dy — a dnd pyy + zZ (wy) | (B.10) 
where 


2 
G= ar x=1+ lol. (B.11) 
&o X 


The above Lagrangian can be obtained in terms of M = 2 superfields which 
will make its M = (2, 2) supersymmetry explicit. Namely, let us introduce a chiral 
superfield 


DAL, 0) = HEL) + V2 eag O° WF (xL) + Eup 0%0F FL), B-12) 
where 0 is a two-component complex Grassmann variable, while 
xp =x" + 16". (B.13) 


Moreover, &* depends on Xp = x" — iĝðy”9 and ð, a conjugation of (B.12). In 
terms of these superfields the Lagrangian of the CP(1) model can be written as 


Lepa) = [ao K(®, ©"), (B.14) 
where K is the Kahler potential, 
2 + 
K=— In(1 + ®'®). (B.15) 
80 


Needless to say, M = 2 supersymmetry is built in here. And what about the target 
space symmetry? The U(1) symmetry corresponding to the rotation around the third 
axis in the target space is realized linearly, 


> O+ia-, O' > O'~ia- O, (B.16) 


where œ is a real parameter. At the same time, two other symmetry rotations are 
realized nonlinearly, 


b — p+ pO, o's p+ 6-(O'y, (B.17) 


with a complex parameter £. 
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B.3 Geometric interpretation 


Equations (B.14) and (B.15) suggest a geometric interpretation (for a review see 
e.g. [240]) for the above formulation of the CP(1) model which, in turn, allows one 
to readily generalize it to the case of CP(N — 1) with arbitrary N. Indeed, let us 
consider N — 1 complex superfields 


D(x! + i6y"0), OV (x! —idy"6), 


and the Kahler potential 


N-1 
2 = 5 
oa! 1+ $ otsa |. (B.18) 
0 i, j=l 


(As we will see momentarily, it corresponds to the so-called round Fubini—Study 
metric.) The Kahler potential determines the metric of the target space according 
to the formula 
3 K($, p 
ges ee (B.19) 
apiapi 
For CP(N — 1) the Riemann tensor is expressed in terms of the metric (B.19) as 
follows: 


2 
g 
Rijm = eG Grm + GimG,j) (B.20) 
while the Ricci tensor 
g2 
Rj= 3 NG. (B.21) 


In components the Lagrangian of the CP(N — 1) model takes the form [241] 


ce . sj i 1 =a i -7 
L = [oto K = Gij[ðud t dud! + iW y" Duy] — 5 Rija WVU), 
(B.22) 
where D is the covariant derivative, 
Du’ = Iwi +T} (due), (B.23) 


and E; is the Christoffel symbol. 
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If N = 2 the above expressions simplify and we get 


2 
G = Gii = 0484+ K lo-5—0 = 77 
0 xX 
+ 2 
r=Ty T P=ri F A 
X X 
= 2 
R = Rī = -GR = A (B.24) 
where we use the notation 
X=1+¢¢". (B.25) 


Substituting (B.24) and (B.25) in (B.22) we arrive at the CP(1) Lagrangian (B.10). 


B.4 Gauged formulation 
Here we will discuss yet another formulation of M = 2 supersymmetric sigma 


models with the target space 


SU(N) 
SU(N — 1) x U(1) 


= CP(N — 1), (B.26) 


which goes under the name of the gauged formulation [242]. This formulation is 
built on an N-plet of complex scalar fields n where i = 1,2, ..., N. We impose the 
constraint 
Toi 

nen =1. (B.27) 
This leaves us with 2N — 1 real bosonic degrees of freedom. To eliminate one extra 
degree of freedom we impose a local U(1) invariance ni (x) > en! (x). To this 
end we introduce a gauge field A, which converts the partial derivative into the 
covariant one, 


ðu > Vu =O, — i Ay. (B.28) 


The field A,, is auxiliary; it enters in the Lagrangian without derivatives. The kinetic 
term of the n fields is 


(B.29) 
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The superpartner to the field n' is an N-plet of complex two-component spinor 
fields é', 


i | l (B.30) 


The auxiliary field A,, has a complex scalar superpartner o and a two-component 
complex spinor superpartner A; both enter without derivatives. The full VM = 2 
symmetric Lagrangian is 


2 25. 
L= mahal + & iy"V,&! + 2I\o/? n|? 
80 
+ liv2o8i, gi 4 i/2n! (rE — ALEb) +e], (B.31) 


The auxiliary fields can be eliminated by virtue of the equations of motion which 
yield the following relations: 


nėr =0, nik =0; 
iope gp Ae a] 
Ay aM ðu n — 5 SMS > 
o=—— Eh (B.32) 
Va 


Substituting (B.32) in (B.31) we arrive at the final expression for the Lagrangian 
of N = 2 sigma model with the target space (B.26), 


_2 ep eee oe 
L= 5 flou + Glo du) 


+&iy” @ 5 snl an n') 3 
E, s) B33) 
nin =i, nie! =0. (B.34) 


For N = 2 there exists a simple local transformation converting the Lagrangian 
of the O(3) model discussed in Appendix B.1 into (B.33), 


xf ani (tr) EE (ce) nk, (B.35) 
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where t are the Pauli matrices. If we use the Fierz identity for the Pauli matrices, 
k ko 2 k k 2 ke : 


and substitute Eq. (B.35) in the Lagrangian (B.4) taking account of the constraints 
(B.3) we atrive at (B.33). The constraints (B.34) are satisfied automatically. 


B.5 Heterotic CP(1) 


Here we will outline derivation of the heterotic CP(1) model elaborated in 
Ref. [191]. We will start from the general geometric formulation presented in 
Appendix B.3, specify it to the CP(1) case using Eq. (B.24) and then introduce 
a deformation that breaks M = (2,2) down to M = (0, 2). As is well known, if we 
limit ourselves to the set of fields present in the M = (2,2) sigma model, such a 
deformation does not exist. However, it does exist if we agree to introduce an extra 
right-handed fermion fr [190]. 
One can obtain the deformed Lagrangian as follows. Introduce the operators 


B = {tr(x" + idy"0) + V20RF}O;, 
Bt = 0L a — iyo) + V20,F"}. (B.37) 


Since 6; and oi enter in Eq. (B.37) explicitly, B and B? are not superfields with 


regards to the supertransformations with parameters €7, ma These supertransfor- 
mations are absent in the heterotic model. Only those survive which are associated 
with €p, en Note that B and BÝ are superfields with regards to the latter. 

It is convenient to introduce a shorthand for the chiral coordinate 


XH = x" 4 iĝy"ð. (B.38) 
Then the transformation laws with the parameters €p, el are as follows: 
S0r =€r, 80, =e, 83? =2icl Op, 8%! =2icl Or. (B-39) 
With respect to such supertransformations, B and B" are superfields. Indeed, 
ôtr =V2 Fer, 5F =V2i(OrtR Ep, (B.40) 


plus Hermitean conjugate transformations. To convert Lepa) into Lheterotic We add 
to Lepa) the following terms: 


AL = | d'o{-28'B + [s8 V2y BK +Hel]}, (B.41) 
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where y is generally speaking a complex constant. For simplicity we will assume 
y to be real. Thus, we obviously deal here with a single deformation parameter. 
First, let us check that the extra term (B.41) preserves invariance on the tar- 
get space. Indeed, the invariance under the U(1) transformation of the superfields 
p, dt, 
p — ið, t > -i5 ði, (B.42) 


is obvious. Two other rotations on the sphere manifest themselves in nonlinear 
transformations with a complex parameter 6, 


p — B+pto*, of > B+ Biot)’. (B.43) 
Under these transformations 


ôK = 2 (B* d+ BO"). (B.44) 
80 


It is not difficult to see that 
J dto BSK =0. (B.45) 


In other words, even before performing the component decomposition we are certain 
that the term (B.41) is invariant on the target space of the CP(1) model. Needless 
to say, it is M = (0, 2) invariant by construction. 

As usual, the F term enters without derivatives and can be eliminated by virtue 
of equations of motion, 


Fa -2y* x? we, Fla —2y x? wi ve. (B.46) 


In addition, the F terms of the superfields ®, ®t also change. If before the 
deformation e.g. F = (i/2)T y y? y, after the deformation 


F=S yyy- soy Vi th (B47) 


plus the Hermitian conjugated expression for F". 
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Assembling all these pieces together we get the Lagrangian of the heterotic CP(1) 
model, 


Lheterotic = ae ið, Er + |y ér R ( 6") Wr + Hc.] — gly? (ch tr)(R Yi yL) 


+G | dnb! dte + — (Vi anv + Ve at Va) 


a [vive (0" dno) + y} yrl a24)] 


2 1— 
( goly kil ie De (B.48) 


where R stands for the Ricci tensor, and 
a, =—+— ðR = — — —. (B.49) 


Generalization for arbitrary N (i.e. the M = (0,2) deformed CP(N — 1) model) 
is as follows: 
Lheterotic = a iðL Cr+ [y 8 CR Gi (i aro"! yh ag H.c.| 
— 80 1V1? (Se cr) (Giz Vi Vi) 
F Gilano? A ig ipiy Duy] 
2 - 

g i T 
(CVK VR) (Gravi Vi) 


2 S y - 
+ Sa — 28011") (GizYR Vi )(Gun” VR). — (B.50) 


Appendix C 
Strings in. M = 2 SQED 


In this Appendix we briefly review the Abelian Abrikosov—Nielsen—Olesen strings 
in N = 2 supersymmetric QED in four dimensions. The BPS strings in this theory 
were first considered in [148, 35]. 


C.1 N = 2 supersymmetric QED 


N = 2 supersymmetric QED is discussed in Section 8.1. Here we summarize 
basic features of this theory for convenience. The field content of M = 2 super- 
symmetric QED consists of a U(1) vector M = 2 multiplet as well as N f Matter 
hypermultiplets. The mass terms are introduced via the superpotential 


z 1 = 

w=), (m0, F = 400s) :; (C.1) 
A /2 

For the definition of the Fayet—Iliopoulos term see Eq. (3.2.1). In this form it is the 

same in NV = 1 and N = 2, cf. Eq. (4.1.5). The bosonic part of the action of this 

theory is 


1 1 ae =- = 
S= fats [ath + zzlôpal? a Vaa Vuq| + Vaa Vag“ 


+ nE (Af ~|gal? = ey Fn liaa l 
+504? +194) |a+ Yamal} (C.2) 
where 
Vu = ðp —ineAp, Vu =u +ineAp. (C.3) 
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Here £ is the coefficient in front of the Fayet—Iliopoulos term; we consider the FI 
D-term here while g is the U(1) gauge coupling and ne is the electric charge. It 
can be integer or half integer. The index A = 1,..., Np is the flavor index. Below 
we consider the case Nf = 1. This is the simplest case which admits BPS string 
solutions. 

The FI term triggers the squark condensation. The vacuum of this theory is 
given by 


a=-V2m, q=VJé G=0. (C4) 


Hereafter in search for string solutions we will stick to the ansatz q = 0. 

Now let us discuss the mass spectrum of the light fields in this vacuum. The 
spectrum can be obtained by diagonalizing the quadratic form in (C.2). This is done 
in Ref. [35]; the result is as follows: one real component of the field q is eaten up by 
the Higgs mechanism to become the third component of the massive photon. Three 
components of the massive photon, one remaining component of q and four real 
components of the fields ĝ and a form one long M = 2 multiplet (8 boson states + 8 
fermion states), with mass 


m?, = 2n? gE. (C.5) 


C.2 String solutions 


As soon as fields a and g play no role in string solutions we can look for these 
solutions using the reduced theory with these fields set to zero. The bosonic action 
(C.2) reduces to 
4 ie 2,8 242 2 
s=fa x pF + Vaal + Me (lgi — £) ? (C.6) 

Since the U(1) gauge group is spontaneously broken, the model supports con- 
ventional ANO strings [36]. The topological stability of the ANO string is due to 
the fact that mı (U(1)) = Z. 

Let us derive the first-order equations which determine the string solution making 
use of the Bogomol’nyi representation [5] of the model (C.6). We have for the string 
tension 


1 # 2 
T = d? — hs >ne Dia | 
i lz, hg) 
+ Prativa nce (C1) 


where F; = F2 and we assume that the fields in this expression depend only on 
the coordinates x;, i = 1,2. 
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The Bogomol’nyi representation (C.7) leads us to the following first-order 
equations: 


F¥ + gne(Iql* — £) =0, 
(Vi +iV2)q =0. (C.8) 


Once these equations are satisfied the energy of the BPS object is given by the 
last surface term in (C.7). Note that representation (C.7) can be written also with 
different sign in front of the terms proportional to the gauge fluxes. This would give 
first-order equations for the anti-string, with negative values of gauge fluxes. 

For the topologically stable string solution, the scalar field winds n times in U(1) 
gauge group when we move around the string along a large circle in the (x, y) plane 
(we assume that the string stretches along the z-axis), 


q~ Jé ge. 
Ai ~ — adja, 1 > ©, (C.9) 
Ne 
where r and g are the polar coordinates in the (x, y) plane (see Fig. 3.6) andi = 1, 2. 
This ensures that the flux of the string is 


27 
Jir a, (C.10) 
Ne 
The tension of the string with winding number n is determined by the surface term 
in (C.7), 


T, = 2nné. (C.11) 


For the elementary n = 1 string the solution can be found using the standard 
ansatz [5] 


; 1 
q= pre, Aix) = OESE (C.12) 


where we introduced two profile functions ø and f for the scalar and gauge fields, 
respectively. 

The ansatz (C.12) goes through the set of equations (C.8), and we get the 
following two equations for the profile functions: 


r dr dr 
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The boundary conditions for the profile functions are the following. At large 
distances we have 


pœ) =E, flo) =0. (C.14) 


At the origin the smoothness of the field configuration at hand requires 


90) =0, fO)=1. (C.15) 


These boundary conditions are such that the scalar field reaches its vacuum value 
at infinity. The same first-order equations arise for the BPS vortex in. M = 1 QED 
in (2+ 1) dimensions, see Chapter 3. The fermion zero modes for the BPS vortices 
in (3 + 1) and (2 + 1) dimensions are different, however. Equations (C.13) have a 
unique solution for the profile functions, which can be found numerically [4], see 
Fig. 3.7. The string transverse size is ~ 1/my. 

First-order equations (C.13) can also be obtained using supersymmetry. We start 
from the supersymmetry transformations for the fermion fields in the theory (C.2), 


beh = opne DOR PRG cas 

big =iv2 Vaogpetl ++, 

dWaa =iV2 Yaraga + (C.16) 
Here f = 1,2 is the SU(2)p index so 22S are the fermions from the N = 2 vector 
supermultiplet, while q^f denotes the SU(2)r doublet of the squark fields q^ and 


q^ in the quark hypermultiplets. The parameters of the SUSY transformations are 
denoted as €*/. Furthermore, the F terms in Eq. (C.16) are 


F? = —ine g (Tr|g|?—&), F!+iF* =0. (C.17) 


The dots in (C.16) stand for terms involving the a field which vanish on the string 
solution because it is given by its vacuum expectation value (C.4). 
In Ref. [35] it was shown that four (real) supercharges generated by 


ete: er (C.18) 


act trivially on the BPS string. Namely imposing conditions e!! = «€? = 0 and 
requiring that the left-hand sides of Eqs. (C.16) are zero we get the first-order 
equations (C.13) upon substitution of the ansatz (C.12).! 


' Tf we instead of (C.18) impose that different combinations of SUSY transformation parameters act trivially we 


get the equations for anti-string with the opposite directions of gauge fluxes. 
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C.3 The fermion zero modes 


The string is half-critical, so 1/2 of the supercharges (related to the SUSY 
transformation parameters €!? and €*!), act trivially on the string solution. The 
remaining four (real) supercharges parametrized by €!! and €7* generate four (real) 
supertranslational fermion zero modes. They have the form [35] 


Ws = mst) ERRA ae foo", 
r 

= xı — ix 

ji = V2 fpa”, 


Vi = 0, ws = 0, 
AM = —ineg’ (9? — &)a"', 
22 = ineg?(b* — Ea, 


2-0, 22! =0, (C.19) 


where the modes proportional to complex Grassmann parameters œ!! and w?? are 


generated by €!! and €? transformations, respectively. 
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